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STRONGS-SEQUENCES AND VARIATIONS ON 
MARTIN'S AXIOM 

JURIS STEPRÂNS 

0. Introduction. As part of their study of /?<o — co and /Jco, — co, A. 
Szymanski and H. X. Zhou [3] were able to exploit the following difference 
between co, and co: co, contains uncountably many disjoint sets whereas 
any uncountable family of subsets of co is, at best, almost disjoint. To 
translate this distinction between co, and co to a possible distinction 
between /?co, — co, and fiu — w they used the fact that if s/is a pairwise 
disjoint family of sets and a subset of each member of j / i s chosen then it is 
trivial to find a single set whose intersection with each member ois/is the 
chosen set. However, they noticed, it is not clear that the same is true if se 
is only a pairwise almost disjoint family even if we only require equality 
except on a finite set. But any homeomorphism from /?co, — co, to /?co — co 
would have to carry a disjoint family of subsets of co, to an almost disjoint 
family of subsets of co with this property. This observation should motivate 
the following definition. 

Definition 1. Le t j ^Q ^(co). Let 

J * * = { / : J / - » ^ ( < O ) ; (VA e s/)(f(A) Q A) }. 

Then se is a strong-£>-sequence if and only if 

(V/ e s*f*)(3b ç <o)(Va <= st?)(3n G co)( (b n a) U n 

= f(a) U n). 

It should be noted that this definition generalizes to arbitrary Boolean 
algebras as follows: 

Definition 2. If B is a Boolean algebra and srf Q B then se is a 
strong-£>-sequence in B if and only if 

(V/ e stf*)(3b Q B)(Va e st\b n a = f(a) ) 

where srf* is defined as before. 
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Notice that for the Boolean algebra ^(<o)/[co] ° the two notions of 
strong-g-sequence coincide. It is also easy to see that a strong-g-sequence 
in any Boolean algebra must be an antichain. The remarks at the end of 
the opening paragraph can now be paraphrased as follows: ^((o1)/[co]< ° 
has an uncountable strong-g-sequence but it is not clear that 
^,(o))/[to]< ° does. It will be shown in this paper that the answer to the 
question of whether or not ^>(o))/[o]< ° has an uncountable strong-
Q-sequence is independent of the usual axiom of set theory. 

In particular it will be shown in Section 1 that MAW implies that there 
are no uncountable strong-Q-sequences. This result was also obtained, 
independently, by S. Shelah and answers a question of H. X. Zhou who 
had earlier shown that, assuming the existence of a large cardinal, it is 
consistent with MAW that there are no strong-g-sequences. In fact, in 
Section 1 only MAW for a-linked partial orders is required. (A a-linked 
partial order is one which is the union of countably many subsets each of 
which has the property that any two elements in it are compatible.) In 
Section 2, however, it is shown that it is consistent with MA,, for 
a-centred partial orders that there is an uncountable strong-g-sequence. 
This yields the known corollary, the proof of which can be found in [2], 
that MAW for a-centred partial orders does not imply MAW for a-linked 
partial orders. The usual method for proving this fact is to get a model 
where MAW for a-centred partial orders holds, but MAW for the measure 
algebra does not. The result of Section 2 however yields a model where 
MAW for both a-centred partial orders and probability measure algebras 
holds but MAW for a-linked partial orders still does not hold. In Section 3 
examples will be given for each « G w of partial orders which are 
a —«-linked but not a — n + 1-linked. The first such examples were found 
by Bell [1]. The results of Section 2 and Section 3 are generalized in 
Section 4 to the next higher cardinal to yield a model of BACH where Px 

holds but BACH fails answering a question in [5]. In that section, 
examples of Kj — «-linked but not S — n + 1-linked partial orders are 
constructed. The original proof of the analogous result for MA does not 
generalize to a higher cardinal. Finally, in Section 5 some remarks are 
made about the relevance of strong- Q-sequences to the question of 
whether or not (Sux — coj is homeomorphic to /?<o — <o. 

1. MAW implies that strong-^-sequences are countable. The proof of the 
result in the title of this section will rely on the following lemma. 

LEMMA 1. Let (T, ^=T) be a tree of height <o such that each node branches 
at most twice. Let 3Ù be any uncountable collection of branches through 
(T, = T). (Throughout this paper a branch will always refer to a maximal 
branch of maximal height.) Then 88 is not a strong-Q-sequence on 
^(r)/[r]<s°. 
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Proof. Let {oT
0, o\} list the immediate successors of r in (T, =T). For 

B G ^ let 

f(B) = {r G 2?:^ G £ } . 

If ^ is a strong-g-sequence then there i s ^ C T and, for each B G ^ , 
TB Œ B such that 

,4 H {r G 5:T â ^ } = {r G / ( 5 ) : T i ^ } . 

Choose {B0, Bx) G [^]2 such that r^ = r5 . Let T G 5 0 H B, such that, 
without loss of generality, o] G Bt. Then 

T = X = % 
but 

r G f(B0) and T g 7(5 , ) . 

Lemma 1 says that no almost disjoint family obtained from the 
branches of a binary tree can be a strong-^-sequence. The remainder of 
the proof will concentrate on showing that, assuming MAW , every 
uncountable almost disjoint family must have embedded in it just such an 
almost disjoint family. The next lemma will make precise what is meant by 
"embedded". 

LEMMA 2. If se is a strong-Q-sequence then 
i) if 3$ Q se then 38 is a strong-Q-sequence 

ii) if X Q U stfthen {A C\ X:A G stf} is a strong-Q-sequence. 

Proof. This is clear. 

LEMMA 3. Assume MAW for o-centred partial orders. Let se be 
an uncountable almost disjoint family of subsets ofco then there is T Q œ and 
= T, a finite branching tree order of height to on T, such that there are 
uncountably many A G sesuch that A n T is a branch through (T, =T). 

Proof Define a partial order (P, ^ p) by p G P if and only if: 

(b) Tp G [<o]<s° and ^ G | y ] < H ° 
(c) ^ is a tree order on T 
(d) if A G stfp then A n Tp is a branch through (Tp9 ^p). 
Define p ^ pq if and only if 
(e)Tp 3 Tqmàstp 3 ^ 
(f) ë is an end-extension of ^ 
Now, for/? G P, let 

&(p) = [A G ss?:A is a branch through (7^, ^ ) }. 

Let 
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s/ = s/\ U {SS(p)\p e P and \S8(p) \ < N,} 

and notice that \sf\ = Nj. Now let 

p = [p G P: j ^ ç j / and stp * 0}. 

MAWj will be applied to (P, i p O (P X P) ). 
It is easy to see that this partial order is a-centred. Furthermore, if 

{Aa:a G <Oj} enumeratesstfthen for each a G W,, 

{/? G P:(3/? > a ) ( ^ e j ^ ) } 

is dense. To see this choose/? G P. It suffices to show that \@(p)\ = S j . 
But if | ^ ( / ? ) | < K1 then 

j ^ n ^(/?) = 0. 

However j ^ ^ 0 &nds/ Q s/ and, by definit ion,^ c &(p). 
To finish the proof it suffices to show that for each/? G P there is q G P 

such that 

q =Pp and 

he igh t^ , ^q) = heighten ^p) + 1. 

To see this choose A G stf\sé and k ^ a> such that {̂4 } U jaf is a disjoint 
family above k. For each maximal node of T, «, and each i? G se such 
that n & B choose m & B \ k. If there is no Z? containing n then choose 
m G v4 \ /c. In either case put m in T and set « = </w- Because of the 
choice of k it is now easy to verify that (7' = , s/) is in P and it clearly 
extends p. 

While the hypothesis of Lemma 1 requires a binary tree, Lemma 3 only 
gives us a finite branching tree. This difficulty will be rectified by the next 
two lemmas. 

LEMMA 4. If (T, ^T) is a finite branching tree of height co and 3Ù is an 
uncountable collection of branches through (J, ^T) then there is S Q T such 
that, letting ^•s='èTr)SXS, 

a) height (S, ^s) = co and S is an initial segment of {T, = r ) . 
b) if s G S then, letting @s = {B G @\s G B), 

| {B G as: \B n S\= K0} I >K0 . 

Proof Let 

S = {s G T: \SS\ > S0}. 

Clearly a) is satisfied. 
To see that b) is satisfied choose s G S and notice that 

| {B G ^ \B n S\< K0} | =i K0. 
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LEMMA 5. Assume MAW for o-linked partial orders. If(T, ^T) is a finite 
branching tree of height 10 and » is an uncountable set of branches through 
(T, ^T) then there is S Q Tsuch that 

a) (S, 1=kT n S X S) is an initial segment of (T, ^T) and has 
height o) 

b) (S, = r Pi S X S) is binary (i.e., each node splits at most twice) 
c) | {B G ». \B O S\ = S0} | > «0 . 

Proof First choose T Q T satisfying the conclusion of Lemma 4 and 
let 

f = { i e * , 4 Ç T}. 

Let P be defined by p G P if and only if p = (T, St) 
d) T is an initial segment of T 
e) &p G [<^]<s° 
f) {B0, Bx) G [ ^ ] 2 then BQ n Tp * B, n Tp 

g)(Tp, % Tn TpX Tp) is binary. 
Define p ?â q if and only if T is an end-extension of T and âiï 2 ^ . 

It is easy to see that {p G P:T has height at least n) is dense in P 
for each n G <O. Also, from the conclusion of Lemma 4 it follows that if 
{ba:a G to,} enumerates £8' then for each a e «,, 

{/> G P:(3ij 2 «)(&„ G ^ ) } 

is dense in P. Hence it suffices to show that (P, ^ ) is a-linked. 
To see this let {/?, q) Q P and suppose that T — T. For each maximal 

branch of T b, there are at most two branches in 38 U 38' C and C , 
such that 

C P
 n ^ = c * n ^ = *• 

Hence it is easy to find a binary end-extension, T, of T such that 

(T, <%p u <^) e P. 

This completes the proof. 

THEOREM 6. MAW /or o-linked partial orders implies that there are no 
uncountable strong-Q-sequences. 

Proof. Apply Lemmas 1, 2, 3, 4 and 5. 

2. A model which has an uncountable strong-g-sequence. In this section 
it will be shown that it is consistent with a certain version of MA,, that 
there is a strong-^-sequence. The version of MAW will require the 
following definition. 

Definition 3. If F:w —> ĉo and (P, ^ ) is a partial order then (P, ^ ) is 
F-centred if and only if 
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P = U { P „ ; n G <o} 

and for each n G 00 the following condition holds: 

(Vm G <o)(Vr G [PJ^"KW))(3 A G [IT)(A is centred). 

So, for example, a partial order is a-centred if and only if it is /-centred 
where I(n) = idw for each n G <o. A less trivial example of an F-centred 
partial order is the partial order associated with the measure algebra 
associated with a probability measure. The following lemma will be used 
in showing this. 

LEMMA 7. Let fi be a probability measure on X. If {Af.i G n + 1} 
are subsets of X and fi(At) > \ln for each i G n + 1 then there is 
{ij} e [/1 + l]2 such that 

fx(Ai Pi Aj) > \/n\ 

Proof Suppose not. Then 

ii(Al nAj) ^ Vn3 for {i,j} G [n]2. 

Hence 

,i(u {^ . : ie «}) ^ { K A ) ; i e «} 

- 2 MA, n ^.); {',7} e [«ft 

Hence 

2 {/ i^„ n 4.); i e » } s ^ n ( u {^ : i e n) ) ) 

>i- n ( „- , ) (^) .„ ( i ) . 

Hence there is some y G « such that 

fi04n n ^ ) > -3. 

This is a contradiction. 

PROPOSITION 8. Define $:co —» wco 6y 

Tl/î2A:"l 

*<"X*) = I I (n3° ]) + 1). 
7 = 1 

7/̂  (P, G ) /$ ffo partial order associated with a probability measure algebra 
(/i, X) then (P, Q) is ^-centred. 
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Proof. Let 

p„ = {A Q X-MA)>-^. 

It must be shown that if T e [Pnf
(n)(k) then there is A e [T]k such that 

fi( n A) > 0. This will be shown by induction on rin2A:l. Let the induction 
hypothesis be that if T e [P]*OX*> t n e n there is A G [rj* such that 

/x(n A) > n~° 2 } 

and notice that, by lemma 7, this is true when k = 2. 
Now suppose that the induction hypothesis is true for k = 2m. We will 

prove that it also holds for 2 W + 1 . Let 

r G [p f(n)(2m+l) 

Since 

<P(n)(2m+]) = (nr + \)<&(n)(k) 

it is possible to partition T so that 

r = U {Tf.l <E (nr + 1) } and 

|r7| = <&(n)(k) for/ e (w r -h 1). 

Using the induction hypothesis it is possible to choose A/ G [T]k so that 

/x(n A,) > n {3 > for each linn3 4- 1. 

But now it is possible to apply Lemma 2 to { n A7:/ e «3 + 1} to get 
{ij} G ["3" + ! ] 2 such that 

K(n A,.) n (n Ay)) > —J— = /T { r + , ) . 
(«3 )3 

Definition 4. If J^ ç w(w
w) then MAWj(J^) is the assertion that MAW[ 

holds for any F-centred partial order where F G ^ 

Clearly MAW implies MAW CCu) ) and MAW ("("to) ) implies MAW for 
a-centred partial orders. The relationship between MAW CCu) ) and MA, 
for a-linked partial orders, however, is not clear. It will now be shown that 
MAW (œ(œco n L) ) is consistent with the existence of a strong-g-sequence. 
This will show that MAW ( T w n L) ) is strictly weaker than MAW for 
a-linked partial orders even though MAW (*°(w<o Pi L) ) implies MAW 

for probability measure algebras since the function 0 is obviously 
constructible. 

The obvious strategy for creating an uncountable strong-^-sequence is 
to take some family s? Q ^(<o) and for e a c h / G j ^ * t o generically add the 
appropriate subset of <o. The following definition introduces a partial 
order for doing this. 
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Definition 5. If \p:u} —> ̂ (<o) indexes a family of subsets of to and 
/ e OJ/'co,)* then let 

K(/, ^) ç U {A<o:A G [Wl]
<So} 

be defined by g e K(/, \p) if and only if 

(V{a, /?} e [Z>(g)]2X/0K«)) n X*j = f(Hp) ) n ^ ) 

where 

*2,/j = *K<*) n MS) \ (g(a) u g(/2) ). 

LEMMA 9. 7/* G is K(f \p) generic and 

EG= u {/«<«) ) \ ( U G)(<x);a e <o,} 

//ze^ >4a O £ /s almost equal to f(^(a) ) for each a G <0j. 

iVoo/. First note that |Z)(U G) | = w, since if g G K(f \p) and a £ Z)(g) 
then it is possible to choose M G <O large enough so that 

M8) n i//(a) ç M for each fi G Z)(g). 

Then clearly g U { (a, M) } G K(f *//). 
Now it suffices to show that 

(EG nAa)\(U G){a) = / ( « a ) ) \ (U G)(a). 

Clearly 

/ « < « ) ) \ (U GX«) Ç £ G \ ( u G)(a) a n d / « < « ) ) ^ <K«)-

Now suppose that « G JE^ n ^4a \ (U G)(a). Then 

n e /«<jB) ) \ (U G)(j8) for some j8. 

Choose g G G such that {a, £} ç £>(g). Then, since n G / (M8) ) Ç ,/,(£), 
it follows that 

« G # 0 ) n tf«) \ (g(j8) U g(a) ) = ** ^ 

But then 

« e / W i 8 ) ) n ^ 

and, by Definition 5, 

« s M a ) ) n ^ £ / W « ) ) \ ( u CX«). 

The problem with the partial order K(f xp) is that it may not satisfy the 
countable chain condition. This problem can be solved, however, by 
obtaining \p generically. The following definition will explain the notation 
to be used when referring to the obvious partial for doing this. 
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Definition. From now on (A, ^ ) will refer to the usual partial order for 
adding an uncountable family of almost disjoint subsets of <o with finite 
conditions. In particular p G A if and only if: 

1. D(p) = np X Tp where n G to and r G [<O,]< S°. 

2.p"D(p) ç 2. 
If {Pi q) - A then/? ^ g if and only if p ^ q and 

(V/ G /!, \ «9X I {« e r^; />(/, a) = 1} | S 1). 

If G is (A, ^ ) generic then let ypG:co] —* &(co) be defined by 

)c(a) = {n G <o; (3/7 G (?)(/>(*, a) = 1) }. 

Clearly (A, ^ ) satisfies the countable chain condition. (In fact, forcing 
with (A, ^ ) is the same thing as adding 8, Cohen reals.) Another obvious 
fact, which will be used later on, is that if p G A and {a, /?} G [T ]2 

then 

p H-"*c(«) n *G(j8) Ç « / . 

LEMMA 10. Le/ G be (A, i^) generic over V. Suppose that in V[G] Q is a 
finite support iteration of length <o2- Suppose further that: 

\) if a G o)2 is even then 

Qa+l= Qa*K(/«,*C) 

vv/zere 

UHQ."/«
 e (^«i)'* 

2) if a G co2 /5 0dd //ze« 

Q«+l = Q«*Pa fl/lrf 
1|l"Qa',p« is Fa centred where Fa G w ( ^ H L)" 

//ze« ^[G] | = "Q /ZULS //ze countable chain condition". 

Proof. The proof of the countable chain condition will rely on the fact 
that there is a dense set of conditions with which it is somewhat easier to 
work. In order to isolate these define a condition q G Q to be determined 
if: 

3) if a G support (q) and a is even then 

q r o u-Q;q(o) = g°q" 
4) if a G support (q) and a is odd then 

q r ° \\-Qa 

"q(o) G P ^ where Pa = U {Pn
a:n G <O} witnesses that Pa is Fa-centred" 

and furthermore 
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A standard argument by induction on the support shows that the set of 
determined conditions is dense in Q. Hence if there is an uncountable 
antichain then there is one which consists of determined conditions. 

Now suppose that 1| |"A"{^ :TÎ E œ\) ls a n antichain of determined 
conditions". In order to exploit the fact that G is a generic family, choose 
pv e A for T] <E co, such that (/? , qv) is as similar to (p^, q^) as possible and 
Pq decides everything relevant about qT In particular: 

5 ) / ^ " s u p p o r t (c^) = 2 , " 
6) if a e 2^ and o is even then 

Pv IK*; = K" 
7) if a G. 2^ and a is odd then 

A, ih-m; = ^ " a n d p^-hi = hi". 
By extending p if necessary we may also assume that if a e 2^ is even 

then 

Furthermore, it may be assumed that 
8) {T :TJ e co,} form a A-system with root T 
9) {2 :̂77 e co,} form a A-system with root 2 

10) n = k for TJ e co, 
11) if {TJ, f} c co, then there is SP^-T —> T such that: 
a) q>vj [ T = id r 

b) if a G £ then <p^(a) e a^(/?) 
c) if 7] = £ then c>^ = id r 

d) if 7] <E J and m G k and a e T then 

/^(m, a) = p£m, <pvJ;(a) ). 

Let {a0, . . . , a } enumerate 2 in increasing order. We may also assume 
that: 

12) if / G j 4- 1 and ay is even and 17 G J then 

and if a G D(g%) then 

S » = «?Ma)) 
13) if / G y 4- 1 and ay is odd and TJ e co, then m^' = mi and 

/z°' Ï /,- + 1 = Af. will now be determined. Define lf inductively as follows. 
Set lj = 2. If lt has been defined, /' e y and af. is odd, then set 

If az is even then set 
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/,._, = (/,.- lX2*Hr'') + 1. 

(Notice that by (12) |r,j is independent of TJ.) 
Now let/? = U {/?,.; / G / _ , } . From (8) and (12) it follows that/? G A. 

The condition p has been constructed by amalgamating so many similar 
conditions that, as will be shown, two of them must force two members 
of the antichain to be compatible. In particular define rz G A * Q and 
ty- G [Qy-j/'' inductively for / G j + 1 as follows. 

We define 

'o = (/>> U {<?/ r a o;* G li-\) ) and fio= l-v 
Now if r{ has been defined so that 

rt G A * Q G and |Q.| = /._, 

then proceed as follows. 
If oi is even find ri ^ ri such that rlG A * Qa and 

h IK/ a / (^(Y)) n k = Hl
y for each y G u { I ^ À G Q.}. 

Then choose Q / + 1 G [Q. ]''•+• such that if {A, À'} G [S2/+1]
2 and y G r 

then 
14) n G i/^ if and only if « G i/^XA,(y). Then 

' ; I K U {gj-;i, G B / + 1 } G K ( / G / , ^ r . 

To see this note that by (11) and (12) 

&• = u te^ G fi,+i} 

is a function. Furthermore, if {a, /?} G [/^(g^) ]2 then there are À and \f 

such that 

{***(«)• /?} s r;. 
But then, since 

r, |KgJ e K(/0;) *c)» 

it follows that 

(Note that ^A A , ( a)0 can be determined exactly by using (6) and the fact 
that 

/> IK'VKP) n M>') Ç *" 

for {p, p'} G [T ]2). From (15) it now follows that 

/„,(««) ) n A * ^ = f.fMD ) n A * ^ ^ 

But from (12) it follows that 
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and hence 

If r, = (A £) let 

7 , = (p, q U { (a,, g,) } ). 

If, on the other hand, ot is odd then 

pW'F^m,, /,) = /,_,". 

Hence there is rt ^ ry such that rx; G A * Qa and there is Q /+ j G [QÉ]ij such 
that 

'/ IK'texC*,-):* e 0/+i) is centred". 

Hence it may be assumed that there is a term q{ such that 

r,.|K(VX e a, + 1)(^(a,) iï 4,)". 

If ^ = (/?, q) then let 

', = (À ? U { (o{, ?,) } ). 

In either case let ^ be a A * Qa term for 

U{qx f(af. + 1 \at):\ e 0/ + 1} 

and let rz be the element of A * Q corresponding to (A*,, sy) under the 
canonical map from A * Qa * Qa"a' + i to A * Qa . 

It is clear from the construction that |B/| = 2. Also, if r- = (/?*, q*) 
then 

/>* ||-A V = 4x for X G 0/". 

This shows that Q has the countable chain condition in V[G]. 

THEOREM 11. If ZF is consistent then so are ZFC and MAW ("(̂ co (^ L)) 
and the existence of an uncountable strong-Q-sequence. 

Proof Let F If- GCH and let G be (A, ^ ) generic over V. In V[G] set up 
an iteration Q as in Lemma 10. Do the usual sort of enumeration to ensure 
that MA W i (T« n L) ) will hold and also that if/ G ^Go)] then/ a = / f o r 
some a G co2. This will ensure that if H is Q generic over V[G] then ^coj 
will be an uncountable strong-g-sequence in V[G][H], 

3. Examples of a — /2-Iinked partial orders. Note that Theorems 11 and 
6 show that MAW ("(̂ co (^ L)) does not imply MAW for a-linked partial 
orders. In particular, Proposition 8 shows that MAW for a-centred partial 
orders and for probability measure algebras does not imply MAW for 
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a-linked partial orders. Hence the partial order of Lemma 5 is an example 
of a a-linked but not a-centred partial order which is demonstrably 
different from the partial order associated with any probability measure 
algebra. It turns out that this partial order can be easily modified to 
display another unusual property. 

THEOREM 12. For each « G <O there is a partial order which is 
o — « -linked but not o — n 4- 1 -linked. Moreover this partial order can be as 
small as the least cardinality of a non-meager set of reals. 

Proof. Let (T, ^ T) be the complete co-ary tree of height co. 
For / G T let St = {b Q T\ b is a maximal branch through T and 

/ G b). 
Then the branches of T under the topology generated by {^; / G 1} are 

homeomorphic to the irrationals. Choose % a. collection of maximal 
branches through T, such that ^ i s not meagre. 

Let Pn consist of those pairs (S, s/) such that: 
1) S is a finite initial segment of T. 
2 ) j * e [ ^ > s o . 
3) Each node of S branches at most «-times in S. 
4) If {b0, b}) G [ j / ]2 then b0 n S ¥* bx n S. 
Define (S, s?) ^ (S, s/') if and only if S is an end extension of S" and 

The argument of Lemma 5 shows that (Pn, ^ ) is o — «-linked. To see 
that it is not a — n + 1-linked suppose that Pn is the union of countably 
many n + 1-linked subsets. Then in particular 

{(S,s/) G Pn;S = 0} = U {Q.;i G co} 

where each Q, is n + 1-linked. Let 

^ . = U { J # ( 0 , J * ) G Q.}. 

Then ty is not meager for some z*0 G co since 

U {@f.i G CO} = « 

Hence there is some t & T such that ^- Pi <f, is dense in <£. Now 
let {tt:i

: G n 4- 1} be distinct successors of /. Then, for each / G n + 1, 
since ^ Pi ^ ^ 0 it is possible to choose (0, stft) G Qy such that 
J ^ O <? V 0. But if (S, s/) < (0, j ^ ) for each / G « + 1 then 

{*,.; / G « + 1} ç S. 

This contradicts the fact that S must be only «-branching. 

Finally note that some restriction on the cardinality of the counter 
example in Theorem 12 is necessary. For example there is no absolute 
example of a a — «-linked but not a — « + 1-linked partial order of size 
K, since MAW implies that all such partial orders are, in fact, a-centred. 
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4. Generalizations to BACH. It has already been mentioned that it is 
possible to show that MAW for a-centred partial orders does not imply 
MAW for a-linked partial orders by finding a model where MAW for 
a-centred partial orders holds but in which the real line is the union of 
fewer than 2 ° many measure zero sets. The problem with this proof is that 
it does not generalize to the next higher cardinal since there is no 
appropriate generalization of the measure algebra to the next higher 
cardinal (such a generalization, for example, would have to be countably 
complete). In this section it will be shown that the arguments of Sections 1 
and 2 easily generalize up one cardinal. 

The generalization of MA to be considered in this section is J. 
Baumgartner's BACH [4][5]. BACH says that CH holds and that if P is a 
partial order satisfying the following three properties: 

1) P is countably closed. 
2) Any two compatible elements of P have a greatest lower bound (i.e., 

P is well-met). 
3) P is S !-linked (i.e., P is the union of Sj many linked subsets) and Q) is 

a collection of less than 2 ' many dense subsets of P then it is possible to 
find a generic set meeting each member of @. BACH for a-centred partials 
orders is the same statement as BACH except that in (3) "linked" is 
changed to "centred". It will now be indicated how to modify the 
arguments of Sections 1 and 2 to show that BACH for a-centred partial 
orders does not imply BACH. 

It is easy to see that the results of Section 2 generalize to show that 
BACH for a-centred partial orders is consistent with existence of a 
strong-g-sequence in &(ux)/[ux] ' of size S2. In fact, the countable 
closure of the analog of A * Q can be used to significantly simplify the 
proof in this case. Hence it suffices to show that BACH implies that there 
are no strong-Q-sequences of size K2 in ^ ( ^ / [ ( o ^ \ 

Lemmas 1, 2 and 4 of Section 1 generalize to the next cardinal in a 
straightforward way. The analog of the partial order of Lemma 3 is easily 
seen to be countably closed and well met in addition to being a-centred. 

The generalization of Lemma 5 will require some modifications to the 
proof, however. By using the analog of Lemma 4, as in Section 1, it 
suffices to prove the following. 

LEMMA 13. Assume BACH and 2 » > K2. Let (T, ^ T) be a normal S0 

branching tree of height <0j and 38 be an Sj sized collection of branches 
through (T, ^T) such that 

\{b e &.t <E b}\ = S2 for each t <E T. 

Then there is an initial segment of T, S such that'. 
a) (S, ^T Pi S X S) has height w,. 
b) (S, ^T n S X S) is binary (i.e., each node splits at most twice). 
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c) I [b G &, \b n S\ = S , } | > K,. 

Proof. Let P be defined by p G P if and only if p = (5 , ^ ) where 
1) S G [ 7 ] < S l and S is an antichain. 
2) ^ G [#]<* ' . 
3) There is a bijection <p:S —> ^ satisfying 

(vs G s,Xv(S) n ^ = {5}) . 

This bijection is of course canonical and need not be named. The idea here 
is that the T of Lemma 5 corresponds to 

S = {t G Tu ^Ts for some s G S } . 

Hence we must include the following condition: 
4)(Sp9 ^Tn SpX Sp) is binary. 
Since, in Section \,p t=k q entailed that T be an end extension of T the 

elements of T without an extension to the top level might as well not be 
there. This results in difficulties when trying to prove that the partial order 
is well-met. Hence define p ê q if and only if: 

5) ® 3 Stn 
> p q 

6) for each / G S there is some /' G S such that / =jt'. 
It is easy to see that the necessary sets are dense and that if G is generic 

for (P, ^ ) then 
{/ G S; (3p G G)(3s G Sp)(t ^Ts)} 

is a binary subtree. The argument of Lemma 5 combined with CH shows 
that (P, ^ ) is Sj-linked. 

To see that (P, ^ ) is countably closed let {pn\ n G <O) be a descending 
sequence in P. Let 

^ = U {âtp\n G <o}. 

For each b in ^ w choose /(Z?) G Z> such that /(/>) ^Ts for each s in 
U {S ; « G <o}. Let 

<>„ = {/(Z>); Z> G « J . 

It is easy to check that (Sw, â?w) G P. Also, 

/>„ ^ (Sw, « J for each « e «. 

To see this it suffices to check (6) and this is easily seen to follow from 
(3). 

Finally, it must be verified that (P, ^ ) is well-met. Let p and q be 
compatible conditions. Let 31 = $è' U & and let S' be the maximal 
elements of S U S . Let 

S" = { 5 e S'; (3{6J, ^ } G [^]2)(Z>* n y = A j n y = {*} ) } . 

If 5 G S"' and let s0 and s, be the minimal elements of bs
0 and b\ respec­

tively such that s0 and s{ are incomparable. Let 
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S = (S'\ S") U {*,; i e 2 and s e S"'}. 

Then (S, ^ ) is the greatest lower bound of /? and q. 
It is easy to generalize the results of Section 3 to the next higher cardinal 

by using CH. In particular, the topology on the branches of the complete 
co-ary tree of height co, is the same as the countable support product on 
w,co. The Baire category theorem generalizes in this case. 

5. ^(co)/[co]<S° and ^(w1)/[co1]<N°. In this section it will be shown that 
the model of Section 2 is at least an approximation to the sort of model 
which would be required to prove the consistency of the assertion that 
^(co)/[co] ° is isomorphic to ^ ( ^ / [ c o j °. In particular it will be shown 
that in the model of Section 2 there is an ideal / o n co and an ideal</on coj 
such that ^(co^/J^is isomorphic to @(u))/J. If the ideal J happens to 
contain a co-countable set or is the product of countably many ultrafilters 
on co j then the result is trivial. However the ideal ̂ /constructed will not be 
of this form and in fact can be thought of as the ideal onw, X co generated 
by all the sets bounded by a function from coj to co. From now on let^/ 
denote this ideal. Notice that 0>{<U^)IJ has cardinality 2 > and so if 
2 ' ^ 2 ° then there is no ideal*/on co such that ^(co)A/is isomorphic to 
^(co,)4£ The result will follow from the following general result. 

LEMMA 14. Let A and B be Boolean algebras. Suppose that s? Q A and 
& Q B are strong-Q-sequences. Suppose furthermore that there is a bijection 
<&:s/—> & such that A \ a is isomorphic to B \ $(a)for each a e A. Then 
A/s/ is isomorphic to B/£$ where 

<rf = {x e A\ (Va e st)(a n x = 0) } 

and the ideal @ is defined similarly. 

Proof. For each a G srf let 

+a:A r a -> B f 9(a) 

be an isomorphism. 
If x e B lctfx e @* be defined by fx(b) = b n x. If / e ^ * let 

g/- E j / * be defined by 

gf(a) = ^;\fma)n 
Define 8:B/<% -» A/&by the rule 

0(x) n a = gy (a) for each a ^ s/. 

This is easily seen to be an isomorphism. 

THEOREM 15. If ZF is consistent then so is ZFC and ^ (wj ) / ^ is 
isomorphic to &*(<»))/*/for some ideal J. 
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Proof. Use the model of Section 2 and Lemma 14. Also note that 

{ (a + <o) \ a:a e co, is a limit} 

is an uncountable strong-0-sequence in ^ ( w , ) / ^ ] ° consisting of 
countable sets. Hence any bijection between it and a strong-g-sequence in 
^>(io)/[co]< ° will satisfy the hypothesis of Lemma 14. The ideal defined in 
Lemma 14 clearly is isomorphic t o ^ 
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