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HIGH-POWER ANALOGUES OF THE TURAN-
KUBILIUS INEQUALITY, AND AN
APPLICATION TO NUMBER THEORY

P. D. T. A. ELLIOTT

1. Statement of results. An arithmetic function f(n) is said to be
additive if it satisfies f(ab) = f(a) 4+ f(b) whenever a and b are coprime
integers. For such a function we define

1/2
A) = 25 p"f@"), Bl) = ( 2 ;D_'”lf(P’")(?) , X Z2
pr=u M=z
A standard form of the Turan-Kubilius inequality states that
1) X ) — 4@ = cwBE)’

holds for some absolute constant c¢;, uniformly for all complex-valued
additive arithmetic functions f(n), and real x = 2. An inequality of this
type was first established by Turan [11], [12] subject to some side condi-
tions upon the size of | f(p™)|. For the general inequality we refer to [10].

This inequality, and more recently its dual, have been applied many
times to the study of arithmetic functions. For an overview of some
applications we refer to [2]; a complete catalogue of the applications of
the inequality (1) would already be very large. For some applications of
the dual of (1) see [3], [4], and [1].

THEOREM 1. Let B8 be a real number. Then there is a constant cq, depending
at most upon B, so that the inequality

@ ) — A =B o 2 TN 622,
& 6B if0< B <2,

holds uniformly for all additive functions f(n), and real x = 2.

Remarks. 1f f(n) is real, f(p") = f(p), |f(p)| = 1 for each prime p and
positive integer m, and B(x) — o as x — o0, then

xt Z [f(n) — A@)]" ~ c;(B)B(x)’, x— o0,
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where the constant ¢;3(8) has the value

\—/z |u[6 ¢ du.

This result may be deduced from Theorem 1 and the fact that the func-
tion {f(n) — A (x)}/B(x) is in this case approximately distributed as a
Gaussian law with mean zero and variance one. This last is the well-
known result of Erdés and Kac [6]. The presence of the term 5 (x)# on
the right-hand side of the inequality (2) is therefore appropriate.

However, if f(n) is zero on all prime-powers except for those of one
prime ¢, then

2 1fm) =A@ = /@0 = ﬁf[ﬂ = x| () g2

II—L

forall x = 2¢. For g < 2

H@Pg = (f(@)Pg7)P* = Blx)™

For 8 > 2 the extra sum in (2) involving the [f(p™)|® is, thus, also
appropriate.
By the appropriate dualisation we obtain

THEOREM 2. Let P be u set of primes. For x = 2 define

: 1
L=Lkx)= Y,
P, pEP P
Let « be a real nmumber, 1 < o < 2. Then there is « constant ¢y, depending
«l most upon «a, so that

(3) > j)a-li‘ Uy — P~ Z 11,,“ <™ ML+ D)7 Z [etn]®

pPET,PEP ! n=w n=r i
plin

[N

holds uniformly for all complex numbers «,, 1 = n < x, and real x =
If « = 2 there is « constant c; so that

2
(4) Z ™| Z = p" D | = c.;x‘l“‘““)(z) |(1,,Ia>
n=r n=x

m=g nS-l'
p™lin

2/x

holds with the sume uniformities.

Remark. In this theorem p"||n means that p™ divides # but p™+! does
not.

These results may be supplemented by
THEOREM 3. For a > 1 and « suitable cg,

('-—)) Zzi)m(a—l) Z an CGXQ lz Ianla

p=x n=x n=x
pym=2 pmin
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whilst, in the notation of Theorem 2,

S,

n=x
plin

a

© 2 P < e L+ 1) 3 fal*

PEx.pEP

for all complex numbers a,, 1 £ n £ x,andreal x = 2.
As an application of some of these inequalities we prove
THEOREM 4. In order that the real-valued additive arithmetic function
f(n) satisfy
M M <
nsx

for a gwen constant o > 1, some ¢ > 0 and all x = 2, it 1s both necessary
and sufficient that the series

®) 2 e X e
IS 17Gm)|>1
converge, and that the partial sums
P ()
p=z,1f(p)Is1

be bounded uniformly for all x = 2

Remarks. As we indicate, in a subsequent paper, the peculiar form of
the condition (8), which involves both [f(p)[? and |f(p™)|%, is typical of
problems involving the ath moment of an arithmetic function, « > 1.

2. Small values of f(p). In this section we obtain some preliminary
results, necessary for the proof of Theorem 1.

LEMMA 1. Let g(m) be a real-valued multiplicative function which satisfies
0 < g(m) = 1foreveryintegerm = 1. Then

P glm) S e (1 +o(1°g_1_0g_9£))n (1 _;)

m=x 10g X p<x

(1 +g§f) +5—(f——)~+ . )
holds uniformly for allx = 2

Proof. This result is obtained by Hall [8] under the weaker assumption
that g (m) be submultiplicative, in the sense that g(¢b) = g(a)g(b) when-
ever (a,b) = 1, and that ¢g(1) =

LEMMA 2. Let g(m) be « real-valued non-negative multiplicative function
which satisfies g(p) = 1 for each prime p. Then

! Z g(m) exp (D;L g(P) + ZZ g(Pm))

m<x p<r.m=2

IA

holds uniformly for all x = 1.
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Proof. Let h(d) be the Mobius inverse to the function g(n), so that
; h(d) = g(n)

holds identically. Then A(p) = g(p) — 1 = 0 and k(d) = 0 whenever d
is square free. Hence

X wimgn) = T X w'@h(d) = ;jmw«w[ﬁ—]

nZe
= xgr(l +£L—;p—)) < xexp (I;g—(ﬂ)—t 1)

More generally, each integer m may be uniquely decomposed into the
form m = m;m, where m, contains only those prime divisors of m which
occur to exactly the first power, and m, contains the remaining prime

powers.
Then
Z Z g(ms) ; .,g(ml)
< xexp (Z_:gip—);— 1) > g(my)ms,
Moreover, = )
glms) _ ( g@) | 2@ )
1 ..
me=x M2 Qf + P + P +
é exp( Z p~mg(pm)) )
p=r m=2

This completes the proof of lemma 2.

Let x be a real number, x = 2. Let f(n) be a real-valued arithmetic
function, whose values may depend upon x. For convenience of notation
we write 4 and B in place of 4 (x) and B (x) respectively.

For each complex number z we define the multiplicative function

g(n) = g(n,z) = e/ /8,
Let
0@) = 27 2 g)e™ = 57" 3 exp (aif(n) — 4}/B).

LeEMMA 3. Assume that 0 < f(p™) =< 6B holds for some & > 0 and all
prime-powers p™ not exceeding x. Then there is a constant cs, whose value
depends at most upon b, so that the bound

le(2)] = ¢s

1s satisfied on the whole complex disc, |z| < 1
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Proof. Assume first that z = 7 is real, » £ 0. Then 0 < g(n) £ 1 for
every 7 not exceeding x, so that by Lemma 1

Szl (-1 (e50 1)

=< c10% exXp ( Jﬁ)————l) .

From an application of the Cauchy—-Schwarz inequality

4oyl L S U (5 ) (5 M)

P=T p"‘>§1’ pm=x p=w P
m=2

m=2
( 1 )1/2
< <1
=\Zpe-1) =

Hence

9) o) Scuexp (E tglp) — 1 — rf(P)B_l}P_l) .
p=z
For real numbers w the estimate
le* — 1 — w| £ |w|2e®!

may be obtained by integrating by parts. Therefore, for each prime p
not exceeding x,

lg(p) — 1 — rf(p)BY = r’f(p)*B~*exp (r[f(p)B™") = M(p)*B™

where N = r? exp (||8); and the exponent on the right-hand side of the
inequality (9) does not exceed

BT DL pT() =

Thus ¢(r) = ciiexp (V).
Suppose now thatz = » = 0. Then g(n) is non-negative and g(p) = 1
We argue with Lemma 2 in place of Lemma 1 and obtain ¢(*) = ¢1»

exp (\), say.
In the general case when » = Re(z), z complex, then

@) <27 X lg(n) exp (—24/B)| < 57" L exp (r{f(n) — 4}/B)
so that
le(@)] £ ¢(r) £ e max (c1y, €12).
This completes the proof of Lemma 3.

LEMMA 4. Let the complex-valued additive function f(n) satisfy |f(p™)|
=< 8B for all p™ = x. Then for each B > O there is a constant c3, depending
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at most upon B, 8, so that the inequality
(10) Z lf(”) - A‘B = 6133633

holds for all x = 2.

Proof. Since the sum

(e T 1) — ar)

is non-decreasing as f8 increases, it will suffice to establish the inequality
(10) for arbitrary large even integer values of 3.

By considering real and imaginary parts separately we see that there
is no loss in generality in assuming that f(n) assumes only real values,
and, indeed, only non-negative values. For example, we can define
additive functions f;(n), j = 1, 2, by

w _ PPN P 20,
1@ _l otherwise F@") =

and corresponding to each function f;(#) the sum

s= 2 PG, =12
pm=u

1/8

{ ") ") <0,

otherwise

Then

9

) = AP = [an) = Ar = Loln) = Asf P S 2 3 1y(n) = A,

Summing over the # not exceeding x justifies our last assertion.
For every positive integer k
v (fln) — )BT = ¢00),
’IZ xT
the kth derivative of ¢(z) evaluated at z = 0. By Cauchy’s integral
representation theorem
A k! .
@“(O) = ;“.f b4 F 1«,0(2)6[2
ZT |z]=1
and by Lemma 3
k k! k1
" (0)] = Gy 97rm<1x 2770 ()] £ kles.
l2

This proves Lemma 4.

3. Large values of f(p). We begin this section with the remark that
those prime-powers p™ < x for which | f(p™)| > 6B holds satisfy

1 1 f( pm) 2
11 S Y | =
( ) ﬂm;x P p”’; P 5B

|7(pm)|>6B
and are in this sense few in number.

-2

)
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LeEMMA 5. Let P be a set of primes not exceeding x, and define

L=L= 3 1.
p=z.pEP f)
Let w(n) denote the number of distinct factors of the integer n which belong

to the set P, or which occur to some power m = 2. Then the inequality

(12) > om)’ < @y + 1)°

nzy

holds uniformly for all x,y,1 <y < x,and 8 Z 0. Here ¢14(B) s a constant
which depends only upon .

Remark. w(n) here is not the standard prime divisors counting function
unless P includes all primes not exceeding x.

Proof. The sum

18
(117 S o)
is non-decreasing as (8 increases, and it will therefore suffice to establish
the inequality (12) for all integers £ = 0.

We argue inductively on k.

For £ = 0 the inequality (12) is trivially valid. Assume that it holds

fork=0,1,...,t—1,¢t= 1. Then
2o =2 em T 2 1= 3 > o'
ny n=y p™|n pmEy rSpT My

(r,p)=1

with the proviso that if m = 1 then $ must belong to the set P. According
to our induction hypothesis the inner sum may be estimated to be not

more than
—1 ;- 1 ) t—1 | — 1
> <1+w(r>>“=2( ; ) 2 wwgz( ; )
r<p-my =0 J r<p-my j=0 7]
Xeu(@p"y(L 4+ 1) £ max cu(p"y(@L+ 1417
=isi—
Scp My(L 4+ D
Hence

S oy X LA DT S a@ + 1)
pmEy

n<y

and the desired inequality holds if ¢14(8) = ¢e.
This completes the proof of Lemma 5.

LEMMA 6. Let the complex-valued additive function f(n) satisfy |f(p™)]
> 8B for each prime-power p™ = x. Then there is a constant c17, depending
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at most upon B, 8, so that the inequality
2 Nfm) = AP = e 20 p7 £
nsa pmsx
holds for all x = 1, for each 8 > 1, whalst the inequality

P = euw 32 57"

n<x

holds for allx = 1, for each 8 > 0.

8

Proof. By Holder’s inequality when 8 = 1, and by the elementary
inequality (u; + 2o+ ... + )P S uf + ...+, when0 £ 8 < 1,
(each #; = 0), we see that

[f()[" = max (1, w(n)"™") Z” Fe™ P,
pmn
where w(n) is the function which is defined in the statement of Lemma 5.
Hence
(13) 2 fm) ) = 2 [f@"F 2 max (1, w(m)").
n=x pn=x n=<x

pﬂm

If p™i|n, say n = p™» where (p, v) = 1, then v £ p~™x and w(n) £ 1
+ w(v). A typical inner sum on the right-hand side of (13) is by Lemma 5
not more than

(14) Z max (1, (1 + w(v))ﬂ_l> = O(p_m'x(L + 1)6*1) < 618]9_'".‘6

PEpT M

since

Lo
L= 23 st
.A7’”§J'
1™ 1>08

from our remark (11).
The inequalities in (13) and (14) show that

15) S0P < e p;;rp"”lf@”)i"-

n<x

Moreover, for 8 > 1, Holder's inequality shows that
|A|/3 < Lllja E p—m|f(pm)lﬁ
pm=x

where a7! + g~ = 1, and

Li= 3 L Z“l“

pEzper P pméxpm.
m=2

Once again applying our remark (11) we see that L, is bounded in terms
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of §, and
2P = e 25 TSP
nsx pm=uw

The result of Lemma 6 is now clearly true.

4. Proof of theorem 1. We define additive function #,(n), j = 1, 2 by
wy _JF@") [N S B, {f(ﬁ ) iflfeM| > B
hi(p") = 10 otherwise, ha(p") = otherwise.

Correspondingly we define
H; = p;T " ().
Since *
[f) — A =2 E s (n) — H,[*

when 8 = 1, the first of the desired inequalities of Theorem 1 follows from
Lemma 4 applied to the function %, (z), with § = 1, together with Lemma
6 applied to the function kq(n) with § =

The second of the desired inequalities of Theorem 1, valid when
0 <6 £ 2, follows from the fact that the value of the expression

([xrl 2 1ftn) — A|ﬂ)

is no larger than that of the similar expression with 8 replaced by 2, which
in turn is at most ¢20B for some positive absolute constant ¢zo. Indeed, the
case 8 = 2 is the standard Turdn-Kubilius inequality.

Theorem 1 is proved.

1/8

5. Proof of theorem 2. Let « = 2 hold. Define 8 by g~! + a~! = 1.

Hence
B=ala—1)"1=2
Define
7n/2 —m . m
(1 —p™™) ifp"|ln,
<", m) = { —p otherwise.

Then the second inequality in the statement of Theorem 1 may be written

in the form
(Z )W < n(Z |f<z>’">|2)m

n=zx

2 (" m)f(p")

m<x

with

M= (sz)l/ﬁ,
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and is valid for all complex numbers f(p™). Regarding this as an inequality
between norms (see |9] Theorem 286; [7]) we deduce immediately that

(2 S ) a2 )

pm=r |nsx
holds for all complex numbers «,, 1 < »n < x, and this is (4) of Theorem 2.
If 1 < a £ 2, and g is defined as before, then § = 2. By Hoélder's
inequality with exponents p, /2, p=! 4 287! =

8
( 2 zf‘lf(p>i2) <170 3 per

p=r,peEP pEx,pe

lIA

so that the first inequality of Theorem 1 has the corollary

(16) >

n=r

Zf(p) - Z p(P) ‘ < (L + 1* Z I ale

plin

where the prime p belongs to the (special) set P.
Define

[p = p7) il plin,

v(p,n) = N .
(pom) = 1 —p H(l/ﬁ) otherwise.

Then the inequallty (16) may be written in the form

> | Zv(p, ) < feae (L + 1P Zlf(p)l"
P=

71 T

1/8

Dualising we obtain

(Z 2 v(p, m)ay

p=r n=x

@

Q)I/a < e (L + 1) ”‘9(2 I(ln\a)

n=r

which gives the inequality (3) of Theorem 2.

6. Proof of theorem 3. We prove inequality (6); the proof of (5)
proceeds in a similar manner.

Let w(n) denote the number of prime divisors of # which belong to the
set P. Then if p belongs to P we have

2 fan] = 2 faule ()™ w (m)

n=z n=x
rlin plin
1/8 1'a
= (Zon)” (S tuen)
nsx n=x
plin plin

where, as usual, 87! + o' = 1. We see from Lemma 5 that

2o 3 (14 om)” £ enp (L + 1

nszr m<p~lzr
plin
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Hence
PN S 2 pTNpTR)THL A
p<z,pEP rﬁ; p=u,pEP
X 2t 0@m) ™ = o™ ML 4 1) 2 Jaae(m)™t D1
n=z n=<z pin,pEP
plin

= o™ ML+ 1) Z(‘, lca]

which gives (6).

7. Proof of theorem 4. Sufficiency. Define the additive functions
w _JFONY HFED > 1 {f(p’”) AVCRIEST
h(p") = 10 otherwise L") = 0 otherwise.

It will clearly suffice to prove that
xt Z ti(n)|*

is bounded uniformly for all x = 2,7 = 1, 2.
Consider the function f;(n) first. If ¢, (n) is identically zero there is
nothing to prove. Otherwise let
b= Zp~jt:(p")]* > 0.

Then, by Lemma 6 with § = 67!

; ()" = 617(04)962 ™) £ ok, x = L

n=x

For the function f»(n) we have

Al = | 2 p7"0")| = 1;); R+ T <o
pm=w P4, f(0)|S pm=2
B = 3 p7"e(")| < ”(Z” PR+ 225 <o
pr=x = pom=

from the hypotheses (8) and following, of Theorem 4. By Lemma 4, once
again with § = 0~1. we deduce the uniform boundedness of

a7t Z: [ti(m) — AI°
and then of

x7? Z: [tx(m) |

This completes the proof of the sufficiency of the conditions (8).

8. Proof of theorem 4. Necessity. From Theorem 3, (5), witha, = f(n),
and the hypothesis that

a7 Z ()"
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is bounded uniformly for x = 1, we see that

Z>2 pm(a—l) <Zm“ f(n) é Cﬂxa.

Typically
> f) =f<p"'>{[-%] - H—]}Jr X fw).
n=x,p™|n P P 1;1;7):‘11'

By Holder’s inequality

2. flw)

usp-mx
(u,p)=1

< @) 2 f@)]t = 007"x).

usSp~ My

Thus, if the constant ¢ is chosen sufficiently large, ¢ > 1,

a

Py p""lf(p’")l“éx"‘MZZ?p’"(“‘”‘ > s

= cor.
2 | n=apmiin
17 my|>ec
Moreover,

IIA

> e ST e e - D7 = o
mz2 »
1< rmy | e
which gives the convergence of the second of the two series at (8) in
so far as it pertains to prime-powers p™ with m = 2.

For 1 < a £ 2 one may continue by an application of Theorem 2, (3),
to obtain the convergence of the series Zp~!|f(p)|*, |f(p)| > 1. However,
an application of the following lemma will enable us to treat every case
a > 0 at once.

LEMMA 7. Let f(n) be a real-valued additive arithmetic function. Let w(x)
be a real-valued non-decreasing function of x = 2, positive for all sufficiently

large values of x. Assume that on a sequence of integers by < by < ... with
liminfx™ D> 1>0
T bisx
we have

If(m)] = erw(x)

for some constant c,.
Then there is a constant ¢ so that for all large enough values of x

o) | .
péxp 'w(qcc) ="
where
_dy dfly =1,
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Proof. This result is proved by Elliott and Erdés [5] using the methods
of probabilistic number theory.

We continue with our proof of Theorem 4 by noting that if the constant
K is fixed at a large enough value
Y 1SKWTNY [fm)]f< 1/4
n=a, | f(n) | >K n=x
so that the hypotheses of Lemma 7 are satisfied with the function w(x)
= 1 identically. Hence the series

o

1 Lf )

,
o>t P st P

converge.
From Theorem 3, (6), taking for P the set of those primes p such that
[f(»)] > 1, we deduce that

2. f)

n=z,pln

a

=< ngxa-

paA 1

p=z,pEP

For in this case L is uniformly bounded. Arguing as we did for the values
f(p™) with m = 2 we deduce the convergence of

> e
lr1>c
for some ¢ > 1, and then the convergence of
2 pTI@I
lrmi>1

This gives the convergence of both the series at (8). We may now deduce
from Lemma 4 that

an X > fp)—F écmx( > P_llf(P),2) = ca0%,
nszx Ipln,fp)|=1 |7 11
where
F= 3> p7fp).
p=z,|f(p)|S1
Moreover,
(18) > 2. fo) —fm)| = s,
n=z Vpin,|f(p =1

from an application of Lemma 6. From (17) and (18) we deduce that F
is uniformly bounded, and the proof of Theorem 4 is complete.

Remark. Consider the additive function f(») which is defined by

£(p) = (log log p)~*~, 0 < ¢ < 1/2, and
Fm =0, mz2.
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For any fixed ¢ > 0, Theorem 4 allows us to assert that
2| = 0), x=z1.

In this case

> f) = 2 (log log p)~"*" [y}
usy =1 P
_ ((log log y)

1/2 —
for some constant ¢y. Hence, for each (ﬁxed) prime p

2 fm) - Zf(n) Z Jm) - Zf(n) - Z S @)

mEp— msp-
(m,p)= 1

=MF@+00F%”12|NM)+OFM@D
= 0™ %(L 4+ [f(P)ID).

Suppose now that an inequality of the form (3) holds without the factor
(L 4 1)* . Setting @, = f(n) in our hypothetical form of (3) we could
deduce that with a suitably chosen positive constant p, the sum

> )"

PO<p=D

+60+0(1))7 y_)oov

is bounded uniformly for all D =2. We would obtain in this way the
convergence of the series

Zlb_llf(lb)I“ = Z{)“l(log log p)—ati/zte,

Since 1 < o < 2 we may fix € at a value so small that a(1/2 + ¢) < 1
and obtain a contradiction.

This argument shows that the factor (L + 1)2~@ in the inequality (3)
cannot be entirely removed.
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