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ISHIKAWA’S ITERATIONS OF REAL LIPSCHITZ FUNCTIONS

LE! DENG AND XIE PiNG DING

In this paper, we consider Ishikawa’s iteration scheme to compute fixed points of
real Lipschitz functions. Two general convergence theorems are obtained. Our
results generalise the result of Hillam.

1. INTRODUCTION

Bailey [1] gave a proof of Krasnoselski’s Theorem [4] restricted to the real line. In
[2], using the fact that the real line is totally ordered, Hillam established the following
more general result.

THEOREM A. Let f: [a, b] — [a, b] be a function that satisfies a Lipschitz con-
dition with constant L. Let z, in [a, b] be arbitrary and define zp+1 = (1 — Az, +
Af(zn) where A = (1+ L)™'. If {z,} denotes the resulting sequence, then {z,}
converges monotonically to a point z in [a, b] where f(z) = z.

In this paper, using a somewhat more sophisticated argument, we consider a Lips-
chitz function f which maps the closed interval [a, ] into itself, and under very general
conditions, prove that Ishikawa’s iteraiton scheme [3] always converges to a fixed point
of f. These results improve and generalise Theorem A.

2. PRELIMINARIES

Recall that f: [a, b] — [a, b] is L-Lipschitz if there exists a constant L > 0 such
that |f(z) — f(y)] < L|z — y| for all z, y € [a, b]. Clearly, each L-Lipschitz function

is continuous.

LEMMA 1. [5, Theorem 1]. Let f be a continuous self-mapping of [a, b]. If the
iteration scheme {z,} converges to z, then z is a fixed point of f, where {z,} is

defined by
z; € [ll, b]a Tnil = anf(yn) + (1 - an)zna
Yn = ﬂnf(mn) + (1 - ﬂn)zn, nx1

and {a,}, {Bn} satisfy
(i) 0<an,fn<1 forall n,

(1)

Received 23 July 1991

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/92 $A2.00+0.00.

107

https://doi.org/10.1017/50004972700011710 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700011710

108 Lei Deng and Xie Ping Ding (2]

(i) i a, diverges, and

n=1

(i) lm B, =0.
LEMMA 2. [5, Theorem 10). Let f: [a, b] — [a, b] be a L-Lipschitz function. Let
{an}, {Bn} satisfy
(1) 0<an,Bn<] foral n,
(i) lm supe, >0, and
(i) lim supfB, < L7!.
If the sequence {z,} defined by (1) converges to z, then z is a fixed point of f.
PRrOOF: From the triangle inequality it follows that

anl|z— f(z)| € anl|z — za| + an|2n — fyn)l + an | f(yn) — f(2)I

<a, lz - 31:.‘ + |:cn+1 - 3n| +a,L |yn - z|

Lan IZ - znl + |zn+l - :c,,| + apfnl If(zn) - ZI
+an(1—pn)L |z, — 2|.

It follows that lim supan (l — L lim supﬂn) lz—f(z)] <€ O. Since lim

n—oo n—oo

sup a, (1 — L Lim supﬂn) > 0, then |z — f(2)| = 0. Hence f(z2) = =z. 0

LEMMA 3. Let f: [a, b] — [a, b] be a L-Lipschitz function. The sequence {zn}
is given by (1) with 0 € oy, fn < 1 for all n. If there is a fixed point z of f in the
interval between z, and Zn41, and v, = ap[l + L+ L(L —1)B,] — 1, then

(2) |Zn+1 — 2| < Tn |20 — 2]
PRrOOF: If 2, £ z € Zny1, we have
Znt1 — 2 = an(f(yn) — f(2)) + (1 — an)(zn — 2)
S anL|yn —z| + (1 — an)(zn — 2)

S anL[l1 + (L —1)Ba)(z — z0) + (an — 1)(z — z,)

=Tn|Zn — 2|.

If 2, 2> 2z 2 €41, by a similar argument, we have z — 2,41 € Y5 |2n — z|. Hence
(2) holds. The proof is complete. 0

LEMMA 4. Let f: [a,b] — [a,b] be a L-Lipschitz function. Suppose that the
sequence {z,} is given by (1) with 0 < ap <1, 0< Bn < (14 L)™! and z, # 2ot
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for all n. Then z,, Tnt1, Znt2 is monotone (that is, T, < Tp41 < Ttz OF T, >
Tnt1 > Tnyo ) if and only if f(2,) — ¢n and f(znt1) — Ta+1 have the same signs.

ProoF: We first state some properties which will be useful in later developments.
If f(zn) > zn, then

(3) f(Yn) > yn > @n;
if f(zn) < zp, then
(4) f(yn) < Yn £ Tp.

Indeed, if f(zn) > zn, then yn = Bnf(2n) + (1 — Bn)zn = zn. U there is a fixed point
z of f in [zn, Yn], then

0< IZ - znl S |y‘n _:Bnl = ﬂn |f(zn) - z'nl
< Balf(2n) — F(2)| + Bn |z — zal
< Bn(L+1)|z = 25| < |2 — 2]

which is a contradiction. Thus there is no fixed point of f in [z,, yn]. It follows from
f(zn) > zn that f(yn) > yn. Hence (3) holds. If f(zn) < ., by a similar argument,
(4) holds.

Now we show that the stated condition is sufficient. Suppose that f(zn) — zn
and f(Zn+1) — Tny1 have the same signs; then we must have that ., Zpt1, ZTny2 is
monotone. If f(z,) >z, and f(Zn+1) > Zn+1, by (3), we have

f(yn) > Yn 2 2 and f(Ynt1) > Ynt1 > Tagl.

Hence
Znt1 — Tn = an(f(yn) — 2.) > 0,

Zat2 — Zat1 = Ant1(f(Yn+1) — Znt1) > 0,

thatis, 2, < Tny1 < Zpy2. I f(zn) < 2z, and f(€n41) < Zn41, by a similar argument,
we have z, > Zpnt1 > Zpi2-

To see that the condition is necessary, without loss of generality, we may assume
that 2, < Zn41 < Znt2. Clearly, since z,, # zn41 for all n, we have f(z,) # zn and
f(#n41) # 2ny1. If f(24) < zn and f(Zn41) > 2Znt1, by (4), f(Yn) < yn < zn. Hence
Znt1 — Zn = @n(f(yn) — 2a) < 0; this contradicts the assumption that z, < zp4;. If
f(zn) > zn and f(zn41) < ZTny1, similar reasoning contradicts the assumption that
Znt1 < Tnyz2. Therefore f(zn) — zn and f(zn41) — Tn41 have the same signs. 0
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DEFINITION: We say that {z,} switches directions at .1 if either
Tn < Tp4l1 > Tpg2 OF Ty > Tpyl < Tp4a.

By Lemma 4, we see that z,, 4, switches direction if and only if f(zn)—2za and f(zn41)—
Zn+1 have opposite signs, where {z,} is defined by (1) with 0 < a, < 1, 0 < B, <
1+ L)_1 and ¢, # 41 for all n.

LEMMA 5. Suppose {z,} defined by (1) has successive switches of direction at
Zny41 and Tpyp1, and 0 < on < 2(146n) M+ L+ L(L-1)8,]7Y, 0 <6, <1,
0<B. < (1 + L)_1 and zn, # Tpy1 for all n. Then

(a) zn lies between z,, and zn, 41 for ny +1<n<np +1;
(b) Iznz - Zﬂz+ll < (1 - en],) Iznl - z1'&1-!-1"

PROOF: We may suppose that €n; < Zn,41 > Tny42 30d Tny > Tnyt41 < Tngtz.

Let m = inf{z : f(z) = z,2a, < ¢ < @n,41}. By Lemma 3, we have that

Imﬂ1+l - ml < Tny Izﬂl —m| and m > (1 + 7‘"1)_1(7"12"1 + :1:,,1+1). Hence
(5) Tny+1 — M < 7"1(1 + Tny )_1(‘”"14'1 —Tn )

Since ©, decreases for n; +1 < n < ng + 1, we have that z,, > m. Indeed,
if m > z,,, then there exists n; < n' < ny such that z, > m > z,;. Lemma 4
implies that f(zn,4+1) —Zn,+1 and f(zn,) — zn, have opposite signs; f(zn141) — Zpren
and f(Zn,+1) — %n,+1 have same signs. Thus f(zn/41) — 2,741 and f(2n,) — zn, have
opposite signs. Hence f has a fixed point in the interval between z,s.; and z,, . On
the other hand, by Lemma 3 and zn, ;1 2 ./, we have

L Ynt(zn — m)
< 7n’(zn1+1 - m)
<

Tt Yny (M — iy ).

m — znl+1

Hence m > z,141 2 (1 — Yp'¥ny )M + Yn'Vny ny, 2 Tn, - The minimality of m implies
that f has no fixed point in the interval between z,/4; and zn,, . This is a contradiction.
Therefore, we have either

(1) Zng4e1>m>an, or (i) Zn, >mM>D Zpyqr.

By 22,41 2 Tny, 0 £ Yn, <1 and Lemma 3, in either case, we have

(6) Tng+1 P YnyZn, + (1 - Tn )m
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By (6), we have Zn, 41 2> 25 2 Zng41 2 Yny®ny + (1 —¥n, )M 2 24, - The conclusion
(a) holds.
Since Zn, 41 2 Zn,, (5) and (6) show that

0< Zn; — Togt1 < Zog+1 — [Yny Zny + (1 — ny )]
= Yny (Zny 41 — Zn, ) + (1 = Y0 )(Zny 41 — m)
< Yy By 41 = Tny ) + (1= Yoy ¥y (14 ¥my) 7 (Z g 41 = y)
=[2—-2(1 + 7)) " (Zny 41 — Zay)

< (1 —E&ny )(=ﬂ1+l - znl)'

The conclusion (b) is proved. 1|

3. MAIN RESULTS

THEOREM 1. Let f: [a,b] — [a,b] be a L-Lipschitz function. If 0 < € < 1,
0<an<21+e) 1+ L+L(L-1)8a]"", and 0 < Bn < (1+ L) for all n, then
the sequence {z,} defined by (1) converges to some point z which lies between z,, and
Zn+1 whenever {z,} switches directions at z,1. Moreover, if for all n,

0<an <[1+L+L(L-1)8.]7,

then the convergence is monotone.

PRroOF: (1) Suppose that =, # zp41 for all n. Clearly, we have a, > 0 for all n.

If {z,} switches direction only finitely often then convergence follows since the se-
quence is eventually monotone. Suppose therefore that the sequence switches directions
infinitely often at Za, 41, Tnyt1,--+) Togt1---.

Lemma 5 shows that for nx +1 < n < ng41)+1, 2, lies between z,, and zn, 41
and that

z"’(k-}-l) - zn(k+1)+1| g (1 - e) Iznk - z‘nk-f-ll .

Inductively, we see that |z, —z,| < (1 — e)k(b —a) for n and m > n(g41). So {za}
is a Cauchy sequence and so has limit z. Moreover, z lies between z,, and z, +1.

(2) Suppose zn, = Zny4+1 for some ng. Without loss of generality, we can assume
that {z,} denotes

Ty o3 Pngy Tyl ooy Tngs Trgdly ooy Tngy 05 Top 41, ""z"(k-(»l)’ KR ]

where z; = Z3 = ... = Tp), Tny41 = Tpp42 = = Znggyr I # LIV

(k=1,2,...). Clearly, {zn} converges if and only if the subsequence {zn,} of {z.}
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converges. On the other hand, if {a,} and {B.} of (1) are replaced by {a,,} and
{Br,}, respectively, then the sequence of Ishikawa iteration defined by (1) is exactly
the subsequence {z,, } of {z.}. It follows from (1) that {z,,} converges. Hence {z,}
converges.

Finally, if 0 € an S [14+ L+ L(L-1)8,)"! and 0 < B < (1+ L)™', then it
follows from Lemma 3 and Lemma 4 that no change of direction is possible. The proof
is complete. 0

Note that, to establish convergence, it is only necessary to assume that
lim supa, < 2[1+ L+ L(L—1) lim supf,]~?,
n—oo n—oo

lim supfn < (1+ L.

By Theorem 1 and Lemma 1, we have now proved:

THEOREM 2. Let f:[a,b] — [a,b] be a L-Lipschitz function. The sequence
{zn} defined by (1) satisfies: (i) 0 € an, Bn < 1 for all n, (ii) § a, diverges, and
(iii) n]i_’ngoﬂ,, = 0. Then "

(1) if lim supa, < 2(1+4 L)™?, then {z,} converges to a fixed point of f;
2) f o’::z [14+ L+ L(L—1)B,]"? for all n, then {z,} converges monotoni-
cally to a fixed point of f.

REMARK 1. The special case of Theorem 2.2 for 8, = 0 generalises Theorem A. There-
fore Theorem 2 improves and generalises Theorem A.

By Theorem 1 and Lemma 2, we have also proved:

THEOREM 3. Let f: [a,b] — [a,}] be a L-Lipschitz function. The sequence
{z,} defined by (1) satisfies: (i) 0 < an, Bn <1 for all n, (ii) lim supa, > 0, and

(iii) lim supfB, < (14 L)™'. Then

(1) ifn].i_.mw supa, < 2(1+ L+ L(L -1) li_’moosupﬂ,.]_1 , then {z,} converges
to a fixed point of f; i

(2) fan <[1+L+L(L-1)B,)7? forall n, then {z,} converges monoton-
ically to a fixed point of f.

REMARK 2. Theorem 3 improves Theorem 2 when lim supa, > 0.
n—oo
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