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The writer of the following lines is aware of the possibility
that the property discussed below is not a new discovery. He
will, of course, be grateful to any reader who will provide him
with bibliographical references.

It is well known that the nine point circle of a triangle is
tangent to the 4 contact (i.e. the inscribed and the escribed)
circles. Given two tangent circlesN' and Twe propose to find
the locus of vertices of the triangles ( A\ ) which admitJY as their
nine point circle and YT’ as one of their contact circles.

Let v be the common tangent of N and ¢J° where they touch,
and A the point of contact. Let g be one side of a triangle O\,
intersecting \° in B, B' and 7 in {1 (see Fig. 1). In the variable
oblique cartesian coordinate system E-ﬂ"z we have A(0,d ),
B(pg.,0), B'(q‘/p, 0) andLE.Q.”Z =8 . It can be seen that the
parameterss, § , 6 satisfy the following conditions:

(1) & =1t £06

(2) o 2P cos B +p= ARBonE
where r and R are the radii ofirande)‘r, respectively.

In the triangle /\ , one of the points B , B', say B , is
the foot of the altitude on § and the other, say B' , the mid-point.
Let Vo ( g' , M o) be the vertex of &N opposite to £ . Then Vo

must be located on the perpendicular through B to S , which
gives

() §, + 7,00 = p
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The equation of T is

T(tm)z § v 28 neeb =228 =24y + 7= 0

o .
The equation of the pair of tangents through V, to J (which are,
of course, the other two sides of the triangle A\), is

Tt )Tl m)- TGl ) = 0,

v o)

where U\T ( g,n \ goﬂo) is the polar form of Gj( i,“l ) . The ver-
tices V ( Ei,O) and VZ(EA’O) of N which are located on § ,
will be obtained by intersecting the last equation with 7= 0.

Since B' is the mid-point of V|V, , we have

(3+b1)/a = «/p.

When (3) is taken into account, this condition leads to

(4) 'Qa—goz’}\_oa.

This straight line is parallel to the line{L F, where F is the
center of J , and passes through the fixed point 0 symmetrically
situated to F with respect to A . Equations (3) and (4) provide
us, therefore, with a pointwise construction, using compass and
straight edge, of the required locus.

We choose now the fixed orthogonal cartesian coordinate
system x0y, such that Ox is 0F,and Oy is parallelto 77 , as
indicated in Fig. 1. The transformation formulae leading from
§nm to xOy are

(5) §° = (x-"T)cse b,
© ", = - (x-T)cot B + (g +ot),

Eliminating o B 6, go y ¢ from the equations (1) to (6) we
obtain

(7 (x2'+y2)2 - 4(r+R) x(x2+y2) +4r [(r+ 3R)x2+ (r—R)yZJ = 0.
The locus is, therefore, a rational bicircular quartic having

a double point at 0. It should be noted that, if we choose always

r> 0, thenT and N will be tangent internally if R> 0 and exter-
nally if R £ 0.
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If we put in (7) R = -r, we obtain
2
(8) (x%+y2)" - 8r2(xP-y?) = 0
i.e. the lemniscate with center 0 and a focus F.

We have therefore the result: The locus of the vertices of
" the triangles which admit the two tangent circles N and :Jd of
equal radius as the nine point circle and a contact circle, res-
pectively, is the lemniscate having its center at the center of
I and one of its foci at the center of T .

This and the remarks made in connection with equations
(3) and (4) lead to the following pointwise construction, by com-
pass and straight edge, of the lemniscate (see Fig. 2):

Let O be the center and F one focus of the lemniscate
to be constructed. Draw two circlesNand J of equal radius
and tangent externally having their centers at 0 and F , res-
pectively. Let™ be their common tangent and § a (variable)
tangent to T, intersecting M in {1 and N in B. The straight
line through 0 parallel to {L F intersects the perpendicular
through b to S in a point V of the lemniscate.
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