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INTEGRAL GROUP RINGS WITH NILPOTENT 
UNIT GROUPS 

CÉSAR POLCINO MILIES 

Introduction. LetR be a ring with unit element and G a finite group. We 
denote by RG the group ring of the group G over R and by U(RG) the group 
of units of this group ring. 

The study of the nilpotency of U{RG) has been the subject of several papers. 
First, J. M. Bateman and D. B. Coleman showed in [1] that if G is a finite 

group and K a field, then U(KG) is nilpotent if and only if either char K = 0 
and G is abelian or char K = p ^ 0 and G is the direct product of a ^-group 
and an abelian group. 

Later K. Motose and H. Tominaga [6] corrected a small gap in the proof of 
the theorem above and obtained a similar result for group rings of finite groups 
over artinian semisimple rings (which must be commutative for U(RG) to be 
nilpotent). 

For group rings over commutative rings of non-zero characteristic it is pos­
sible to obtain a natural generalization of the theorem in [1]. (See I . I . Khripta 
[5] or C. Polcino [7]). 

In this paper we study the nilpotency of U(ZG) where Z is the ring of 
rational integers. In Section 2 we consider also group rings over rings of £-adic 
integers. A brief account of the results in that section was given in [7]. 

1. Units of integral group rings. 

PROPOSITION 1. Let G be a non abelian finite group. If U(ZG) is nilpotent then 
G is a Hamiltonian group. 

Proof. Suppose that G is not Hamiltonian. Then, there exist elements a, 
b G G such that a~xba is not a power of b. Let n be the order of b and u = 
(1 - b)a(l +b + . . . + bn~l). 

Now, u 7^ 0 and u2 = 0 so a0 = 1 + u is a unit in ZG whose inverse is 
«o -1 = 1 — u. Inductively, we define: 

(1) ak = [ak-i, b] = ak^xbak-r
lb-1. 

It follows, by an induction argument, that: 

(2) «,_! = i + (i - by-^u. 

Set r = a{l + b + . . . + bn~l). We then have: 

(3) (1 - bf-xu = (1 - b)*T = r - (*jftr + . . . + ( - l ) V T . 
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For an arbi t rary element a = J^gtoUg ' g G ZG let the support of a be the set: 

supp(ce) = {g e G\a0 ^ 0}. 

Now, if r = minjx £ Z\x > 0, fr*T = T} it is easy to see t ha t supp(V) C\ 
supp(6*T) ^ 0 if and only if h = k (mod r) and in this case bhT = bkT. So (3) 
may be writ ten in the form: 

(4) (1 - b)k-K u = x 0 r + %xbY + . . . + Xr-ib'-iT, 

with xs = y]i>o( — l)s+iT I . . I, where the sum runs over all integers i ^ 0 
\ s + ir J 

such t ha t 5 + ir ^ ^. 
Now, since all summands in the r ight-hand member of (4) have disjoint 

support , if we prove tha t all coefficients xs, 0 ^ 5 ^ r — 1, cannot vanish 
simultaneously, it will follow tha t (1 — b)k~l ^ 0. 

T o see this, let £ be a primitive root of uni ty of order r. Then 

(1 - ?)W = *0 + X^ + . . . + Xr-tf-K 

If they could vanish simultaneously we would have ? = 1. 
Finally, (2) shows tha t we have found a sequence of commuta tors t ha t are 

never 1 so U(ZG) is not nilpotent. This completes the proof. 

Every Hamil tonian group G can be writ ten as a direct product G = Ti X 
T2 X Q where 7 \ is an abelian group such tha t every element in T\ is of odd 
order, T2 is an abelian group of exponent 2 and Q a quaternion group of order 
8. In what follows a and b will denote two elements of G t ha t are generators of 
Q, verifying the relations: 

a 4 = 1 ; a 2 = W\b~lab = a~\ 

L E M M A 1. Let G = T X Q where T is an abelian group and Q a quaternion 
group of order 8. If T contains an element of order 3 then U(ZG) is not nilpotent. 

Proof. Suppose T contains an element g of order 3. Then 

(5) u = 1 + (225(2 - g - g") + 3 9 ( W - bg))(l - b*) 

is a unit in ZG whose inverse is 

u-1 = 1 + (225(2 - g - g") - 3 9 0 ( ^ 2 - bg))(l - b>) 

(See A. A. Bovdi [3, Lemma 10]). 
Since g commutes with a and aba-1 — bz, ab2a~l = b2

} it follows t ha t 
au~la~l = u. Thus , setting a\ = [u, a], ak = [ak-i, a] it is easily seen by induc­
tion tha t ak = u2k. 

Finally if u were a unit of finite order, writing u = ^g^oU0g we would have 
U\ = 0 (see S. D. Berman [2, Lemma 2]) or S. Takahashi [9]) bu t formula (5) 
shows t ha t this is not the case. 

T h u s we have found a sequence of commuta tors tha t is never equal to 1; 
hence U(ZG) is not nilpotent. 
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LEMMA 2. Let G = T X Q where T is an abelian group and Q a quaternion 
group of order 8. If T contains an element of prime order p > 3, then U(ZG) is 
not nilpotent. 

Proof. Suppose that T contains an element g of prime order p > 3. Let 
H = (g) X (a). The decomposition of QH as direct sum of bilateral ideals is 

QH = h 0 . . . 0 J6, 

where the idempotent elements et such that It = QH • eu 1 ^ i ^ 6, are: 

(1 + a + a2 + a3)(l + g + . . . + g"'1), 

(l-a + a2-ai)(l+g+...+gp-1), 

(l-a^il+g + .-.+g*-1), 

(1 + a + a2 + ad)(p - 1 - g - . . . - g""1), 

( l - a + a 2 - a 3 ) ( p - 1 - g - . . . - g*'1), 

(l-a^ip-l-g-.-.-g*-1). 

Berman has also shown that £ = gae$ £ 76 is a primitive root of unity of 
order 4̂ > and that identifying 0 = Q<?e C 16 we have 76 = Q(£)- He also ob­
served that if 5 stands for the number of residue classes modulo 4£ in 0( f ) that 
are relatively prime with 4p, then: 

(7) u = ei + . . . + eb + (1 + gci + g2a2)*ee = ex + . . . + eb 

+ a + £ + eye, 
is a unit in ZH. 

Since [Q(£) : 0 ] = 2(P — 1), u can be written in the form: 

(8) w = ex + . . . + e 5 + / ( £ K , 

where / G Z[X] with degree(/) < 2(p — 1) a n d / contains non zero terms of 
both odd and even order (see again Berman [2, Lemma 9]). 

We shall now show that: 

u~lb~lub = ei + . . . + e5 + / i ( £K , 

where/i G Z[X] satisfies the same conditions a s / above . 
In fact, it is easy to see that b~letb = eu 1 ^ ? S 6, thus: 

(9) è " 1 ^ = ei + ... + e6 + b-lf(Ç)be*. 

(6) 

«1 
_ l_ 
~ 4:p 

^2 

ez 
1 

" 2p 

e± = 
4:p 

e^Tp 
1 

e« = Yp 
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Let h £ Z[X] be the polynomial formed by the odd terms of/. Since b~lalb = 
a* if i is even, b~lalb = ai+2 if i is odd and (1 — a2)eQ = 2e&, it follows that: 

(10) b-Hb = ei + . . . + e5 + (/(£) - 2/*(?)K 

Now, u~1 £ ZH so it is integral over Z and there exists/* £ Z[X] such that 
degree(/*) < 2(/> - 1 ),/(£) •/*(£) = 1 and 

(11) «-! = *! + . . . + g 6 + / * ( { ) g 6 . 

From (10) and (11) we get: 

(12) «-*&«& = ei + . . . + e5 + (1 - 2/*(£)A(f))e8 

Let/ i (£) = 1 — 2/* (£)/&(£) (after reducing to a polynomial of degree less 
than 2(p — 1)). We must still show t h a t / i has non-zero terms of both even 
and odd degree. 

First, suppose t ha t / i contains no terms of odd order. Then, we would have 
M ) = / i ( - { ) , i . e . : 

(13) 1 - 2/*(É)A(É) = 1 + 2f(-Ê)A($) 

where degree(h) < 2(p — 1); hence h(%) 9e 0 and (13) gives: 

(14) - / * © = / * ( - ? ) 

Since £ is a primitive root of unity of order 4/>, there exists a Q-automorphism 
<t> of 0(f ) that takes £ to - £ s o / * ( - { ) = / ( - f ) " 1 and (14) gives/(£) = 
-~/(-"£)> a contradiction. 

Now suppose/i (J) contains no terms of even order. We would then have 
M ) = - / . ( - S ) , i.e.: 

1 -2/*(É)M$) = - 1 - 2/*(-?)*(?), 
so 

(15) 1 = (/*(£) - / * ( - * ) ) * ( { ) 

If fe G Z[X] denotes the polynomial formed by the even terms of/*, (15) 
can be written in the form 

1 = 2* (*)*(*) 

and 1/2 would be an algebraic integer. 
Finally, if we define Uo = u, uk = [^_i_1, &_1] a repetition of the argument 

above shows that this is a sequence of commutators that are never equal to 1 so 
U(ZG) is not nilpotent. 

THEOREM 1. Let G be a finite group. Then U(ZG) is nilpotent if and only if G 
is commutative or a Hamiltonian 2-group. 

Proof. If U(ZG) is nilpotent, from Proposition 1, G is either commutative 
or a Hamiltonian group of the form G = T\ X T2 X Q. Lemmas 1 and 2 show 
that T\ must be trivial, hence G is a 2-group. 
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Now, if G is commutative so is U(ZG), and G. Higman ([4, Theorem 11]) 
has shown that, for non-abelian groups, U(ZG) — {±1} X G if and only if G 
is a Hamiltonian 2-group. Thus, the converse follows trivially. 

THEOREM 2. Let G be a non-abelian finite group. Then the following are 
equivalent: 

(i) U{ZG) is nilpotent. 
(ii) U(ZG) is periodic. 

(iii) U(ZG) = {±1} X G. 
(iv) G is a Hamiltonian 2-group. 

Proof. After the previous results it remains only to prove that if U(ZG) is 
periodic, then G is a Hamiltonian 2-group. 

We first observe that if U(ZG) is periodic and a, /3 £ ZG are elements such 
that a/3 = 0 then /3a = 0. In fact, if /ta ^ 0, since (13a)2 = 0 it follows that 
u = 1 + Pa is a unit in ZG and it is easy to see that un = 1 + n(3a. Thus u 
would be a unit of infinite order. Now, the proof of Theorem 10 in Higman [4] 
can be carried out in this case to show that G must be Hamiltonian. 

Finally, write G = 7\ X To X Q as above. If 7\ were not trivial, it would 
contain an element g of order p ^ 3 and taking H = (g) X (a), it follows from 
[4, Theorems 3 and 6] that ZH would contain a unit of infinite order. 

2. Units of group rings over p-adic integers. In this section we shall 
denote by Jpn the ring of integers modulo pn. If p > 0 is a prime number and G is 
a finite p-group, it follows from I. I. Khripta [5] or C. Polcino [7] that U(JpnG) 
is nilpotent. 

LEMMA 3. Let p > 0 be a prime number and G a finite p-group. The epimor-
phism (t>mn* : JPnG —> JvmG induced by the natural morphism <t>mn • Jv

n ~* Jvm 

yields by restriction an epimorphism of the groups of units. 

Proof. Let a be a unit in JpmG with inverse a~l and let a* be any inverse 
image of a. We will show that a* is a unit in JpnG. 

In fact, if a is any inverse image of a~l we have: 

a*a' = 1 + u 

a'a* = 1 + v 

where both u and v belong to Ker(</>mw*) = pmJpnG; thus u and v are both nil-
potent, so 1 + u, 1 + v are invertible elements. Let (3 and y be their respective 
inverses Then: 

(ya')a* = a* (a! &) = 1, 

so 7«' = a/3 = a* -1 and a* is a unit in JpnG. 

LEMMA 4. Ze/ G be a non-abelian, finite, p-group and n = 2m > 0 an integer. 
Then the class of nilpotency of U(JvnG) is greater than m/2. 
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Proof. It is easy to see that there exist a, b Ç G such that abp = bpa and 
abl ?± bla for all integers i, 1 ^ i ^ p — 1. 

We define: 

(16) (a - b)w = ab -ba 

(a - &)<*> = (a - byk~»b - b(a - byk~v 

An induction argument shows that: 

(17) (a - b)a) = abk - (\)babk-1 + fy^aV 2-*-2 + . . . + ( - i )Va 

Since brabk~r = bsabk~s if and only if r = 5 (mod p) we can write: 

(18) (a - &)<*> = *0a&* + xMb^1 + . . . + xp.1b
p-1abk-p+1 

with xs = 2^o (— l ) s + ^ I . I, where the sum runs over all integers i ^ 0 
\s + ipj 

such that 5 + ip ^ k. Again, not all xs, 0 ^ 5 S p — 1, vanish simultaneously 
so, if £e is the greatest power of p that divides every coefficient in the right-
hand member of (18), we have: 
(19) (a - &)<*> = pey where y g £ • J^G, 

with e < & since |xs| < £jL0 ( ) = 2* ^ p*. 

Set: 

(20) a = 1 - £wa, 13 = 1 - pb, 

a, = [a~\^lak = [a,_f-\ /T1] 

Again, an induction argument shows that: 

(2i) ak = i + (-i)*+^~+*(i + E ^ 1 ***>*&*) fa - ^) w 

where #a G /pn, 1 ^ h ^ 2ra — 1. It follows from Lemma 3 that 

i + XÏÏï1 xhp
hbh e uvPnG), 

thus ak = 1 if and only if pm+k{a - &)<*> = 0. 
From (19) we have pm+k(a - &)<*> = pm+k+e • 7 , where y g M>nG; thus 

a* = 1 if and only if m + k + e ^ 2m. Hence, if k ^ w/2 then a* ^ 1 and the 
class of nilpotency of U(ZG) is greater than m/2. 

THEOREM 3. Let Zp be the ring of p-adic integers and G a finite group. Then 
U(ZPG) is nilpotent if and only if G is abelian. 

Proof. Since Zp = lim {Jpn}, it follows as in Raggi [8] that ZPG = lim {JpnG\ 
and U(ZPG) = jim {U(JpnG)}. 

Suppose that U(ZPG) is nilpotent. Then G is also nilpotent and it will suf­
fice to show that every Sylow subgroup of G is abelian. Since we have shown in 
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Lemma 3 that the morphisms <f>mn : U(JpnG) —* U(JpmG) are onto, the mor-
phisms: 

<j>n : U(ZPG) -> [/(J^G) 

are also onto. 
The nilpotency of U(JPG) implies that all g-Sylow subgroups of G, with 

q 9e p, must be abelian (see J. M. Bateman and D. B. Coleman [1]). Also, the 
class of nilpotency of all the groups U(JpnG) is bounded above by the class of 
nilpotency of U(ZPG)\ hence, after Lemma 4, also the />-Sylow subgroup of G 
must be abelian. The converse is trivial. 
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