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Diffusion of isotopes in the annual layers of ice sheets 
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ABSTRACT. The a nnual laye ring in the Greenl a nd a nd Antarcti c icc sheets re\'ca led 
by the 8180 reco rd beeom es less di stinc t with depth because o f self-difTusio n. H owever, th e 
ca lculated diITu sio n rates are too slow to expla in the ob e rvations. It is suggested th at th e 
presence of \'e ins of I iquid water inel-eases the eITective difTusion consta nt by a fac tor or 
a bo ut 20. 

1. OUTLINE OF THE PROBLEM AND THE 
SUGGESTED SOLUTION 

Th e oxygen isotope ra tios used to identify the annual laye rs 
of th e Anta rctic a nd Greenl and ice shee ts gradually lose 
thei r initi a l contras t by self-difTusion through the solid ice. 
H owever, recent wo rk Uohnsen and others, 1997) on ice fro m 
th e GRIP co re, Green la nd, concludes tha t the usual pro­
cesses of solid-sta te difTusion, including g ra in-boundar y dif­
fu sio n, a rc LOO slow to p roduce the obser ved loss of contras t. 
The diITusion con ta nt in the - 32°C co ld H olocene ice needs 
to be about 10 times g reater than th e measured single-c r ys ta l 
d iffu sion consta nt a t th e same temperature (R am se ier, 
1967a, b ) to expla in the d ata. This note suggests a new pro­
cess, no t previously recognised, th a t will enhance the ra te. 

It depends on the presence within the ice of veins o f un­
fro ze n wa ter at the three-grain junctions (;-.lye a nd Fra n k, 
1973; M ader, 1992a, b; N ye, 1992). Th e ve ins form a continu­
ous ne t work tha t renders the ice slightl y permeable to wate r. 
They d o not freeze whe n the temperature is lowered because 
o f two physica l eITec ts: onc is lower ing o f the freez ing p o i nt 
by the curvature o f the ice- water interfaces a t the tripl e 
juncti o ns (the ice is com 'ex LOwards the wa ter); the oth e r is 
the lowering of th e freez ing point by so luble impuriti es in 
the vein water. As the temperature is reduced the \'Cins tend 
to freeze, but this increa ses the curvature', a nd so lowers the 
freez ing point sti ll furth er; a lso, because the ice latti ce 
rej ec ts impuriti es, they remain in th e liqu id , wh ich becom es 
m o re concentrated. The res ult is th a t a new equilibrium is 
ro und a t the lower temperature, with the veins na rrowe r 
but still open. 

To sec the eflect or the \'eins on the diITusion of iso to pe 
r a ti os, consider two layers with iso tope ra ti os 8 = 80 + 6. 
a nd D = 80 - 6. sepa rated by a di sta nce >- / 2, where >- is the 
spac ing of the a nnu a l layers. The sta nda rd diffusion process 
is dr ive n by the grad ient 46./ >- . H owever, suppose we co n­
ceptua ll y suspend thi s process a nd co nnect the laye rs by 
wa ter ve ins. Isoto pe diffusion within th e veins will be so fas t 
compa red with so li d-state diffusion tha t D within them wi ll 
reach the mean \'a lue 80 virtua ll y insta nta neously (with in 
hours or days ). Thus, the ra te-controlling process is now la t­
era l difTusion within the layers towa rds a nd away from th e 
\Tins, and the gradients dri\'ing thi s process a re ±6. /T1, 
whe re T1 is half the spacing of the veins, which is approx-

im ately th e g ra in-size b. 1£"1' 1 < Aj.t th a t is b < >- /2 . diffu­
sion by thi s process could o ut pace the sta nda rd process. On 
dimensio na l g rounds one wo uld ex pect th e ra te for the la t­
era l process to be about (>- /2b)2 times th e ra te fo r the con­
ventio na l vertica l diffusio n process. In o th er word s, the 
veins mig ht short-circuit the usual \'e rtica l difTusion and 
the ra te o f a pproach to uniro rmity would the n be controlled 
by how c lose a point is to a vein, rather th a n by the laye r 
spacing. Tha t is the sugges tion. 

2. MORE DETAILED MODEL 

To exa mine the geome tr y m ore ca refu ll y, with both pro­
cesses ta king pl ace at once, consider a long ye rti ca l cylinder 
of'i ce o f o uter radius 7'1 a nd inner radius TO . The inner cy­
lindrica l ho le represents a ve in , a nd on its surface 15 is main­
ta ined co nsta nt at 150. The radius of th e o uter cylindrical 
bounda r y is ta ken as "'t = b/ 2, where b is the g ra in-size. Dif­
fusion o f 8 ta kes place with diffusion consta nt D in the \'er­
tical z directi on, a nd a lso radi all y with the bounda ry 
conditi o n 88/81' = 0 o n r = 1"1, according to the equ ati on 

88 ? ( 8
2 

1 8 (
2

) - = D'V-15 = D -+--+- D. (1) 
8t Eh·2 T A)' 8 z2 

Writing 8(1". z. t) = F(r)Z(z)T(t), a nd substituting, 
sepa ra tes t he va ri ables to give 

T' = - DkT. Z" = - 1,;/ z. (2) 

and 

F"(r) + ~F'(r) = - k}F(T), (3) 
r' 

where th e k's a re consta nts sati sfying I,; = 1,;,2 + k/ Thus, a 
solutio n can be written 

8 - 80 = A(sink:Z)F(r)e- "Df (A = con s t a n t) (4) 

with F(r) obeying Equ ati o n (3) with bo und a r y conditi ons 
F(ro) = 0, F'(rl) = O. With the substitutio ns k,.1' = R . 
k,·T'o = Ro. k,.1'1 = RI. Equa ti on (3) becom es th e Besse l 
equati o n 

F" (R) + ~F' (R) + F(R ) = O. (5) 

with bo unda r y conditi ons F (Ro) = O. F' (R I ) = O. 
The fac to r sin k:z in Equ ati on (4) represe nt s th e annua l 

laye rin g. Thus wc rega rd kz as prescribed, but k,. (th e lowes t 
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frequency that fits the boundary conditions) remains to be 
fo und, a lthough it must be o r order 1/1'\. Th e questi on will 
be the relati\·e contributions of k: a nd kr to the decay 
consta nt k. 

The genera l solution of Equation (5) is 

F( R) = Jo(R) + BYo(R), (B = constan t) (6) 

the other arbitrary constant being absorbed into A. 
The boundary conditions then imply 

Jo(Ro) + BYo(Ro) = 0 (7) 

and 

(8) 

which is equivalent to 

(9) 

TO a nd 1'1 a re given. At - 30°C the expected vein size is 
abo ut TO = I {ml (M ader, 1992 b). With the grain-size in 
Holocene ice obsen ·ed to be abo ut 3- 4 mm (Thorsteinsson 
and others, 1997), we ta ke 1'1 = 3.5/2 = 1.8 mm . 

Although TO and 1'] are given, Ra and RI a rc not, 
because kr is unknown. Ra is given in terms of RI by 
Ra = (ro l rl)RI. Then, eliminating B between Equations 
(7) and (9) gives the fo llowing implicit equation for RI 

Jo[(roITt} Rd _ JI(Rd = 0 
Yo [(To l rl) RI ] ~(Rd ' 

(10) 

which is solved by itera tion to give RI = 0.544. It follows that 
k, = RJ I TI = 302 m- I 

This is to be compared with kz. For ice 10000 years old 
the layer spacing is A = 0.1 m, which g ives kz = 27r1 A = 
63 m I. Thus, k,., from the la teral diffusion process, makes a 
larger contribution to the rate constant k = kr

2 + kz
2 than 

does kz, from conventional vertical diffusion. k,. increases k 
by a factor .f = (k,2 + k/) I k} = 24; that is, the diffusion 
consta nt will appear to be 24 times greater than normal. 
The result depends a lmost entirely on the relative values of 
1'1 a nd A, the dependence on the vein size TO being logarith-

mic onl y. For a gralll-size of 6 mm instead of 3.5 mm, as 
taken above, the factor would be 8.7. 

Because RI is always roughly 0.5 in the range orinterest, 
a useful approximation is to take k,. ;:::: l l b, which gives the 
simple formu la.f;:::: 1 + (A2/47r2 b2 ). 

Samples taken from the interiors of the indiv idual ice 
grains ought to give the bes t contras t. 

S.]. J ohnsen (personal communicati on) remarks that 
the excess diffusion onl y acts in relatively clean glacier ice 
like the Holocene ice; samples from the dusty, last glacial, 
ice show no evidence of it. H e suggests that the veins may 
be blocked by dust particles in the lalter case. Of course, 
any blockage would have to act on the dilTusion process 
along the veins, not just on the bulk motion of the water. 
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Publication of thi s paper was delayed due to its loss by the 
pos ta l se rvices. 
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