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STRONG-Q-SEQUENCES AND VARIATIONS ON
MARTIN’S AXIOM

JURIS STEPRANS

0. Introduction. As part of their study of fw — w and Bw, — w, A.
Szymanski and H. X. Zhou [3] were able to exploit the following difference
between «, and w: w, contains uncountably many disjoint sets whereas
any uncountable family of subsets of w is, at best, almost disjoint. To
translate this distinction between w, and w to a possible distinction
between Bw, — w; and Bw — w they used the fact that if o/is a pairwise
disjoint family of sets and a subset of each member of #is chosen then it is
trivial to find a single set whose intersection with each member of &/is the
chosen set. However, they noticed, it is not clear that the same is true if &/
is only a pairwise almost disjoint family even if we only require equality
except on a finite set. But any homeomorphism from fw; — w, to fw — w
would have to carry a disjoint family of subsets of w; to an almost disjoint
family of subsets of w with this property. This observation should motivate
the following definition.

Definition 1. Let o/ € P(w). Let
H* = il = P(w); (VA € Z)(f(4) € 4)}.
Then #Zis a strong-Q-sequence if and only if
(Vf € #*)3b € w)Va € Z)3n € w)((b N a) Un
= f(a) U n).

It should be noted that this definition generalizes to arbitrary Boolean
algebras as follows:

Definition 2. If B is a Boolean algebra and &« C B then &/ is a
strong-Q-sequence in B if and only if

(Vf € #*)3b S B)(Va € )b N a = f(a))

where &/ * is defined as before.
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Notice that for the Boolean algebra .@(w)/[w]<8° the two notions of

strong-Q-sequence coincide. It is also easy to see that a strong-Q-sequence
in any Boolean algebra must be an antichain. The remarks at the end of
the opening paragraph can now be paraphrased as follows: @(wl)/[w]<8°
has an uncountable strong-Q-sequence but it is not clear that
.@(w)/[w]<xo does. It will be shown in this paper that the answer to the
question of whether or not ﬂ(w)/[w]<30 has an uncountable strong-
Q-sequence is independent of the usual axiom of set theory.

In particular it will be shown in Section 1 that MA,, implies that there
are no uncountable strong-Q-sequences. This result was also obtained,
independently, by S. Shelah and answers a question of H. X. Zhou who
had earlier shown that, assuming the existence of a large cardinal, it is
consistent with MAw, that there are no strong-Q-sequences. In fact, in
Section 1 only MA,, for o-linked partial orders is required. (A o-linked
partial order is one which is the union of countably many subsets each of
which has the property that any two elements in it are compatible.) In
Section 2, however, it is shown that it is consistent with MA“,l for
o-centred partial orders that there is an uncountable strong-Q-sequence.
This yields the known corollary, the proof of which can be found in [2],
that MAw, for o-centred partial orders does not imply MA“,I for o-linked
partial orders. The usual method for proving this fact is to get a model
where MA,, for o-centred partial orders holds, but MA, for the measure
algebra does not. The result of Section 2 however y1e1ds a model where
MA,, for both o-centred partial orders and probability measure algebras
holds but MA, for o-linked partial orders still does not hold. In Section 3
examples w111 ‘be given for each n € w of partial orders which are
o —n-linked but not 0 — n + 1-linked. The first such examples were found
by Bell [1]. The results of Section 2 and Section 3 are generalized in
Section 4 to the next higher cardinal to yield a model of BACH where P,
holds but BACH fails answering a question in [S5]. In that section,
examples of ¥, — n-linked but not N—n + 1-linked partial orders are
constructed. The original proof of the analogous result for MA does not
generalize to a higher cardinal. Finally, in Section 5 some remarks are
made about the relevance of strong-Q-sequences to the question of
whether or not fw, — w, is homeomorphic to fw — w.

1. MA, lmplies that strong-QO-sequences are countable. The proof of the
result in the title of this section will rely on the following lemma.

LeEMMA 1. Let (T, =) be a tree of height w such that each node branches
at most twice. Let B be any uncountable collection of branches through
(T, =7). (Throughout this paper a branch will always refer to a maximal
branch of maximal height.) Then % is not a strong-Q-sequence on
P(T)/[T]=.
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Proof. Let {og, o]} list the immediate successors of 7 in (T, =;). For
B € Zlet

f(B) = {r € B € B}.

If # is a strong-Q-sequence then there is 4 € T and, for each B € %,
75 € B such that

AN {re€Br =} = {r € f(B):T =,73}.

Choose {B,, B,} € B} such that 7, = 75 . Let 7 € By, N B, such that,
without loss of generality, o] € B,. Then

T= T8, = 7B,
but
T € f(By) and 7 & f(B)).

Lemma 1 says that no almost disjoint family obtained from the
branches of a binary tree can be a strong-Q-sequence. The remainder of
the proof will concentrate on showing that, assuming MA , every
uncountable almost disjoint family must have embedded in it just 'such an

almost disjoint family. The next lemma will make precise what is meant by
“embedded”.

LeEMMa 2. If & is a strong-Q-sequence then
i) if B C o/ then B is a strong-Q-sequence
i) if X © U Lthen {A N X:A € &} is a strong-Q-sequence.

Proof. This is clear.

LEMMA 3. Assume MA, for o-centred partial orders. Let </ be
an uncountable almost disjoint famlly of subsets of w then there is T C w and
=,. a finite branching tree order of height w on T, such that there are
uncountably many A € &/ such that A N T is a branch through (T, = ;).

Proof. Define a parlial order (P, = p) by p € P if and only if:

@p =1, =,
0T € o]~ amfﬂ e W%
(c) = is a tree order on T

(dif 4 Mp then 4 N 7;, is a branch through (7;1, =
Define p = pq if and only if

(e) 7;, 2 Tq andaz/p Qua{]

(f) = is an end-extension of = 7

Now, for p € P, let

AB(p) = {A € A is a branch through (T, ép) }
Let
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o =\ U {B(p)p € Pand |DB(p)| <N}
and notice that [#/| = R|. Now let
P={pePs Cands, # 0}.

MA,, will be applied to (P, =p N (P X P)).
It 1s easy to see that this partial order is o-centred. Furthermore, if
{A,:a € |} enumerates &/ then for each a € w,

{(r e P@B>a)dg € o))

is dense. To see this choose p € P. It suffices to show that |B(p) | =
But if |Z(p)| < ¥, then

& N B(p) = 0.

However% #0 ands/p C &/ and, by definition, .M C #(p).
To finish the proof it suffices to show that for each p € Pthereisq € P
such that

q Spp and
height(T, éq) = height(Y;,, ép) + 1.

To see this choose 4 &€ &\ %, and k € w such that {4} U o/, is a disjoint
family above k. For each maximal node of T, n, and each B Jzip such
that n € B choose m € B \ k. If there is no B containing n then choose
m € A4 \ k. In either case put m in T, and set n = m. Because of the
choice of k it is now easy to verify that (T, =, &) is in P and it clearly
extends p.

While the hypothesis of Lemma 1 requires a binary tree, Lemma 3 only
gives us a finite branching tree. This difficulty will be rectified by the next
two lemmas.

Lemma 4. If (T, =) is a finite branching tree of height w and & is an
uncountable collection of branches through (T, =) then there is S S T such
that, letting =¢ = = N § X §,

a) height (S, =g) = w and S is an initial segment of (T, = ).

b) if s € S then, letting B, = {B € %#:s € B},

[{B € #:|B N S| =8} >N,
Proof. Let
={s € T:|B| >Ny}

Clearly a) is satisfied.
To see that b) is satisfied choose s € § and notice that

|{B € &;Bn Sl <8} =
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LEMMA 5. Assume MAwlfor o-linked partial orders. If (T, =) is a finite
branching tree of height w and B is an uncountable set of branches through
(T, =) then there is S S T such that

a) (S, = N S X 8) is an initial segment of (T, =;) and has
height w

b) (S, =, N § X 8) is binary (i.e., each node splits at most twice)

) |{B € % I|Bn S|l =N} >N,

Proof. First choose T' € T satisfying the conclusion of Lemma 4 and
let

# =f{be B bC T

Let P be defined by p € P if and only if p = (T, %,)
d) 7;, is an initial segment of 7"
e) %, € (B~
) {By. B} €[4, then By N T, # B, N T,
(T, =N Tp X Tp) is binary.
Define p = ¢ if and only if T is an end-extension of T, and & 2 .@.
It is easy to see that {p € P:T, has height at least n} is dense in P
for each n € w. Also, from the conclusion of Lemma 4 it follows that if
{b,;a € w,} enumerates &’ then for each a € w,

{p € P:@n2a)b, € %))}

1s dense in P. Hence it suffices to show that (P, = ) is o-linked.

To see this let { p, ¢} € P and suppose that 7;, = T . For each maximal
branch of 7;,, b, there are at most two branches in Qp U %’q, Cp and C p
such that

Cpr\?;,:CqﬂT;,:b.

Hence it is easy to find a binary end-extension, 7, of 7;, such that
(T, .Qp U Qf?q) € P.

This completes the proof.

THEOREM 6. MA for o-linked partial orders implies that there are no
uncountable strong-Q-sequences.

Proof. Apply Lemmas 1, 2, 3, 4 and 5.

2. A model which has an uncountable strong-Q-sequence. In this section
it will be shown that it is consistent with a certain version of MA, that
there is a strong-Q-sequence. The version of MAw] will require the
following definition.

Definition 3. If F:w — “w and (P, = ) is a partial order then (P, = ) is
F-centred if and only if
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P=U{P;ne w}
and for each n € w the following condition holds:
(Vm € w)(VT € [P, JF™M™)3 A € [T]")(A is centred).

So, for example, a partial order is o-centred if and only if it is /-centred
where I(n) = id, for each n € w. A less trivial example of an F-centred
partial order is the partial order associated with the measure algebra
associated with a probability measure. The following lemma will be used
in showing this.

LEMMA 7. Let p be a probability measure on X. If {A;:i € n + 1}
are subsets of X and p(A;) > 1/n for each i € n + 1 then there is
{i,j} € [n + 1) such that

WA, 0 A) > U,
Proof. Suppose not. Then
WA, 0 A4;) = Un for {i,j} € [n].
Hence
wU {A;:i € n}) = 3 {m4d,); i € n)
~ 3 {u4; N A4)); {i,j} € [n7)

Z1—nn — l)(%).
n
Hence

2 {MA, N A) i €n}Zpd, N (V{4 €n}))

1 (]) (l)
>-—nn— DH\=) =nl=5).
n n( ) n3 n3
Hence there is some j € n such that
1
A N A) > —.
M‘( n ]) n3

This is a contradiction.

PrOPOSITION 8. Define ®:w — “w by

Mngk

omyk)y = II " + 1.

Jj=1

If (P, C) is the partial order associated with a probability measure algebra
(u, X) then (P, C) is ®-centred.
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Proof. Let
1
P, = {A C X; wA) >-}.
n

It must be shown that if I' & [P,]*"®) then there is A € [T such that
p(N A) > 0. This will be shown by induction on '1n,k 1. Let the induction

hypothesis be that if I € [P](p(")(k) then there is A € [T such that
‘u'(n A) - n_(3rln2k'l)

and notice that, by lemma 7, this is true when k = 2.
Now suppose that the induction hypothesis is true for k = 2. We will
prove that it also holds for 2", Let

r e [Pn]¢(rz)<2”’+‘)_
Since
e(m)2" ") = (7" + D(n)(k)
it 1s possible to partition I" so that
Fr=u(lie@ + 1)} and
IT) = ®(n)k) forle (@ + 1).
Using the induction hypothesis it is possible to choose A; € [T so that
wnN A > n~ G foreach lin n®" + 1.

But now it is possxble to apply Lemma 2 to {N A;l € "+ 1} to get
{i,j} € [»*" + 1] such that

s((N A O (N Aj)) > -,

m = n
CahS

Definition 4. If & € “(“w) then MA,, (¥) is the assertion that MA,,
holds for any F-centred partial order where F € %

Clearly MA , implies MA ( (“w) ) and MA ( (“w) ) implies MA, for
o-centred part1a1 orders. The relatlonshlp between MA,, ( (“w) ) and MA
for o-linked partial orders, however, is not clear. It w1ll now be shown that
MA, ( (“w N L)) is consistent with the existence of a strong-Q-sequence.
ThlS will show that MA ( (“w N L)) is strictly weaker than MA_ for
o-linked partial orders even though MA ( (“w N L)) implies MA
for probability measure algebras since the function @ is obv1ously
constructible.

The obvious strategy for creating an uncountable strong-Q-sequence is
to take some family «Z € P(w) and for each f € &7 * to generically add the
appropriate subset of w. The following definition introduces a partial
order for doing this.
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Definition 5. If Y:w;, — P(w) indexes a family of subsets of « and
f € (¥"w))* then let

K(f, ) € U {PaiA € [0,]"N)
be defined by g € K(f, ¢) if and only if

(V{a, B} € [D(®) PISW@) N XEp = f(UB)) N X5 p)
where

Xip = Wa) N YP)\ (8(a) U g(B)).

Lemma 9. If G is K(f, §) generic and

Eg= U {/{a)\ (U G)a); @ € w}

then A, N E is almost equal to f(Y(a)) for each a € w,.

Proof. First note that [D(U G) | = w, sinceif g € K(f,¢)and a & D(g)
then it is possible to choose M € w large enough so that

Y(B) N Y(a) € M for each 8 € D(g).

Then clearly g U { (a, M) } € K(f; ¥).
Now it suffices to show that

(Eg N Ax) \ (U G)@) = f(#a)) \ (U G)@).
Clearly

SWe@))\ (U GXa) S EG\ (U G)a) and f(l(a)) S Ya).
Now suppose that n € E; N A, \ (U G)(a). Then

n € fW(PB))\ (U G)B) for some B.

Choose g € G such that {a, B} € D(g). Then, since n € f(Y(B)) S ¥P),
it follows that

n € YP) N Ya) \ (8(B) U gla)) = X5
But then

n€fB)) N Xsp
and, by Definition 5,

n€fWa) N XZp CfWa))\ (U G)a).

The problem with the partial order K(f, ¥) is that it may not satisfy the
countable chain condition. This problem can be solved, however, by
obtaining ¢ generically. The following definition will explain the notation
to be used when referring to the obvious partial for doing this.
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Definition. From now on (A, =) will refer to the usual partial order for
adding an uncountable family of almost disjoint subsets of w with finite
conditions. In particular p € A if and only if:

1. D(p) = n, X Tp where n, € w and I‘p € [w]

2.p"D(p) < 2.

If {p,q} S Athenp = ¢gif and only if p 2 g and

(Vi € n,\ n)X | {a € Lsp@, a) = 1} = 1).
If Gis (A, =) generic then let y:w; = P(w) be defined by

Yola) = {n € w; 3p € G)(p(n,a) = 1 }.

Clearly (A, ) satisfies the countable chain condition. (In fact, forcing
with (A, =) is the same thing as adding N, Cohen reals.) Another obvious
fact, which will be used later on, is that if p € A and {a, 8} € [I"p]2
then

P IFbg@) N beB) < n,".

LEMMA 10. Let G be (A, Z) generic over V. Suppose that in V]G] Q is a
finite support iteration of length w,. Suppose further that:
2
1) if a € w, is even then

Q.+ = Q K/ ¥5)
where
ko, fa € Wg"w)*”
2) if « € w, is odd then
Qu+1 = Qu*P, and
lig, Py is Fy-centred where F, € “(“w N L)"

<X,

then V[G]| = "Q has the countable chain condition”.

Proof. The proof of the countable chain condition will rely on the fact
that there is a dense set of conditions with which it is somewhat easier to
work. In order to isolate these define a condition ¢ € Q to be determined
if:

3) if 0 € support (¢) and o is even then

O

gl olkg,"q9(0) = g,
4) if ¢ € support (¢) and o is odd then
qlo ”’"Qa

"q(0) € PJv where P, = U {Ph:n € w} witnesses that P, is F,-centred”
and furthermore

qo H—Qo”F(mZ) = hg.
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A standard argument by induction on the support shows that the set of
determined conditions is dense in Q. Hence if there is an uncountable
antichain then there is one which consists of determined conditions.

Now suppose that 1|l-,"{g,;n € } is an antichain of determined
conditions”. In order to exploit the fact that G is a generic family, choose
Py € Aforn € w, such that (p,, ¢,) is as similar to ( p;, ;) as possible and
py decides everything relevant about g,. In particular:

5) pylF"support (¢,) = Z,”
6)if o € X, and o is even then

p

7”0
Py I8, = &y
7)if ¢ € Z, and o is odd then
7”.,,0 v Oy "o ) Oy
py I m, = my and p, |F h% =h,".
By extending p, if necessary we may also assume that if 0 € 2, is even
then
D) T,

Furthermore, it may be assumed that
&) {[ RURS w,} form a A-system with root I'
9) {ﬁ;:n € w,} form a A-system with root =
10)n, = kforn € o,
1) it‘]"{n, {} € w, then there is oy 5L, — [, such that:
a) Pyg f I' = ldF
b) if « € B then ¢, (a) € a, (B)
c)if n = { then ¢, ¢ = idr.
d)ifp € {and m kand a € I‘pnthen

pn(m7 a) = P{(’m q’n,f(a) )
Let {0, ..., 0;} enumerate X in increasing order. We may also assume

that:
12)ifi € j + 1 and o, is even and n € { then

D(gl) = @,¢"D(g7)
and if a € D(g)) then

goa) = gle, @)

13)if i € j + 1 and o, is odd and 7 € «,; then my = m, and
hg' I, + 1 = h; will now be determined. Define /; inductively as follows.
Set /; = 2. If /; has been defined, i € j and o, is odd, then set

liy = h(@).

If o, is even then set
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L, = — DRy + 1,

(Notice that by (12) IT,,I is independent of 7.)

Now letp = U {p;;i € [_,;}. From (8) and (12) it follows that p € A.
The condition p has been constructed by amalgamating so many similar
conditions that, as will be shown, two of them must force two members
of the antichain to be compatible. In particular define r, € A * Q and
Q € [Q,-]]" inductively for i € j + 1 as follows.

We define

ro=(p,U{g loyi€l_}) and Q) =1[_,.
Now if 7, has been defined so that
r, € Ax Qu, and Q] = /_,

then proceed as follows.
If o is even find 7, = r, such that , € A * Q, and
;,. |I—”fa,(4/G(y)) Nk = H; foreachy € U {I‘m:}\ € .}
Then choose @, € [.Qi]’“rl such that if {A, A’} € [Qi+]]2 and y € I“pA

then _ A
14)n € H' if and only if n € Hyg,, ;- Then
rIH'U {gysm € Q1) € K(fy, ¥g)
To see this note that by (11) and (12)
&=V {gy;n € 4y}

is a function. Furthermore, if {a, B} € [D(g,) ) then there are A and \’
such that

{oar(a), B} € L.
But then, since
r,IH'g% € K(f,, ¥6)”
it follows that
fo,(\l/(m,x(a)) N Xé,\‘)‘,(a),ﬂ = fa,(ll’(ﬁ)) N X(gﬁ,‘)\,(a),ﬂ-

(Note that X%x
that

pIF"Wp) N Wp') S K"
for {p, p'} € [rp]z). From (15) it now follows that
f(,‘_(xlx(a)) a X%A,x(“)ﬁ = fo,(¢(ﬁ)) n ng,x(“)vﬂ'
But from (12) it follows that

w(a),B €an be determined exactly by using (6) and the fact
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f,@M@)) 0 XEg = fo(WB)) N X&p
and hence
r o € Ko, ¥)-
If 7, = (p, q) let
T=(pqY{,8)})
If, on the other hand, o, is odd then
pIFEy(m 1) = 1",

Plllence there is 7, = r; such that rEAx Q, and thereis 2, € [2,]" such
that

7 IF {ga(0,):A € .4} is centred”.
Hence it may be assumed that there is a term ¢, such that
r A € 94000 = q)".
If /fi = (p, q) then let
= (P gV {0, 9))).
In either case let s, be a A * Q, term for
Ulaa I 0,01 \ 0)A € 2,41

and let r; be the element of A * Q, . corresponding to (;,., s;) under the
canonical map from A * Q, * Q%%+ to A * Q, -

It is clear from the construction that || = 2. Also, if ro= (p*, q%)
then

P*IFA"q* = gy for A € .
This shows that Q has the countable chain condition in V[G].

THEOREM 11. If ZF is consistent then so are ZFC and MAwl(“’(“’w N L))
and the existence of an uncountable strong-Q-sequence.

Proof. Let V |- GCH and let G be (A, =) generic over V. In V[G] set up
an iteration Q as in Lemma 10. Do the usual sort of enumeration to ensure
that MAwl(“’(“’w N L)) will hold and also that if f € ¢” w, then f, = ffor
some a € w,. This will ensure that if H is Q generic over V[G] then ygw,
will be an uncountable strong-Q-sequence in V[G][H].

3. Examples of 6 — n-linked partial orders. Note that Theorems 11 and
6 show that MA, (“(“w N L)) does not imply MA“,I for o-linked partial
orders. In particuiar, Proposition 8 shows that MA,, for o-centred partial
orders and for probability measure algebras does not imply MA,, for
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o-linked partial orders. Hence the partial order of Lemma 5 is an example
of a o-linked but not o-centred partial order which is demonstrably
different from the partial order associated with any probability measure
algebra. It turns out that this partial order can be easily modified to
display another unusual property.

THeoREM 12. For each n € w there is a partial order which is
o — n-linked but not 6 —n + 1-linked. Moreover this partial order can be as
small as the least cardinality of a non-meager set of reals.

Proof. Let (T, = ;) be the complete w-ary tree of height w.

Fort € Tlet& = {b S T, bis a maximal branch through 7 and
t € b}.

Then the branches of T under the topology generated by {&,; t € T} are
homeomorphic to the irrationals. Choose %, a collection of maximal
branches through 7, such that €is not meagre.

Let P, consist of those pairs (S, %) such that:

1) S is a finite initial segment of T.

2) o €[4,

3) Each node of S branches at most n-times in S.

4) If {by, b} € [#} then by N S + b, N S.

Define (S, &) = (S, #’) if and only if S is an end extension of S” and
o2 .

The argument of Lemma 5 shows that (P,, =) is 6 — n-linked. To see
that it is not 0 — n + 1-linked suppose that P, is the union of countably
many n + l-linked subsets. Then in particular

{(S.)€P;S =0} =U{Q;i€ w}
where each Q, is n + I-linked. Let
# = U {#£(0,«) € Q}.
Then %, is not meager for some i, € w since
U {%:i € w} =

Hence there is some ¢+ € T such that %o N &, is dense in &,. Now
let {¢;:i € n + 1} be distinct successors of t. Then, for eachi € n + 1,
since %’0 N & # 0 it is possible to choose (0, &) € Q such that
S, ﬂé’ # 0. Butlf(S &) < (0,) foreachi € n +  then

{t,.,zen-f-l}QS.
This contradicts the fact that S must be only n-branching.

Finally note that some restriction on the cardinality of the counter
example in Theorem 12 is necessary. For example there is no absolute
example of a 0 — n-linked but not 0 — n + 1-linked partial order of size
R, since MA,, implies that all such partial orders are, in fact, o-centred.
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4. Generalizations to BACH. It has already been mentioned that it is
possible to show that MA , for o-centred partial orders does not imply
MA, for o-linked partial orders by finding a model where MA, for
o- centred partlal orders holds but in which the real line is the union of
fewer than 2% many measure zero sets. The problem with this proof is that
it does not generalize to the next higher cardinal since there is no
appropriate generalization of the measure algebra to the next higher
cardinal (such a generalization, for example, would have to be countably
complete). In this section it will be shown that the arguments of Sections 1
and 2 easily generalize up one cardinal.

The generalization of MA to be considered in this section is J.
Baumgartner’s BACH [4]{5]. BACH says that CH holds and that if P is a
partial order satisfying the following three properties:

1) P is countably closed.

2) Any two compatible elements of P have a greatest lower bound (i.e.,
P is well-met).

3) Pis N,-linked (i.e., Pi 1s the union of 8, many linked subsets) and & is
a collectlon of less than 2™ many dense subsets of P then it is possible to
find a generic set meeting each member of 2. BACH for o-centred partials
orders is the same statement as BACH except that in (3) “linked” is
changed to “centred”. It will now be indicated how to modify the
arguments of Sections 1 and 2 to show that BACH for o-centred partial
orders does not imply BACH.

It is easy to see that the results of Section 2 generalize to show that
BACH for o-centred partial orders is consistent with existence of a
strong-Q-sequence in .@(w,)/[w,] ®iof size N,. In fact, the countable
closure of the analog of A * Q can be used to significantly simplify the
proof in this case. Hence it suffices to show that BACH implies that there
are no strong-Q-sequences of size 8, in P(w,)/ [‘*’1]

Lemmas 1, 2 and 4 of Section 1 generahze to the next cardinal in a
straightforward way. The analog of the partial order of Lemma 3 is easily
seen to be countably closed and well met in addition to being o-centred.

The generalization of Lemma 5 will require some modifications to the
proof, however. By using the analog of Lemma 4, as in Section 1, it
suffices to prove the following.

LEmMA 13. Assume BACH and 2™ > N,. Let (T, = ;) be a normal ¥,
branching tree of height w, and # be an W, sized collection of branches
through (T, =) such that

[{b € #1t € b}| =N, foreacht € T.

Then there is an initial segment of T, S such that:
a) (S, = N § X S) has height w,.
b) (S, =, N § X 8) is binary (i.e., each node splits at most twice).
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o)|{be Blbn S| =8} >N,

Proof. Let P be defined by p € P if and only if p = (S, %,) where
1)S € [T]<Rl and S, is an antichain.

2) %, € (8]

3) There is a bijection ?:S, = %’p satisfying

(VS € S,)#(S) N S, = {5}).

This bijection is of course canonical and need not be named. The idea here
is that the T, of Lemma 5 corresponds to

S, ={t € T:t =¢s for somes € S }.

Hence we must include the following condition:

4) (Sp, =0 Sp X Sp) is binary.

Since, in Section 1, p = g entailed that 7, be an end extension of T, the
elements of T, without an extension to the top level might as well not be
there. This results in difficulties when trying to prove that the partial order
is well-met. Hence define p = ¢ if and only if:

5) %, 2 %,

6) for each t+ € S there is some ¢’ € Sp such that 1 =¢'.

It is easy to see that the necessary sets are dense and that if G is generic
for (P, =) then

{t € S;(3Fp € G)3s € S,)(t =79) )}
is a binary subtree. The argument of Lemma 5 combined with CH shows
that (P, =) is ¥,-linked.

To see that (P, =) is countably closed let { p,; n € w) be a descending
sequence in P. Let

B, = U (%, :n € w}.

w

For each b in %, choose t(b) € b such that t(b) =,s for each s in
U {S in € w}. Let

So = {tb); b € %,}.
It is easy to check that (S, %) € P. Also,

P, = (S, B, foreachn € w.

To see this it suffices to check (6) and this is easily seen to follow from
3).

Finally, it must be verified that (P, =) is well-met. Let p and ¢ be
compatible conditions. Let & = gé’p U Bf?q and let S’ be the maximal
elements of S, U S, Let

S = {s € 8 @by, b1} € [BOBY N S = b3 NS = {s})}.

If s € §” and let 5, and s, be the minimal elements of b; and b respec-
tively such that s, and s, are incomparable. Let
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S=E"\S)VU{s;i€2ands € §"}.

Then (S, %) is the greatest lower bound of p and 4.

It is easy to generalize the results of Section 3 to the next higher cardinal
by using CH. In particular, the topology on the branches of the complete
w-ary tree of height w, is the same as the countable support product on
“Iw. The Baire category theorem generalizes in this case.

5. P(w)/[w] "™ and P(w,)/[w,]="°. In this section it will be shown that
the model of Section 2 is at least an approximation to the sort of model
which would be required to prove the consistency of the assertion that
P(w)/ [w]«"0 is isomorphic to P(w,)/ [w1]<80. In particular it will be shown
that in the model of Section 2 there is an ideal #on w and an ideal fon w,
such that #(w)/# is isomorphic to P(w)/L If the ideal # happens to
contain a co-countable set or is the product of countably many ultrafilters
on w, then the result is trivial. However the ideal #constructed will not be
of this form and in fact can be thought of as the ideal on w, X w generated
by all the sets bounded by a function from &, to w. From now on let ¢
denote this ideal. Notice that P(w,).# has cardinality 2™ and so if
281 % 2% then there is no ideal £ on w such that 2(w)/.#is isomorphic to
P(w)).# The result will follow from the following general result.

LeMMA 14. Let A and B be Boolean algebras. Suppose that &/ € A and
% < B are strong-Q-sequences. Suppose furthermore that there is a bijection
®: o/ — B such that A | a is isomorphic to B | ®(a) for each a € A. Then
A/ is isomorphic to B/ where

o ={x € A, (Va € &)a N x =0)}
and the ideal & is defined similarly.
Proof. For each a € & let
YA a— B | ®a)

be an isomorphism.
If x € Blet f, € #* be defined by f (b) = b N x. If f € B* let
g € /* be defined by

gr(a) = ¥, '(f(@))).
Define §:B/% — A/ by the rule

0(x) N a= gfx(a) for each a €
This is easily seen to be an isomorphism.

TueoreM 15. If ZF is consistent then so is ZFC and P(w))/¥ is
isomorphic to P(w)/F for some ideal L.
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Proof. Use the model of Section 2 and Lemma 14. Also note that

{(a + @)\ a:a € , is a limit}
1s an uncountable strong-Q-sequence in @(wl)/[w]]<30 consisting of
countable sets. Hence any bijection between it and a strong-Q-sequence in
g’(w)/[w]<30 will satisfy the hypothesis of Lemma 14. The ideal defined in
Lemma 14 clearly is isomorphic to_¢
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