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We study Lie algebras with cone potential which play a prominent role in the Lie theory of semigroups. For
these algebras, we obtain a uniqueness theorem for Levi complements and information on the fine structure of
the root system.
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1. Introduction

An important part of the Lie theory of semigroups is the study of invariant cones in Lie
algebras. It turns out that the existence of an invariant pointed cone with inner points
in a real Lie algebra L imposes severe restrictions on the structure of L. First of all, L
possesses compactly embedded Cartan algebras. As all of these are conjugate, it’s no
harm to fix one such, say H. Now L as an H-module decomposes into the zero-module
L°=H and a complementary module L* which in turn can be split up into its isotypic
components. In order to parameterize these, one uses a certain set Q of linear forms on
H which are called the roots of the pair (L, H). These linear forms arise in pairs (w, —w).
Choosing one element from each pair, one gets a set Q% and a complex structure
I: L* - L*. Now the above-mentioned decomposition of L into its isotypic components
can be written down as

where

L°={xeL|[h,x]=w(h)Ix for all he H}.

This is an orthogonal decomposition with respect to the Cartan—Killing form B of L.

n
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Furthermore, there is a unique maximal compactly embedded subalgebra of L
containing H. We denote this algebra by Ky, its center by Z(K ).

Let comp L denote the set of compact elements of L, ie., those elements xe L with
e"®¥* compact. The Lie algebra L is called quasi-hermitian if Z(K ) n(comp L)° #0. If L
is quasi-hermitian, the set of roots decomposes into two disjoint classes, namely the
class Q; of those roots w with LS K, and the class Q, of those roots w with
LN Ky={0}. The two types are called compact roots and non-compact roots,
respectively. Writing

Py= @ Lo

weQpnQ*

we have the decomposition L=Ky, @ Py where [Ky, Py] S Py.

Finally, L is said to have cone potential if [Ix,x]#0 whenever x#0 comes from one
of the root spaces L®. Let us denote by Z, N and R the centre, the nilradical and the
radical of L, respectively. Now if L has cone potential, then NN L°=Rn L® for all
weQ, and [N,N]<Z. Previously, the author has obtained a universal construction for
Lie algebras with cone potential (see [6, (4.3), (4.4), pp. 76-82]) saying the following:
Any Lie algebra with cone potential is a direct sum of an abelian algebra and a
quotient of an algebra.

M®(N\’M)o®g

where g is a reductive algebra and where M is a g-module such that a Cartan algebra b
of g acts compactly and effectively on M in a certain way such that (/\?*M),#{0}. For
the rest of this paper, we shall fix a real Lie algebra L with a compactly embedded
Cartan algebra H. As above, let us denote the centre, the nilradical and the radical of L
by Z, N and R, respectively.

Some constructions which are important in the theory of invariant cones depend on
the fact that a suitable Levi complement S can be chosen. In this paper we shall show
the uniqueness of such a suitable S (once H is fixed) and draw some conclusions.

The leading theme in our investigations is the question to what extent the structure of
a Lie algebra is determined by the existence of an invariant cone. Theorems 2 and 3
below give some further resuits in this direction. One can hope that eventually an
effective classification of Lie algebras with invariant cones can be given.

Definition. Let L be a Lie algebra with radical R. A Cartan algebra H and a Levi
complement S will be called adapted if the decomposition

H=HAR®HANS)

holds. The following theorem is well-known (see [2, VIL3, Ex. 11, pp. 61-62)] or [6,
(2.7), pp. 44-45)).

Theorem. Let L be a Lie algebra over a field of characteristic 0 with radical R.
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(a) Given a Levi complement S and a Cartan algebra H, of S, there is a subalgebra
U <R such that H:=H,+ U is a Cartan algebra of L. (Note that Hy=H n S and
U=H n R in this case, so that H and S are adapted.)

(b) Given a Cartan algebra H of L, there exist a Levi complement S, a Cartan algebra
Hy of S and a subalgebra U <R such that H=H,+ U. (Note that Hy=Hn S and
U=H n R in this case, so that S and H are adapted.)

In particular, to any Cartan algebra H we can find a Levi complement adapted to H.
In the theory of invariant cones, it turns out that one has to use a suitable Levi
complement with additional properties. For the proof of the following theorem, we refer
to [4, II1. 6.28, pp. 227-228] or 6, (3.7), pp. 67-68].

Theorem. If L is a real Lie algebra with a compactly embedded Cartan algebra H,
there is a Levi complement S adapted to H such that

[HnR,S]={0}.

For any such Levi complement, the following assertions hold.

(1) Hn S is a compactly embedded Cartan algebra of S.

(2) H+S=(HN R)® S, and this is a reductive Lie algebra.
(3) [H,S]<Ss.

4 L°=(L°~R)D(L* N S) for all weQ.

(5 R=(HAR®(L* nR) is a direct sum of (H + S)-modules.

In this paper, we shall prove that in a Lie algebra with cone potential such a Levi
complement is uniquely determined. The method of proof will give further information
on the structure of the root system.

2. Lie algebra modules ¥ with (/\*V), #{0}
A representation p: L—End V induces a representation A?p:L—End /\PV given by

(APP)(x) (v A w)=(p(x)v) A W+ A (p(x)W).
For later purposes, we want to investigate the zero-module (/\?V), of this induced

representation. Although we will be only interested in the case p=2, we treat the general
case because no extra effort is needed. With the canonical pairing

UO[O]:=0()  (@e(N\PV),Ee \V),

the diagram

D
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/\"V __ii_) (/\”V*)*
(A ’p)(X)l 1( A Pp*)*(x)

~

/\"V T (/\"V*)*

commutes so that Q intertwines the representations A”p and (APp*)*, ie., is an
isomorphism of modules. (Here and in the sequel, we identify (/\’V)* and A\PV* as
modules.)

By the universal property of /\?V* we can identify the alternating p-forms on V*
with the linear forms on APV*:

V¥x--x V* VeAltpV* I/f
% JBe(N\PV*)*

AP

Arve

Now a p-form f on V* is called p*-invariant, if Z£=lﬁ(¢l,...,p*(x)¢k,...,¢p)=0 for all
¢,e V* and all xe L. If § is alternating, this is the case if and only if

0=k§1 B(¢l,...,P*(X)¢k,-~~,¢p)

= 3 By A A g0 A A B)=BAPPNRG A A b

for all ¢,e V* and all xelL, ie., if and only if § annihilates (A"p*)(L)(/\”V"‘). Now
Q: \PV—>(/\PV*)* is associated with the isomorphism Q: A?V > Alt, V'* which is given
by Q(f)(¢1,...,¢p)=ﬁ(f)(¢l A +** A ¢,). We see that an element &e /\PV belongs to the
zero-module (/\PV), if and only if (A Pp)(x)(£)=0 for all xe L; i, if and only if

0=0((A")(X)E) = —((A? P*X)D)[£]= ~ (A o) *(x)®)

for all xeL and all ®e(/\?V)*. Clearly, this condition holds if and only if Q&)
annihilates (A Pp*)(L)(/\"V*), i.e., if and only if Q(¢) is invariant. Hence we have

Q(/\PV)o) = Alti™ V*

where Alti™ V* denotes the space of invariant alternating p-forms on V*. In particular,
Q(/\*V)o=Alt]" V* is just the space of invariant skew-symmetric bilinear forms on V*.
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Now recall that a symplectic form on a vector space is a non-degenerate, skew-
symmetric bilinear form. We shall prove the following result.

Proposition 1. If V is any Lie algebra module, then (/\*V)o=Alty"'V. If V is
irreducible, then (/\*V)o#{0} if and only if V possesses an invariant symplectic form. In
particular, dim V must be even in this case.

Proof. By the discussion above we have (/\?V),=Alts" V'*. Now let us observe that
AltP" V*~ Al V. To see this, choose a basis B=(v,,....,v,) of V and take the
corresponding dual basis B*=(¢,,...,¢,) on V* which is given by ¢(v;)=35,. Fix an
arbitrary element xe L. If p(x)e;=Y 1_, xe; for all j, then p*(x)¢p,= —> 7., x;;¢; because
we have

n

(p*(x)¢j)(ek) == (bj(l’(x)ek) =—- ¢j<.;l xikei> = '21 xik‘sji = —Xjk

= —'Z": xﬁé,-,‘=<— Z xji¢i)(ek) for all k.

i i=1

So if we denote the matrix representation of a linear operator 6 with respect to a basis
B by 0 we have shown that p*(x)g. = —(p(x)g)" for all xe L.

To any bilinear form a«:V x V=R there is associated a unique matrix A satisfying
o} ix;v;, Y ;yjv;)=xTAy. Saying that o is non-degenerate, skew-symmetric, and p-
invariant is tantamount saying

det A#0, AT=—A4, XTA+AX=0for all X =p(x)y (xeL).

Analogously, a bilinear form B on V* is in Al V* if and only if its matrix B with
respect to the basis B* satisfies

det B#0, B"=—B, XB+BXT=0 for all X =p(x), (x€ L);

here we used the fact that p*(x)g.= —(p(x)z)". Now it is easy to check that putting
B:=A"! yields an isomorphism between Alty" and Alt V*.

If the module V is irreducible, an element ae Alty" V is either non-degenerate or the
zero-mapping. To see this, observe that the radical

Rad a:={ve V|a(v,w)=0 for all we V'}
is a submodule of ¥, due to the skew-symmetry of «. As V is irreducible, this is possible
only if Rada=V (which means a=0) or Rada={0} (which means the non-degeneracy

of a). Thus the non-zero elements of Alt}"V are precisely the invariant symplectic
forms. This gives the resuit.
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Before we can prove our next result we provide some background for the represen-
tation theory of so(3) and sl(2, R).

Let V, be the space of all homogeneous complex polynomials of degree n in two
variables. Then SU(2) acts canonically on V,. It is well-known ([1, IL.5, pp. 84-86; also
7]) that the spaces V, (neN,) form a complete collection of (equivalence classes of)
irreducible representations of SU(2). Since so(3)=su(2) and since SU(2) is simply
connected, the spaces V, are exactly the irreducible complex so(3)-modules. From the
representation theory of SU(2), we can thus easily deduce the following fact which we
will need later on: Let (e,,e;,e;) be a basis of so(3) with [e,e;+;]1=¢€;,,. If an
irreducible complex representation p of so(3) is such that p(e,) is invertible, then no
weight of p takes any of the values 4-2i on e;.

From the well-known classification of the irreducible sl(2, C)-modules ([5, 1V, 2-4])
one easily deduces that of sl(2, R); complete calculations can be found in [3, I1.2, pp. 39-
48]). The result is as follows. For any 1€N, there is (up to isomorphism) a unique
irreducible sl(2, R)-module V* with dim V*=A +1. To describe this module, we put

A oy
-1, ifi ,
> if 2 is even

Ne=v,-1
—;—-, if A is odd;

in the sequel all terms with N + 1 have to be ignored in the case that 4 is odd. Now we
can choose a basis (Fy, IFy, F,,IF,,...,Fy,IF N, Fy, ) of V2 such that the elements

o33 (o) = )

with the bracket relations
[U,T]=2H, [U,H]=—-2T, [T,H]=-2U

satisfy the following conditions for 0Sn < N:

UxF,=(i—2n)IF,, U=*IF,=—(A—2n)F,,
T*F"=()»‘H)IF"+1—I11F"_I, T*IFn=_(;~_n)Fn+l+nFn—la
H*+F,=(A-n)F,,,+nF,_, H=*IF,=(A—n)IF,, +nlF, _,.

If 4 is even, then additionally
UsxFyy=T*Fy,y=H*Fy, =0.

In other words: With respect to this basis, U, T and H, considered as operators on
V4, are given as matrices
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[M,] 0 M_, 0
A-2 M_,
: :
M|

-
I
=
i
N
bi
I

where

Ma:=<0 _a>and Da:=<a 0).
o 0 0 a

If A is even, in all matrices a zero row and a zero column must be added.

Proposition 2. Suppose that V* is the irreducible sl(2,R)-module of dimension A+ 1
with the basis given above. Then the zero submodule (/\*V?*, of \*V* is {0} if 1 is even

and
N A
R( > (—1)"( )(F" A 1&))
n=0 n

if A=2N+1 is odd.

Proof. We want to compute (/\2V*),. If 1 is even, then dim V* is odd, whence
(A\*V*),={0}. So suppose A=2N+1 is odd. A basis of /\*V* is given by the vectors
F, A F,and IF, A IF, where 0Sm<nZ<N and the vectors F,, A IF, where 0Smn=<N
are arbitrary. Now remember that the action of Xesl(2,R) on A2V* is given by
X+(v A w)=(Xv) A w+v A (Xw). An element

E= 2 OmalFn A F)+ Y BunIF oy A IF)+ Y Yn(Fop A IF,)

m<n m<n

vanishes under the action of U if and only if
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0=Ux*¢= 3 0pn((A—2m)(IF,, A F,)+(2=2n)(F,, A IF,))

m<n

+ 2 Bun(—(A=2m)(F, A IF,)—(2=2n)(IF,, A F,))

m<n

+ 2 Ymal(A=2m)(IF,, A IF,)~(A=2n)(F,, A F,)

= Z (amn(l_zm)—'an(l_zn))(lpm A Fn)

m<n

+ Z (amn(l_zn)_ﬁmn(l_zm))(Fm A IFn)

m<n

+ Z ymn((l_zm)(IFm N an)_(l_zn)(Fm A Fn))’
m.n H_J %,_J

=0 for m=n =0 for m=n

i.e., Ux£¢=0 if and only if y,,,=0 for all m#n and

A=2m —(A—2n)\ () (O
A—2n - ('1 - 2m)> <an> B <O>

or equivalently «,,,=f,.,=0 for all m<n. (Note that

A-2m —Q@=2m)\_ _
det(l_zn —(/1—2m)>— (A —2m)? +(A—2n)?

does not vanish.) There is no restriction for the coefficients y,, (0=n=<N). So we have
proved that the null space of U in A\*V?*is

N
Y R(F,AlF,).

n=0
We could have seen this also in a non-computational way. Putting V}:=RF, ® RIF,,
the decomposition of V* into the irreducible RU-modules is given by

Vie@Vi

Using the isomorphism

A? w;(e?(/\zm) ® (@(V% ® V;))

i#j
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of RU-modules, we obtain

(A2 V*)oz(ef—)(/\z V:)o) ® (@(V.-* ® V;)o}
n o %) A —
=NV} ={0}

where the subscript ‘0’ denotes the zero modules of the action of U alone.
To see that (\*V3)o=/\*V2=R(F, A IF,), we observe that

Ux(F, A IF)=(UF, A IF))+(F, n UIF,)=((A—2n)—(2A=2n))(F, A IF,)=0;

more generally, every one-dimensional RU-module is a zero module if it is obtained by
restriction of an sl(2,R)-action since eV is compact.

To see that (V} ® V})o={0} we just state that Hom,(V}, V})={0} for i# j.

Now we ask when an element ¢=Y"_,¢,(F, A IF,) in the null space of U is also
annihilated by 7. From

T(F, A IF)=(A-~n)(F,4y AF,—F, AF, .\ )+n(F, A F,_,—IF,_, nIF)
we get

1

N N—-
Té: Z Cn(l_n)(IFn+l A IFn)+ Z cn+l(n+1)(IFn+l A IFn)

n=0 n=-1
N N-1

+ 2 CA=n)(Fpsy A F)+ X Cuur(n+D(Fpyy A F)
n=0 n=-1

N-1

= (cn(i_n)+cn+1(n+1))((1Fn+1 A an)+(Fn+l A Fn))
=0

+en(A=N)(Fyiy A Fy).
This term vanishes if and only if

)'_;'c,, for0snsN-1

Cot1=—

which means

c,=(— 1)"(;">co for 0Sn<N.
n

From the equation [U, T]=2H we see that all the elements annihilated by U and T are
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also annihilated by H and thus constitute already the null space of the sl(2, R)-action. So
we have proved that for A odd we have

N
(Nvo=R( Z (-1r()eEun 15).

Propositions 1 and 2 now yield immediately:

Theorem 1. Let V be an irreducible sl(2, R)-module.

There is a non-zero invariant symplectic form on V if and only if the dimension of V is
even. Then this invariant symplectic form is unique up to a scalar factor. a

We just proved that an sl(2, R)-module of even dimension possesses an invariant
symplectic form which is unique up to a scalar. In the next proposition we determine
this form explicitly.

Propositioh 3. Let V be an irreducible sl(2,R)-module of even dimension with basis
vectors F,,IF, as above. Then an invariant symplectic form on V is given by

N n
Bow=y =1

()

where v=Y ,(v,F,+v,IF,) and w=Y,(w,F,+w,IF,). In other words: With respect to the
basis (Fo,IFy,Fy,IF,,...,F, IF), the form B is represented by the matrix

(0, — UpW,)

—1) 01
, where A,,=u<__1 0),

()

Proof. Writing
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N

&= Y (—0"(2)(& A IF,),

n=0
an invariant symplectic form § on V* is given by

B($1,82)=(Q0)($1,62) =(QE)(d1 A $2)=(¢1 A $2)(E)

n N\ ($u(FD SuIE
= — 1" d .
p ’(n) et(mum ¢2(1Fn))

If we define f:V—V* by B(¢,f(v))=(v) and put ¢,:= f(v), then the desired form B on
V is given by B(v, w):=B(¢,, $.,) = ¢, (w). Now if v=Y ,(v,F,+ v,IF,) then

=0

N
¢( S (0,F ot u;IFn>>= () =6, 6.)

» 2\ o ($(F) ¢(1Fn>)
= —1)° d .
Lz (n) e‘(«b.,(Fn) Su(IF,)

N
~o( £ (-0 (2)@trE,—8ur)IED)

Taking ¢ ~* on both sides and comparing coefficients yields

’

_¢U(Fn)=——v"—, ¢U(IF,|)=“i—'—

o) )

3. The uniqueness of the Levi complement

Theorem 2. Let L be a Lie algebra with cone potential and H a compactly embedded
Cartan algebra of L. Furthermore, let S be any Levi complement adapted to H such that
[H N R,S]1={0}. Then for any root w either LS or L“<R.

We shall postpone the proof for a moment. Given this theorem, we can readily prove:

Theorem 3. Let L be a Lie algebra with cone potential and H a compactly embedded
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Cartan algebra of L. If S and S’ are Levi complements adapted to H such that
[HAR,S]=[HNR,S$]={0}, then S=5".

Proof. We set T:=P).~r-(0; L. By Theorem 2 above, we have
SAL*=8SnL"=X

and H+S=H+S =H+ZX, which is a reductive algebra. But the semisimple part of a
reductive algebra is uniquely determined, being just its commutator algebra. So
S=S'=[H+X H+X] 0

Proof of Theorem 2. We want to show that for weQ either L“<R or L®<S. Since
L°=(L*"R)® (LN S), it is enough to show that we cannot have L®n S#{0} and
L? nR#{0} at the same time. Let us assume L® N S# {0} and L°~ R#{0} to obtain a
contradiction. We pick an element s#0 in L® n S. Then

0:=RIs+Rs+R[Is,s]= (L ~ S) ® R[Is,s]

is isomorphic to sl(2,R) if weQp and isomorphic to so(3) if we Q. (There is no other
possibility, since the complexification of ¢ must be isomorphic to sl(2,C) due to the
structure theory of complex semisimple Lie algebras.) Now let us consider* the vector
space

vi= Y (L'AR).

kerv=kerw

This is a o-module, because [L® L* 1= L®*+L°"", We claim that its zero module V,
with respect to the action of [Is,s] alone is trivial. Indeed, if x=),x,eV,, then
0=[[Is,s],x]=Y, w[Is,s]Ix,, so if x,#0 then [Is,s]ekerv=kerw contradicting the
fact that w([Is,s])#0. Furthermore, any irreducible s-module of V has even dimension
because it decomposes into two-dimensional subspaces which are invariant under the
action of [Is,s]e H. Thus if 6 =sl(2, R) then

V=@ nv*

Aodd

where V% is a submodule of type 1 as described in the second paragraph with
multiplicity n;eNgy. Since w([Is,s])>0 for o=sl(2,R), we can assume without loss of
generality that o([Is,s])=2 (otherwise replace s by s/./w([Is,s])). so that [Is,s]
corresponds to the element U esl(2, R) [6, (3.4), p. 62]. Thus the real weight w takes the
value 2 on [Is,s]. On the other hand, the minimum subspaces of V* which are invariant
under [Is,s] are the planes V:=RF,® RIF,, and the values of the real weights for the

*This idea is due to Karl-Hermann Neeb who made me aware of a mistake in the original manuscript.
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spaces V' on (Is,s] are the numbers A—2n which are odd since 2 is odd. This is clearly
a contradiction, and we have ruled out the possibility that o=sl(2,R).

Therefore, 6=s0(3). In this case w([/s,s]) <0, and after a suitable normalization we
can assume that w([Is,s])= —2. Then [Is,s] corresponds to the element 2¢, €s0(3) [6,
(3.4), p. 62]. Now we have seen that [Is,s] acts invertibly on V and hence on all
irreducible subspaces; hence no real weight takes the value —2 on [Is,s] due to the
remarks following Proposition 1. Thus we have also ruled out the possibility that
o250(3) which is the desired contradiction. O

In the introduction we observed a partition of the root system  into the classes Qg
and Q,. Now, as a consequence of Theorem 2, the set Q also decomposes into the
disjoint classes

Qp:={weQ|L°<cR}={weQ|L n R5{0}}
and
Qs5:={weQ|L°< S} ={weQ|L* N S#{0}}.
Now we characterize the elements of H m R with the help of the S-roots.

Proposition 4. The following equivalence holds:

he HNn R<wh)=0 for all weQ.

Proof. “=" Let weQg so that L”<S. Fix an element 50 in L®. Then for all
he H A R, we have w(h)Is=[h,s]e[H n R,S]={0}, whence w(h)=0.
“<" Let h=hg+hs. For all s=55+ ) yc0,5,€S wWe have

0= 3 w(h)Is,=[hs]=[hg,s]+[hs,s].

wels —

€R €S
Thus [hg,s]=[hs,s]=0. As seS was arbitrary, hge Z(S)={0}. Consequently, h=
hreR. O

Note that this is a perfect parallel to the characterization of the centre of K, given by

he Z(K ) <> w(h)=0 for all weQy.
Propostion 5.
(a) Q8.
(b) HN RS Z(Ky).
() (Ky)' =[Ky,Ky]<S.
(d) Putting Zo:=Z(Ky) "n(HNS) and H' :=H n(Ky) we have
=HnNS
—N
H=HnNnR@Z,®H.
=Z(Kpy)
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Proof. (a) Suppose L°<R for some weQg. Fix an element xeL®\{0}. Then
H+Rx+RIx is a compactly embedded subalgebra of the solvable algebra R, hence
abelian. But this contradicts the cone potential of L.

(b) This is an immediate consequence of part (a) and Proposition 4. Indeed, if
he H n R, then w(h)=0 for all weQ32Qy, whence he Z(Ky,).

(c) As a consequence of (a), we have

=H
ﬁ A A
Ky=H® @ L°=(HAR@HnS)D P L=
weﬂ; %{—J wen:‘
=KHf\R S v J
=KynS

This implies [K,, K4]1< S because [H n R,S]={0}.

(d) First of all, if ze Z(K}) is decomposed as z=hg+ hg, then hg=z—hgze Z(K}) since
HnNR<cZ(Ky), whence hge Z,. Secondly, if he Hg is decomposed as h=z+H, then
z=h—-heHnSsincc HSHNS. O

Note that Hg:=H NS is a compactly embedded Cartan algebra of S; the maximal
compactly embedded subalgebra of S containing Hy is

KH, = Zo ® (KH), .
H_J ;V_J
=Z(KH,) =(KH,),

Let us note at the end how the various sets of roots mentioned above behave under
the Weyl group action. Here the Weyl group #  of (L, H) is the set of all equivalence
classes [a] where ae {e**") with «(H)=H and a~ g if and only if a=p§ on H.

Proposition 6.
(a) The Weyl group W operates on Q via

[]*w:=woa™!;

we have L% ' =a(L®).

(b) For all [a]e# , the map o
looon L*.

(c) The sets Qg, Qp, Qg and Qg are invariant under the Weyl group action.

+ preserves the complex structure I of L*; ie., 0ol=
L p

Proof. (a) There is a root A of the pair (Lc,He) such that w=—i2|,,; then
L=(LE¢® LE*) n L. Now let [a] € . We consider a as an automorphism of L leaving
invariant the real form L. Then it suffices to show that Jea™' is a complex root

Aoa~1

satisfying L¢**™' =a(L{). But this is true, because for all xe L} and all he H; we have
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[hax]=af[a™'h, x J=a(Ma th)x)=(Loa™')(h)ax.
eHe eLi
(b) Let xe L® and choose he H such that w(h)#0. Now we have [h, x]=cw(h)Ix. Thus
on the one hand, we have
a[h, x]=o(w(h)Ix) = w(h)olx.
On the other hand, we have
afh,ax]=[ah, ax J=(wooa ') ah)lax=w(h)lax.

eHelLe='

A comparison yields afx = Iax. Since L* = @wem L®, we have acl =1oa.

(c) We have a(R) =R for all xe{e*L) because R is an ideal of L. In particular, for all
[a]e# the following equivalences hold:

WEQr<> LS R« L% '=a(L®) SR> woa™ ' eQp.

Thus the invariance of Q; (and hence also that of Q) is shown.
If [a]e, then aele*¥), whence a(Ky)<=K,. As a consequence, the following
equivalences hold:

weQue L°S Ky L2 '=a(LY) S Ky woa Q.
Thus the invariance of Q (hence also that Q) is shown. O

4. An example

Let N be the Heisenberg algebra, i.e.,

2 i L) = X
N=R?xR with |:<t>’(tf>:|_<det(u,“'))'

We consider the semidirect product L=N X ,sl(2,R) where sl(2,R) acts on N as an

algebra of derivations via
u Au
A = .
Explicitly, we have

u u Au'— A'u
L=R?x R xsl(2, R) with ( t),(t’) =< det(u, u) )
A A AA' —A'A
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Clearly, R:=N is the radical of this algebra, and S:=sl(2, R) is a Levi complement. One
readly verifies that

comp L=({0} x Rx {0}) U(R?x R x C)

where C=(compsl(2, R)\{0} = {(Z _b a)

H:={0} x R x Ru (U3=<_01 (1)>>

is a compactly embedded Cartan algebra of L. The condition [H n R,S]={0} holds
because H n R={0} x R x {0} is the centre of L.

We define w: H—R by «(0,t,rU):=r. Then it is easy to verify that Q={+w, +2w}.
The root spaces are

a*+be< 0}. Also,

L°=L"2=R?x {0} x {0}, LZ”’=L'2“’={0}x{O}x{<: _‘s)};

the complex structure I on L* =L® @ L*® is given by

(G 22l Z)

We see that Qg={+w} and Qy={+2w}. Since Ky=H in this example, we have Q=0
and Q,=Q.

Let us remark that the algebra L possesses two one-parameter families of invariant
cones (where one family consists just of the negatives of the cones in the other family).
For details, see [6, (10.4), pp. 143-144].

REFERENCES

1. THeopor Brocker and Tammo ToM Dieck, Representations of Compact Lie Groups (Springer,
New York-Berlin-Heidelberg-Tokyo, 1985).

2. Nicoras Boursaki, Groupes et algébres die Lie, Chapitres 7 et 8 (Hermann, Paris, 1975).
3. NoRrBERT DORR, sl(2)-Tripel in reellen Lie-Algebren (Thesis, Darmstadt, 1988).

4. JoacHiM HiLgert, KarRL HEiNrRICH Hormann and Jimmie D. Lawson, Lie Groups, Convex
Cones, and Semigroups (Oxford University Press, Oxford, 1989).

5. Jean-Pierre SERRE, Algebres de Lie semi-simples complexes (Benjamin, New York-Amsterdam,
1966).

https://doi.org/10.1017/50013091500005332 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500005332

LEVI COMPLEMENTS AND ROOTS 87

6. KARLHEINZ SPINDLER, Invariante Kegel in Liealgebren, Mitt. Math Sem. Giessen 188 (1988),
1-159.
7. Mitsuo SuGIURA, Unitary Representations and Harmonic Analysis (Kodansha, Tokyo, 1975).

DEPARTMENT OF MATHEMATICS
LouisiaNa STATE UNIVERSITY
BaTon RouGe

LA 70803, USA

https://doi.org/10.1017/50013091500005332 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500005332

