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Abstract

The notion of BSE algebras was introduced and first studied by Takahasi and Hatori and later studied
by Kaniuth and Ulger. This notion depends strongly on the multiplier algebra M(A) of a commutative
Banach algebra A. In this paper we first present a characterisation of the multiplier algebra of the direct
sum of two commutative semisimple Banach algebras. Then as an application we show that A® B is a
BSE algebra if and only if A and B are BSE. We also prove that if the algebra A x4 8 with -Lau product
is a BSE algebra and 8 is unital then 8 is a BSE algebra. We present some examples which show that the
BSE property of A Xy B does not imply the BSE property of A, even in the case where 8 is unital.
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1. Introduction

Let A be a commutative Banach algebra. Throughout this paper A(A) denotes the set
of all nonzero multiplicative linear functionals on A. Then A(A) is a topological space
with the Gelfand topology, called the Gelfand spectrum of A.

A bounded continuous function o on A(A) is called a BSE function if there exists
a constant C > 0 such that for every finite number of ¢, . . ., ¢, in A(A) and the same
number of complex numbers cy, . . ., ¢,, the inequality

Zn: cjo(p))| < CHi al
j=1

Jj=1
holds. The BSE norm of o, ||o||gs £, is defined to be the infimum of all such C. The set
of all BSE functions is denoted by Cgsg(A(A)). Takahasi and Hatori [14] showed that
under the norm || - ||gs g, Cps (A(A)) is a commutative semisimple Banach algebra.
A bounded linear operator on A is called a multiplier if it satisfies xT'(y) = T'(xy)
for all x, y € A. The set M(A) of all multipliers of A is a closed unital commutative
subalgebra of the operator algebra B(A), called the multiplier algebra of A.

A*
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_ For eacl/l\T € M(A) there exists a unique continuous function T on A(A) such that
T(a)(p) = T(p)a(yp) for all a € A and ¢ € A(A). See [9] for a proof. Write

M(A) ={T : T € M(A)).

We say that a commutative Banach algebra A without order is a BSE algebra (or it is
said to have the BSE property) if A satisfies the condition

Cas(A(A) = M(A).

Remark 1.1. Let A be a semisimple Banach algebra and ®:A(A)—C be a
continuous function such that ® - A € A. We call ® a multiplier of A. This is another
definition of a multiplier of a Banach algebra. In the presence of semisimplicity this
definition is equivalent to the above definition, by considering ® = T'; see [9] for more
details. Define

M(A) = {®: A(A) > C: ® is continuous and PA C A}.
When A is a semisimple Banach algebra, m) = M(A).

The abbreviation BSE stands for Bochner—Schoenberg—Eberlein and refers to the
famous theorem, proved by Bochner and Schoenberg [2, 13] for the additive group of
real numbers and by Eberlein [3] for general locally compact abelian groups G, saying
that, in the above terminology, the group algebra L!(G) is a BSE algebra. (See [11] for
a proof.)

The notions of BSE algebra and BSE functions were introduced and studied by
Takahasi and Hatori [14, 15] and later by Kaniuth and Ulger [8].

A bounded net (e,), in A is called a bounded approximate identity for A if
it satisfies ||le,a — a|| = O for all a € A. A bounded net (e,), in A is called a A-
weak bounded approximate identity for A if it satisfies ¢(e,) — 1 (equivalently,
w(eqa) — (a) for every a € A) for all ¢ € A(A). Such approximate identities were
studied in [6], where the first example was given of a semisimple commutative Banach
algebra which has a A-weak approximate identity but does not possess a bounded
approximate identity. As is shown in [14, Corollary 5], A has a A-weak bounded
approximate identity if and only if W) C Cpsp(A(A)).

In this paper we first present a characterisation of the multiplier algebra of the direct
sum of two semisimple Banach algebras. Then as an application we show that for two
semisimple Banach algebras ‘A and 8, A ® B is BSE if and only if ‘A and B are.

We also prove that if A and B are Banach algebras such that $ is unital and A Xy B
is BSE, then B is a BSE algebra, and we present some examples showing that the BSE
property of A Xy B does not imply that of A.

2. Direct sum of Banach algebras

Let A and B be two commutative Banach algebras. The direct sum algebra A & B
of A and B is defined as the Cartesian product A X B with the algebra multiplication

(a,d’)-(b,b')=(ad’,bb") (a,d’ € A, b,V €B),
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and with norm
I(a, b)Il = llall + 116l (a € A, b€ B).

In this section we will give a characterisation of the multiplier algebra of the direct sum
algebra A ® B, M(A @ B), and then prove that for two semisimple Banach algebras
A and B, A B is a BSE algebra if and only if A and B are BSE algebras. First we
need to prove the following lemma.

LemmA 2.1. Let A and B be two Banach algebras and

E={(p,0): e A(A)}, F={0,¢):yecAB)}.
Then AA®B)=EUF.

Proor. It is obvious that E U F € A(A @ B). For the reverse inclusion suppose that
(g, ) e A(A D B) C A* & B*. Then, for every a;, a; € A and by, b, € B,

(p, ¥)(araz, b1by) = (¢, Y)(a1, by) - (@, Y)(az, by).
This means that, for all a;, a, € A and by, b, € B,

plaraz) + Y(b1by) = (p(ar) + (b)) - (p(az) + (b))

1
= g(anplas) + ela ) + bDea) + ubowby.

If we take by =b,; =0, it follows that ¢(a;a;) = ¢(a))e(ay) for all ay, a; € A.
And similarly, if we take a; = a, =0 it follows that y(b1by) = y(by)y¥(by). Then
@ € A(A) U {0} and yy € A(B) U {0}. Now if ¢ =0, then (¢, ) =(0,¢)e F. If p #0,
then (I) implies that

pla)y(az) + Y (b1)gp(az) = 0,

for all a1, a, € A and by, b, € B. If we set a; = 0 and a; such that ¢(ay) # 0, it follows
that ¥(b;) =0 for all b; € B and then ¢ = 0. This means that (¢, ) = (¢,0) € E. So
AAS®B)CEUF. O

ReEmaRrk 2.2. Since E U F C (A @ B)* = A* & B, its topology is the one induced from
A* @ B* and is precisely the Gelfand topology of A(A @ B).

Note that Lemma 2.1 implies that A @ B is semisimple if and only if both A and B
are semisimple.

THEOREM 2.3. Let A and B be semisimple Banach algebras. Then
MA D B) ={(D, V) : D e MA), Y e M(B)},

where (©, ¥)(p, 0) = O(p) and (O, ¥)(0, ) = @) for all (¢, 0) € E and (0, ) € F.
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Proor. Let ® € M(A) and ¥ € M(B). Since ®AC A and WYBC B, then for all
(¢,0) € E and (a, b) € A& B, there are elements a’ € A and b’ € B such that

(@,P) - (@, b)), 0) = (D, ¥)(¢, 0)(@, b)(p, 0)
= O(p)a(e) = d'(¢),
for all ¢ € A(A), and
(@,'P) - (@, B)(0, ¥) = (©, ¥)(O0, ¥)(@, b)(O, ¥)
=YW)bW) = b' (W),

for all y € A(B). Then ((®, V) - (a, b))(p, 0) = (@', B')(p, 0) and (D, P) - (a, b))(0, ¥) =
(a’, b)(0, ¢). This implies that

—

(@,9) Ao BCA® B

and (@, ¥) e M(A & B).

Now let F € M(A® B). Define O(p) = F(p,0) and Y() = F(0, ), for all ¢ €
A(A) and Y € A(B). So F=(®,¥). It is enough to show that ® € M(A) and
Y e M(8B). For all a € A, there exists (a’, b’) € A ® B such that

D(p)a(p) = (D, V), 0)(a, 0)(g, 0) = (@', B')(, 0) = &’ (¢).
Then @A € A and ® € M(A). Similarly, ¥ € M(A). O

THeorEM 2.4. Let A and B be two semisimple Banach algebras. Then A& B is BSE
if and only if A and B are BSE.

Proor. First suppose that A and B are BSE. Then by [14, Corollary 5] A and B have
A-weak bounded approximate identities. Let {e,}, and {fz}s be A-weak bounded
approximate identities of A and B, respectively. Then {(e,, fz)}p is a A-weak
bounded approximate identity for A & B. Indeed, for all ¢ € A(A) and ¥ € A(B),

(11%(90, 0)(eq, f3) =lim p(e,) = 1

and
lim(0, s =lim =1,
(aﬁ)( )(eas fp) T ()

so that, forall ® € EU F = A(A® B),

lim F(e,, =1,
(@,B) ( Jfg)

and {(eq, fp)lp 1S a A-weak approximate identity for A®B. Then by [14,
Corollary 5]
M(A® B) C Cpsp(A(A D B)).

For the reverse conclusion, let o € Cgsp(A(A @& B)). Then, by [14, Theorem 4(ii)],
geCr(AAdB)YN(A® B)**|A(ﬂ@8) =Cp(A(ADdB) N (A @ B**)lA(ﬂ@B). Then
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there are o € A™ and o, € B™ such that o|azca) € Co(A(A)) N A sy, T2la®) €
Cr(AB) N B s and o = (01, 02)|AAe8)- On the other hand, since o €
Cps e(A(A & B)), there exists B > 0 such that, for every finite number of ¢y, ...,c, €C
and (g1, Y1), - - -, (@ns Un) € AA D B),

Zn: cio(ei, Y| < B

i=1 i=

A OB

Zn: ci(@is ll/i)H .
1

In particular, for every (¢1,0), ..., (¢,,0)€ Eand ¢y, ...,c, €C,

n

> e 0)

i=1

n

Z Cio'l(‘yoi)‘

i=1

<p

n

Z Ci(‘Pi, O)Hﬂ*eaB*

i=1

=B sup{

3" et 00, )l + b < 1)
i=1

D cipita)

i=1

<B Sup{ all < 1}

n

oo,

i=1

=p

This means that oy € Cggp(A(A)). Now since A is a semisimple BSE algebra,
o1 € M(A). In a similar way (by considering (0, ), .. ., (0, ¢¥,)) we conclude that
g e M(B). So o= (01,072) € M(ASB). Then Cpsp(A(A @ B)) C M(A @ B) and
A Bis aBSE algebra.

Now suppose that A@ B is BSE and let {(e,, fy)}» be a A-weak bounded
approximate identity for A @ B. Then, for all ¢ € A(A),

lim wleq) = hm(go, 0)(eas fa) =1.

So {eq})o 1s a A-weak bounded approximate identity for A, and similarly {f,}, is
a A-weak bounded approximate identity for B, and [14, Corollary 5] implies that
M(A) € Cpsp(AA) and M(B) € Cpse(A(B)).

Now let oy € Cgsp(A(A)) and 0, € Cpsp(A(B)). Then by [14, Theorem 4(i)] there
are nets {x,}; C A and {y,}, € B such that lim, x3(¢) = o1 (¢) and lim, y,(¥) = 0»(¥),
for all ¢ € A(A) and ¢ € A(B). If we consider the net {(x,, y,)}a1.) C A S B, then

lim (x1, y,)(¢, 0) = lim(p, 0)(xy, y,) = lim +0
im (X2, yu)(e, 0) (M)@p (X5 i) Hm o(xa)
=1lim x(¢) + 0=01(¢) + 0
()

= (01, 02)(¢, 0),
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for all ¢ € A(A). And similarly, for all ¢ € A(B),
lim (22,000, 9) = (71, 72)(0, ).
This means that if we let o = (071, 0) then
lim (53, 3(®) = (@),

for all Pe EUF =A(A® B). Then o =(01,07) € Cpsp(A(AD B)). Now since
A Bis a BSE algebra, o = (01, 03) € M(A ® B) and, by Theorem 2.3, o7y € M(A)
and o0 € M(8B). So A and B are BSE algebras. O

Let G be a locally compact abelian group and M(G) the Banach algebra of bounded
regular measures on G. The set of continuous measures in M(G) is denoted by M (G).
This is a closed ideal in M(G), and

M(G) = My(G) ® M.(G) = I'(G) ® M.(G).

When G is not discrete, M.(G) # {0}. It is shown in [14] that M(G) is a BSE algebra if
and only if G is discrete. So we have the following result.

CoROLLARY 2.5. For a nondiscrete locally compact abelian group G, M.(G) is not a
BSE algebra.

CoROLLARY 2.6. Let G be a locally compact abelian group and u € M(G) be a measure
which factors as a product of an invertible measure and an idempotent measure. Then
u* LY(G) is a BSE algebra.

Proor. Define T,(f) = * f. Then T, is a multiplier of the Banach algebra L'(G). It is
shown in [16] that T(L'(G)) = u * L'(G) is closed in L'(G). By [4, Theorem 3.4], since
L'(G) is a commutative semisimple amenable Banach algebra, it factors as follows:

LY(G) = T,(L'(G)) ® Ker(T,,) = (u * L'(G)) ® Ker(T,).

Since L'(G) is a BSE algebra, by Theorem 2.4, u * L' (G) is BSE as well. o

3. 6-Lau product of Banach algebras

The products A Xg B of Banach algebras A and B were first introduced and studied
by Lau [10]. The Banach algebra 8 inherits some properties of A Xy B. For instance,
from [7, Proposition 2.1], for n € N, n-ideal amenability of A Xy B implies that of B.
In this section we prove that if the #-Lau product of two Banach algebras A and B,
A X¢ B, with B unital, is BSE, then 8B is a BSE algebra. Before that we need to present
some definitions and preliminaries. More results on this product can be found in [12].

https://doi.org/10.1017/S0004972712001001 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712001001

256 Z. Kamali and M. Lashkarizadeh Bami [7]

Derinition 3.1. Let A and B be two commutative Banach algebras for which A(B) # 0.
Let 6 € A(B). The 8-Lau product A Xy B is defined as the Cartesian product A X B
with the algebra multiplication

(a1, bi)(az, ba) = (a1az + O(b1)az + O(br)ay, b1b7)

and norm [|(a, b)|| = [lall + |Ibll.

Obviously if B is a unital Banach algebra, then A Xy B is a unital Banach algebra
for any Banach algebra A.

Remark 3.2. The space A Xg B is a Banach algebra. If we allow 6 = 0, we obtain the
usual direct sum of Banach algebras. If 8 = C and 8 : C — C is the identity map, then
A Xy C coincides with the unitisation A, of A.

The dual of the space A Xy B can be identified with A* ® B* in the natural
way: (¢, ¥)(a, b) = ¢(a) + y(b). The dual norm on A* @ B* is the maximum norm
[I(o, Y)I| = max{||ell, [¥]]}. On A* & B*, the weak™ topology coincides with the product
of the weak* topologies of A* and 8. The following theorem, which is proved in [12],
identifies the Gelfand spectrum A(A Xy B) of A Xy B.

TueOREM 3.3. Let A and B be Banach algebras with A(B) # 0. Let 6 € A(B) and
E={(p,0):p e AA)}, F={0,y): ¢ €AB)}.
Set E=0if A(A) =0. Then A(A Xy By=E UF.

Note that the topology on E U F = A(A Xg B) is the weak™* topology induced from
(A Xy B)" = A* @ B* and it is precisely the Gelfand topology on A(A Xy B).

THeEOREM 3.4. Let A and B be two commutative Banach algebras. Suppose that
A Xg Bis a BSE algebra. Then B is a BSE algebra.

Proor. Let o € Cpgp(A(B)). Then by [14, Theorem 4(i)], there exists a bounded net
{ya}a € B such that lim, y,(y) = o(i)), for all € A(B). If we consider the bounded
net {(0, y)}a C A Xq B,

lim (0, y2)(0. %) = lim(0, (0, y2) = lim 0 + y3(4)
=o¥) =(0,0)0,y),
for all (0, y) € E. Also, for all (¢, ) € F,
lim (0 32)(p, 6) = lim(g, 6)(0, y) = lim 73(6)
=0(0) = (0, o)(g, 0).
Consequently, forall ® € EU F = A(A Xy B),

lim (0, y2)(@®) = (0, )(®).

https://doi.org/10.1017/S0004972712001001 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712001001

[8] The direct sum of Banach algebras 257

Then (0, o) € Cs £(A(A X B)) and since A Xy Bis BSE, (0, o) € (A Xy B). So there
exists (a, b) € A Xy B such that (a, b) = (0, o). Then, for all ¥ € A(B),

o) = (0, 0)(0, ¥) = (@, b0, ¥) = (0, ¥)(a, b) = b(y).
This means that o € § and since B is unital, B is a BSE algebra. m]

The following examples show that if A Xy B, for B unital, is BSE we cannot
conclude that A is BSE in general. Before that we need to present a result proved
by Kaniuth and Ulger, [8, Theorem 4.8].

THeEOREM 3.5. Let A be a nonunital commutative Banach algebra. Then the unitisation
A, of A is a BSE algebra if and only if

Cps (A(A)) N Co(A(A)) = A.

ExampLE 3.6.

(1) Let G be a second countable noncompact locally compact group whose regular
representation is not completely reducible and A(G) be the Fourier algebra of G.
Then A(G) # B(G) N Cy(G) (see [1, 5, 8]). Thus if in addition G is amenable,
then A(G) is a BSE algebra [8], but A(G), = A(G) X4 C, such that : C — C is
the identity map, is not BSE, by Theorem 3.5

(2) Let['(N) be the semigroup algebra of the additive semigroup of natural numbers.
Then I'(N) is not a BSE algebra [14]. However, the semigroup algebra
"N U {0}) = I'(N), = I'(N) X4 C, such that §: C — C is the identity map, is a
BSE algebra by [15, Theorem 6].
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