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HIGH-POWER ANALOGUES OF THE TURÂN-
KUBILIUS INEQUALITY, AND AN 

APPLICATION TO NUMBER THEORY 

P. D. T. A. ELLIOTT 

1. S t a t e m e n t of re su l t s . An ari thmetic func t ion / (n ) is said to be 
additive if it satisfies f(ab) = f(a) + f(b) whenever a and b are coprime 
integers. For such a function we define 

A(x)= £ p~mf(p'"), B(x) = ( L p-m\f(Pm)\'Y, x ^ 2. 

A standard form of the Turân-Kubi l ius inequality states tha t 

(1) Z l / W - A{x)\2 £axB(x)2 

n^x 

holds for some absolute constant ci, uniformly for all complex-valued 
addit ive ari thmetic funct ions/(w), and real x ^ 2. An inequality of this 
type was first established by Turân [11], [12] subject to some side condi­
tions upon the size of \f(pm)\. For the general inequality we refer to [10]. 

This inequality, and more recently its dual, have been applied many 
times to the s tudy of ari thmetic functions. For an overview of some 
applications we refer to [2] ; a complete catalogue of the applications of 
the inequality (1) AVOUICI already be very large. For some applications of 
the dual of (1) see [3], [4], and [1]. 

T H E O R E M 1. Let 0 be a real number. Then there is a constant c2, depending 
at most upon 0, so that the inequality 

(2) x-xY.\f(n)-A(x)fA«£(xf + c2 £ p~*\f(pm)f if 0 ^ 2, 
n<c I Q Pm=x 

[c2B(xftfO è P ^2, 

holds uniformly for all additive functions f (n), and real x ^ 2. 

Remarks. Uf(n) is res\,f(pm) = f(p), \f(p)\ ^ 1 for each prime p and 
positive integer m, and B(x) —•> oo as x —> oo , then 

x'1 E !/(«) - A (x) f ~ cz {(S)B (xf, * - co, 
n^x 
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where the constant Cz(@) has the value 

// \ e du. 

This result may be deduced from Theorem 1 and the fact tha t the func­
tion \f(n) — A{x))/B(x) is in this case approximately distr ibuted as a 
Gaussian law with mean zero and variance one. This last is the well-
known result of Erdos and Kac [6]. The presence of the term B(%Y on 
the right-hand side of the inequality (2) is therefore appropria te . 

However, if f(n) is zero on all prime-powers except for those of one 
prime q, then 

Z\f(n)-A(x)f=\f(q)(l-q~ x_ ^x\f{q)fcr"2 l 0 - / 3 - l 

for all x ^ 2g. For 0 ^ 2 , 

1/(2)l^"1 ^ ( ! / (<?) IV J r / 2 = B(x)\ 

For (3 > 2 the extra sum in (2) involving the \f(pm)\^ is, thus, also 
appropriate . 

By the appropriate dualisation we obtain 

T H E O R E M 2. Let P be a set of primes. For x ^ 2 define 

L=L(x) = Z ~. 
PÛx,p£P P 

Let a be a real number, 1 < a ^ 2. Then there is a constant C\, depending 
at most upon a, so that 

(») Z pa~x 

PUZ,P€P 
• (h P 1 Z ) Un ^C,Xa~\L + l)2-aZWn\a 

holds uniformly for all complex numbers an, 1 :g n ^ x, and real x ^ 2. 
If a ^ 2 there is a constant c» so that 

(4) Z P'" I Z «» - />"'" Z "n 
pm\\n 

^ CbX 
2-(2/a) Z kl 

2/a 

/zo/dv mz//z //z^ i7/-me uniformities. 

Remark. In this theorem ^>w|[w means tha t pm divides n bu t pm+l does 
not. 

These results may be supplemented by 

T H E O R E M 3. For a > 1 and a suitable c6, 

(5) E Z / , M i 

p,w^2 

XI an è cQxa 1 Yl \an 
n^x n^x 
pm]\n 
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whilst, in the notation of Theorem 2, 

(6) Z P"-1 

pSx,p£P n^x 
p\\n 

C7X -\L +1) Z Ki" 

for all complex numbers an, 1 ̂  w ̂  x, and real x ^ 2. 

As an application of some of these inequalities we prove 

T H E O R E M 4. In order that the real-valued additive arithmetic function 
f(n) satisfy 

(7) zimr^cx 
n^x 

for a given constant a > 1, some c > 0 and all x ^ 2, it is both necessary 
and sufficient that the series 

(8) z *>-1I/(#OI2. £ /n / (^ )r 
I / C P ) I ^ I I / ( P W ) I > I 

converge, and that the partial sums 

Z />~7(/0 
P^x,\f(p)\^l 

be bounded uniformly for all x ^ 2. 

Remarks. As we indicate, in a subsequent paper, the peculiar form of 
the condition (8), which involves both \f(p)\2 and \f(pm)\a, is typical of 
problems involving the ath moment of an ari thmetic function, a > 1. 

2. S m a l l va lues of f(p). In this section we obtain some preliminary 
results, necessary for the proof of Theorem 1. 

LEMMA 1. Let g(m) be a real-valued multiplicative function which satisfies 
0 ^ g{m) ^ I for every integer m ^ 1. Then 

, - £ f W S , ( 1 + o(^))n(i-i) 7 a i wi i " ^ /? • • i i i 11 

log 
2 

x ( 1 + ^ i + £ ^ l + 
/zo/ds uniformly for all x ^ 2. 

Proof. This result is obtained by Hall [8] under the wreaker assumption 
tha t g(m) be submultiplicative, in the sense tha t g(ab) ^ g(a)g(b) when­
ever (a, b) = 1, and tha t g ( l ) = 1. 

LEMMA 2. Let g{m) be a real-valued non-negative multiplicative function 
which satisfies g(p) ^ I for each prime p. Then 

y£tx P ' p^x.m^2 P ' 

holds uniformly for all x ^ 1. 

-1ZgW^exp(E£lÉV-J+ ZZ 
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Proof. Let h(d) be the Môbius inverse to the function g{n), so that 

Hh{d) = g ( n ) 
d\n 

holds identically. Then h(p) = g{p) — 1 ^ 0 and h(d) ^ 0 whenever d 
is square free. Hence 

XV(»)*(») = E Z / # W = E/(<*)*(<*) M 
w^a- W^.T d\n d^x LCL J 

s,n(i+*M)s.«xp(E^-i). 
P^z \ P I \p^x P I 

More generally, each integer m may be uniquely decomposed into the 
form m = WiW2 where wi\ contains only those prime divisors of m which 
occur to exactly the first power, and m2 contains the remaining prime 
powers. 

Then 

m^x mi^kx m\ ^x/m2 

S x exp ( ]T) T ) X) g(^2)m2'\ 
\pf2.r P ' mifkx 

Moreover, 

E^ 1 ^n(i+ i # ) -+ g %- ) -+. . . ) 

^ exp ( i J r t (*>"))• 
This completes the proof of lemma 2. 

Let x be a real number, x ^ 2. Le t / (« ) be a real-valued arithmetic 
function, whose values may depend upon x. For convenience of notation 
we write A and B in place of A (x) and 5 (x) respectively. 

For each complex number z we define the multiplicative function 

gin) = g(n,z) = e2f^/B. 

Let 

<P(Z) = x-1 Z g(»)e-2A/fi = X"1 £ exp (z{f(n) -A}/B). 
n^x n^x 

LEMMA 3. Assume that 0 ^ f(pm) ^ 5J3 holds for some ô > 0 a ^ a// 
prime-powers pm not exceeding x. 77&<m //^re is a constant c%, whose value 
depends at most upon d, so that the bound 

\<P(Z)\ ^ ^8 

is satisfied on the whole complex disc, \z\ rg 1. 
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T U R Â N - K U B I L I U S INEQUALITY 897 

Proof. Assume first that z = r is real, r ̂  0. Then 0 ̂  g(n) ^ 1 for 
every n not exceeding x, so that by Lemma 1 

E«<»)^*n(i-£)n(i + ̂  + ...) 
n^x p^x \ PI p^x \ P I 

\V^X P ' 

From an application of the Cauchy-Schwarz inequality 

sEMS(zr)'"(E«) 
pm^x p JD \pm^x I \p™^X P & 1 

< ( E — 1 — ) 

<p(r) ^ cnexp l £ {g(p) - 1 - r/GO-B-1}/»-1) . 
\pg.r / 

4̂ _ Tf(p) 
B k'r PB 

,1/2 

1/2 

< 1. 

Hence 

(9) 

For real numbers w the estimate 

|ew - 1 - w\ ^ |w|VM'l 

may be obtained by integrating by parts. Therefore, for each prime p 
not exceeding x, 

\g(P) ~ 1 - rf(p)B-^\ ^ r*f(pyB-*exp (\r\f(p)B^) S ^f(p)2B^ 

where X = r2 exp (\r\5); and the exponent on the right-hand side of the 
inequality (9) does not exceed 

PÛX 

Thus <p(r) ^ en exp (X). 
Suppose now that z = r ̂  0. Then g(w) is non-negative and g(£) ^ 1. 

We argue with Lemma 2 in place of Lemma 1 and obtain <p(r) ^ cvl 

exp (X), say. 
In the general case when r = Re (2), z complex, then 

k(z)l ^ * _ 1 Z l g W exp (-zA/B)\ ^ * _ 1 E e x p ( r { / ( n ) - 4 } / 5 ) 

so that 

k 0 ) | ^ tf>(r) ̂  ex max (en, C12). 

This completes the proof of Lemma 3. 

LEMMA 4. Let the complex-valued additive function f(n) satisfy \f(pm)\ 
S SB for all pm ^ x. Then for each fi > 0 there is a constant cu, depending 

https://doi.org/10.4153/CJM-1980-068-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1980-068-0


898 P. 1). T. A. ELLIOT 

ut most upon /3, <5, so that the inequality 

(10) E l/(») - A f g Cl3*j3* 

holds for allx ^ 2. 

Proof. Since the sum 

([«r'El/w-^i')1" 
is non-decreasing as /3 increases, it will suffice to establish the inequality 
(10) for arbitrary large even integer values of fi. 

By considering real and imaginary parts separately we see that there 
is no loss in generality in assuming that / (w) assumes only real values, 
and, indeed, only non-negative values. For example, we can define 
additive functions fj(n), j = 1, 2, by 

f ,^ = if(Pm) itf(Pm) * o, f (,n = i-f(Pm) nf(pm) < o, 
JlKP } (O otherwise nKV } (0 otherwise 

and corresponding to each function fj(n) the sum 

A,= En(f"), 3= 1.2. 
pm<:_x 

Then 

|/(«) -Af= \j\{n) - A , - {/,(«) - A2\ f =2 2* £ | j » - , l / . 
7 = 1 

Summing over the n not exceeding x justifies our last assertion. 
For every positive integer k 

x-ll£ (J(n) - A)kB~k = ^\0), 

the &th derivative of <p(z) evaluated at z = 0. By Cauchy's integral 
representation theorem 

„<»(0) = ^ : f Z-*~\{z)dz 

and by Lemma 3 

| / ( 0 ) | S 7~27rmax \z~k~1<p(z)\ S k\cH. 
2TT | , | = I 

This proves Lemma 4. 

3. Large values of f(p). We begin this section with the remark that 
those prime-powers pm ^ x for which \f(pm)\ > 5B holds satisfy 

1 i I s/i.m\ | 2 

ai) £ A^ S - s prn^x y pm^X P 
\f(pm)\>ÔB 

HP7") 
ÔB 

and are in this sense few in number. 
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LEMMA 5. Let P be a set of primes not exceeding x, and define 

L = L(x) = Z 7 -

Let 03 (n) denote the number of distinct factors of the integer n which belong 
to the set P, or which occur to some power m g; 2. Then the inequality 

(i2) E«w'^«(^(ui/ 

holds uniformly for all x, y, 1 ^ y ^ x, and 0 ^ 0 . Here Cn(fi) is a constant 
which depends only upon fi. 

Remark. œ(n) here is not the standard prime divisors counting function 
unless P includes all primes not exceeding x. 

Proof. The sum 

([x]-1T,u(n)")1 

\ n<x I 

is non-decreasing as /3 increases, and it will therefore suffice to establish 
the inequality (12) for all integers k ̂  0. 

We argue inductively on k. 
For k = 0 the inequality (12) is trivially valid. Assume that it holds 

for k = 0, 1, . . . ,t - 1, t ^ 1. Then 

Z«(n) l=E«(n)'-1Zl= Z Z « W - 1 

n 5 ^ rc^z/ pm||w Vm~V r^p~my 
(r,p) = l 

with the proviso that if m = 1 then /> must belong to the set P . According 
to our induction hypothesis the inner sum may be estimated to be not 
more than 

z (i + cooo)'-1»!:^-;1) £ «oo'^ £ ('7 ^ 
r^p~my j=0 \ 7 / r^p~my j=0 \ 7 / 

X cu<j)f™y{L + 1)' S max cuWP^yiL + 1 + l ) ' " 1 

g c ^ - y C L + l ) ' - 1 . 
Hence 

E «(»)' g c15y Z /'""a + l)'"1 ^ c„y(L + 1)', 

and the desired inequality holds if Cu{fi) = Ci6-
This completes the proof of Lemma 5. 

LEMMA 6. Let the complex-valued additive function f{n) satisfy \f(pm)\ 
> ôB for each prime-power pm ^ x. Then there is a constant Cn, depending 
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at most upon /3, ô, so that the inequality 

Y.\m~Afikcux Z p-m\f(P"l)f 
n^x pm^x 

holds for all x ^ I, for each 0 > 1, whilst the inequality 

ri^x pm^x 

holds for all x ^ I, for each (3 > 0. 

Proof. By Holder 's inequality when /3 ^ 1, and by the elementary 
inequality ( ^ + u2 + . . . + ukY ^ Wi* + . . . + u/ when 0 g 0 < 1, 
(each ^ ? ^ 0) , we see tha t 

| / ( n ) f g m a x ( l , w ( « ) / ' - 1 ) E | / ( p " ' ) | 3 , 

where co(w) is the function which is defined in the s ta tement of Lemma f). 
Hence 

(13) S l / (» ) f ^ L | / (PM ) | " Z max (1, co^)"- 1 ) . 
w^.r pm^x n^x 

pm\\n 

If £>w||n, say n = pmv where (p, v) = 1, then z; ^ £>~mx and co(w) ^ 1 
+ œ(v). A typical inner sum on the r ight-hand side of (13) is by Lemma f> 
not more than 

(14) £ max (1, (1 + ^(v)Y-1) = 0(p-?nx(L + l ) ' " 1 ) g C l 8 /T w * 

since 

Pm^x P 
\f(pm)\>8B 

from our remark (11). 
T h e inequalities in (13) and (14) show tha t 

(15) ZlfWf ecu* Y,p-"V(pm)f-
nf^x pmt==x 

Moreover, for /3 > 1, Holder 's inequali ty shows t ha t 

\Afzu11" En / (p" ) f 
pm^x 

where a~l + /3 - 1 = 1, and 

Li = JL< T + Z^ Tm • 
pèx,pep P pm^x P 

ra^2 

Once again applying our remark (11) we see t h a t L\ is bounded in terms 
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of 5, and 

S M I ^ w Zp-'V(Pm)f-
n^x pm^x 

T h e result of Lemma 6 is now clearly true. 

4. Proof of t h e o r e m 1. We define addit ive function h3{n)}j = 1, 2 by 

wHr s*'M«=r> Tn?B 

Correspondingly we define 

H} = E p-mh}{p
m)-

Since 

\f(n)-Af ^2't\hM)-H/ 
3=1 

when )3 ^ 1, the first of the desired inequalities of Theorem 1 follows from 
Lemma 4 applied to the function hi(n), with 5 = 1, together with Lemma 
6 applied to the function h2(n) with 5 = 1. 

T h e second of the desired inequalities of Theorem 1, valid when 
0 ^ ô ^ 2, follows from the fact tha t the value of the expression 

([xTij:\m-Af)w 

\ n^x I 

is no larger than tha t of the similar expression with j3 replaced by 2, which 
in turn is a t most c^B for some positive absolute constant c2o. Indeed, the 
case (3 = 2 is the s tandard Turân-Kubi l ius inequality. 

Theorem 1 is proved. 

5. Proof of t h e o r e m 2 . Let a ^ 2 hold. Define 0 by 0- 1 + a~l = 1. 
Hence 

0 = a(a- I ) " 1 S 2. 

Define 

*U < n ) - \ - p - ^ otherwise. 

Then the second inequality in the s ta tement of Theorem 1 may be written 
in the form 

( Z I Z <(pm,n)f(pm)\Y g J £ \f(pm)A 
\n^x I pm^x I / \pm

=x / 

1/2 

with 
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and is valid for all complex numbers / (p m ) . Regarding this as an inequali ty 
between norms (see [9] Theorem 286; [7]) we deduce immediately that 

(s Z *(Pm, n)an 

1/2 / \ 1/a 

holds for all complex numbers an} 1 fg n ^ x, and this is (4) of Theorem 2. 
If 1 < a ^ 2, and & is defined as before, then j3 ^ 2. By Holder 's 

inequality with exponents p, 0 /2 , p - 1 + 2 0 - 1 = 1, 

pS-r,p£P I p^x,p£P 

so tha t the first inequality of Theorem 1 has the corollary 

(16) Z T,I(P)-ZP~1I(P) 
p\\n p^x 

^Cilx(L + ir-'zp-l\f(p)\ 

where the prime p belongs to the (special) set P. 
Define 

v(p,n) = Y _ -i+d/^) 
i^il-p'1) if p\\n, 

-p-l+^ otherwise. 

Then the inequality (16) may be writ ten in the form 

| IA 1/0 / 

\Hv(P,n)f(p)\ g { c a i x ( L + 1 ) ' - 2 ! 1 / 3 £ ! / ( / > ) I 
I p ^ x ' / \p^x 

Dualising wre obtain 

\ Ri­

sing \ 

1//3 

^v{p,n)an 

a \ 1/a 

^ |c21x(L + 1)" -T'^Zkr)1" 
which gives the inequality (3) of Theorem 2. 

6. Proof of t h e o r e m 3 . We prove inequality (6) ; the proof of (o) 
proceeds in a similar manner. 

Let co (n) denote the number of prime divisors of n which belong to the 
set P. Then if p belongs to P we have 

E Wn\ = Z \an\o>(n)~lla"(n)1,a 

n^x n^x 
p\\n p\\n 

\nt=iX ' \n^x I 
p\\n p\\n 

where, as usual, 0 - 1 + a"1 = 1. We see from Lemma 5 t h a t 

Z"(nfaè E (1 + »(m))l"a ^ Ciip-lx(L + l)<"a. 
« S i 
p\\n 
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Hence 

Z -, 
P^x,p£P 

n^x 
p\\n 

^ en Z p-'ip-'xy-^L + i) 
P^x,p£P 

n^x 
p\\n 

c2zxa \L + 1) X \an\
aw(n) * ^ 1 

rc^z Pi\n,p£P 

c2-sxa \L + 1) X) W \ 
which gives (6). 

7. Proof of t h e o r e m 4 . Sufficiency. Define the addit ive functions 

otherwise 

It will clearly suffice to prove tha t 

otherwise. 

n^x 

is bounded uniformly for all x ^ 2, i = 1,2. 
Consider the function /I(TZ) first. If t\(n) is identically zero there is 

nothing to prove. Otherwise let 

b = ^p-r%(pm)\2 > 0. 

Then , by Lemma 6 with 8 = b~l 

Z Hn)\" £ c i , ( « ) * E p " * l ^ " ) r =S C24x, x è 1. 

For the function ^(w) we have 

Ml Z ^'W) VII E p_1/(^) 
pm^x P ^ , I / ( P ) I ^ I 

+ Z Z /»"* < c25 

^2= z^"W)i2^ z î/wf + z i r < ^ 
p m ^i ' l / (p ) |^ l p,m^2 

from the hypotheses (8) and following, of Theorem 4. By Lemma 4, once 
again with 5 = b~l. we deduce the uniform boundedness of 

*" lEl'i(») -A\" 
nSx 

and then of 

n^x 

This completes the proof of the sufficiency of the conditions (8). 

8. Proof of t h e o r e m 4. Necessity. From Theorem 3, (5), w i tha n = f(n), 
and the hypothesis tha t 

*-x£l/(»)la 
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is bounded uniformly for x ^ 1, we see tha t 

p,m^2 l n^x,pm\\n 

Typically 

£ /(») = f(pm) 

By Holder 's inequality 

u."1 + £ /(«)• 
u1kp~mx 
(M,P) = 1 

£ /(«) 
(tt,p) = l 

^ ( ^ r 1 £ l/(«)la = o(p-mx). 
uSv~mx 

Thus , if the constant c is chosen sufficiently large, c > 1, 

l / ( P m ) l > C 

^ ^27-

Moreover, 

E />-wi/(/>m) r ^ c« D p - \ P - 1 ) - 1 = C28, 
p,m^.2 p 

l<\f(vm)\^c 

which gives the convergence of the second of the two series a t (8) in 
so far as it pertains to prime-powers pm with m ^ 2. 

For 1 < a S 2 one may continue by an application of Theorem 2, (3), 
to obtain the convergence of the series ^p~l\f(p)\a, \f(p)\ > 1. However, 
an application of the following lemma will enable us to t rea t every case 
a > 0 a t once. 

LEMMA 7. Let fin) be a real-valued additive arithmetic function. Let w(x) 
be a real-valued non-decreasing function of x ^ 2, positive for all sufficiently 
large values of x. Assume that on a sequence of integers b\ < b2 < . . . with 

lim inf x ^ 1 > 0 

we have 

| / 0 ) | g Ciw(x) 

for some constant C\. 
Then there is a constant c so that for all large enough values of x 

I I 2 

Sc2, z-1 
P^xP 

f(P). 
wixc) 

where 

y if\y\ ^ 1, 
1 if\y\ > 1. 
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Proof. This result is proved by Elliott and Erdôs [5] using the methods 
of probabilistic number theory. 

We continue with our proof of Theorem 4 by noting tha t if the constant 
K is fixed a t a large enough value 

x-1 E i^Jr a* - 1El/(»)r<i/4 
n^x,\f(n)\>K n^x 

so tha t the hypotheses of Lemma 7 are satisfied with the function w(x) 
= 1 identically. Hence the series 

\f(p)\>lP ' I / ( P ) I ^ I £ 

converge. 
From Theorem 3, (6), taking for P the set of those primes p such tha t 

\f(p)\ > 1, we deduce tha t 

E p-1 

pâ-x,Pf.P 
E /(») 

n^x,p\\n 

^ ^ 2 9 ^ " . 

For in this case L is uniformly bounded. Arguing as we did for the values 
f(pm) with m ^ 2 we deduce the convergence of 

E ̂ i/wr 
\f(p)\>c 

for some c > 1, and then the convergence of 

E ̂ i / w 
I/(P)I>I 

This gives the convergence of both the series a t (8). We may now deduce 

from Lemma 4 tha t 

(17) E E f(P) - F 
n^x I p\n,\f(p)\^l 

where 

F= E p-lf(P)-
P^x,\f(p)\^l 

^ClJ E P-Vip)?)" 
\\f(p)\^i 1 

< CzoX, 

Moreover, 

(18) E E f(P) -fin) 
p\n,\f(p)\^l 

^ CziX, 

from an application of Lemma 6. From (17) and (18) we deduce tha t F 
is uniformly bounded, and the proof of Theorem 4 is complete. 

Remark. Consider the additive function f(n) which is defined by 

f{p) = (log log p)~l/2-% 0 < e < 1/2, and 

f(pn) = o, m ^ 2. 
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For any fixed e > 0, Theorem 4 allows us to assert that 

Ei/(»)r = o(*), * è i. 
n^x 

In this case 

£/(«) = L(iogiog£)-1/2-£ y 
ipi 

for some constant c0. Hence, for each (fixed) prime £> 

Z /(»») - />-1 £/(») = E /(«) - P"1 £/(») - £ /(*»•) 
m^p~1x n^x mSp~lx n^x TSP~2X 
(m,p) = l 

= ofc-1*) + o( (p-^)"-1 E 1/(01°) + 0(p-\f(p)) 

= o(p-\{i + \f(p)\\). 
Suppose now that an inequality of the form (3) holds without the factor 
(L + l ) 2 - a . Setting an = f(n) in our hypothetical form of (3) we could 
deduce that with a suitably chosen positive constant po the sum 

E p-'mw 
P0<P^D 

is bounded uniformly for all D ^ 2 . We would obtain in this way the 
convergence of the series 

Hp-l\f(p)\a = ErHiog iog p)-">*+'>. 
Since 1 < a < 2 we may fix e at a value so small that a (1/2 + e) < 1 
and obtain a contradiction. 

This argument shows that the factor (L + I ) 2 - " in the inequality (3) 
cannot be entirely removed. 
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