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Abstract

We study a collector’s problem with K renewal arrival processes for different type items,
where the objective is to collect complete sets. In particular, we derive the asymptotic
distribution of the sequence of interarrival times between set completions.
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1. Introduction

The original collector’s problem deals with the probability distributions arising when col-
lecting complete sets from sequentially arriving items of K different types. For recent work on
this classical problem and its ramifications, we refer the reader to [1], [4], and [6]; for surveys
on discrete-time models (i.e. new items are obtained at every time instantt = 1, 2, .. .), see [2]
and [5] for more recent contributions and [7] for older work.

In this paper we tackle the situation when the arrival times of the items are random, which
to the authors’ knowledge has not been studied before. In principle, we can consider a general
marked point process on (0, co) with one of K different marks assigned to each point. The
times of interest to the collector are the arrival times of points completing a set of K points
with different marks. Each completed set is immediately put aside and the waiting for the
completion of the next set begins. In this paper we will study the sequence of intercompletion
times in the special case that, for every mark k € {1, ..., K}, the arrival times of items marked
k form a renewal stream. We will suppose that the K renewal processes are independent, but
our results will also be seen to hold under a slightly weaker assumption.

Technically, let {Xﬁ |n > 1}, k = 1,..., K, be K independent sequences of indepen-
dent and identically distributed (i.i.d.) positive random variables with distribution functions
Fi,..., Fg. Let Sg = 0 and S,’f = Z?:l Xl’.‘ for n > 1. In our setting, S’f, S’z‘, ... are the
arrival times of items of type k. Now define M,, = maxj<x<k S,’;; clearly, M,, is the time at
which the nth complete set can be formed.

In the corresponding discrete-time models, the basic collector’s problem is to determine the
expected number of items arriving before obtaining a complete set. In our situation we can start
by deriving the expected value of the time T of the first completion and the expected number
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of items of type k obtained before 7. Of course, 7 = maxj<k<kx X 11‘, so that

00 K
E(T) = / g(l -T] Fk(t)g> dr.
0 k=1

For the expected number of items of a given type that have arrived before 7', we obtain the
following result.

Proposition 1. Let Fy, ..., Fx be continuous. Let Ni(t) = Zzozl F"'(t) be the renewal
function associated with Fy. (where F"* denotes the n-fold convolution of Fy with itself). Then
the expected number of items of type k obtained before time T, say my, is given by

me= Y /0 Nk(x)g( I1 Fl(X)g>dFj(X)- ()

1<j<K le{l,....K\{k,j}
j#k
Proof. The assumption that F1, ..., Fx are continuous excludes ties with probability 1.
Forany k, j € {1, ..., K}, let m_;(x) be the conditional expected number of items of type k

obtained before time T given that T = X { = x. Then my x(x) = 0 and, for k # j, we have

my, j(x) = E(number of items of type k obtained before time x | X Il‘ < X)
Y Np(x —1)
=1 +/(; —Fk(x) dF; (1)
(Ni * Fi) (x)
Fr(x)
Ni(x) — Fi(x)
Fr(x)

=14+

=1+

Ni(x)

= . 2
Fi(x) @

Note that Fy(x) = 0 implies that Ny (x) = 0, and, for those values of x, we set the right-hand
side of (2) equal to O (which is obviously the value of m;(x) in this case). As

P[ max X! = X] ¢ dx] = (H Fl(x)> dF;(x),
I1#]

1<i<K

deconditioning in (2) yields

o Ny (x)
my = /0 3 ka(l_[ Fz(X)) dF; (),

Jrj#k L 1#]

which is tantamount to (1).

The main results of this paper concern the sequence Y,, = M, — M, _; of intercompletion
times. Of course, Y1, Y2, ... are neither independent nor identically distributed. We could try
to approach Y,, by embedding M, into a complicated high-dimensional Markov chain, say Z,,.
The components of Z,, are M, itself, the index «, for which max;<x<xg S,’; is taken, and, for

everyk € {1, ..., K}\ {«,}, the sequence (Sffﬂ. 1{S§+j§Mn})j21, indicating the arrival times of
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all the items that are still present just after the first n complete sets have been removed. We will
not follow this idea but use a direct method to determine the asymptotic distribution of Y,,; our
approach will then be extended to also derive the asymptotic distribution of the tails of the entire

sequence (Y,4+n)n>1 as n — oo. We will show that if the means u1, ..., ug and variances
012,...,0[2( of Fi,..., Fgarefiniteand ) = pup = -+ = gy > ko1 = -+ > (g, then Y,

converges in distribution to the mixture leozl 71,1:0 Fi, where the weights 77,° can be defined in
terms of i.i.d. N(0, 1) random variables Z1, ..., Z, by

7 = PlogZy > max{oeZy | 1 < € < ko, £ # k}].

Itis interesting (and maybe counterintuitive) to note that, for kg = 2, the weights are independent
of the variances 012 and (722. Since 01Z1 — 0275 is normally distributed with mean 0, its
distribution is symmetric around O so that

JT12 =Plo1Z1 > 02Z] =Plo1Z1 — 0272 > 0] = %

and, of course, 7722 = % also. For kyp > 2, the weights do depend on the variances in an intricate

way. We will show how to compute the n,fo in closed form. The weak limit of the entire
tail sequence (Y,+n)n>1 as n — 00 is given by the mixture of independent i.i.d. sequences
(Xk, X’z‘, ...) with the same mixing coefficients nlfo, k = 1,...,kp. We also present an
extension to the case of infinite variances, using the theory of stable laws.

2. The core result

In the proofs below we need the following general proposition for which no reference could
be found. Let ‘2’ and ‘%, denote convergence in distribution and in probability, respectively.

Proposition 2. Let G and G,, n > 1, be disgribution funDctions, and let &, and n, (n > 1) be
random variables such thagén ~ Gpandn, — 0. If G, — G and 0 is a continuity point of G,
then 1ig, +n,>0) — L{g,>0) = O.

Proof. All we need is to show that the probability that 1(¢, 1,0y — 1{,>0) is not O converges

to 0. For any € > 0 for which —e is a continuity point of G, we have

P&, +nn > 0,8 <0l =Pln, > =&, & < —€] +Plny > =&, —€ < §, <0]
<Py, > €] +P[—€ <§, <0]
— G(0) — G(—€) asn — 00, 3)

and since 0 is a continuity point of G, the right-hand side converges to 0 as € |, 0. Similarly, if
€ > 0 is a continuity point of G,

P&, + 1, <0, & > 0] =Pln, < &, & > 0]
=Py < =&, §n 2 €]+ Py < =61, 0 < §,y < €]
=Pln, = —€e]+P[0 < §, < €]
— G(e)—G(0) asn — oo, “4)

and the right-hand side converges to 0 as € | 0.
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Corollary 1. Ler G* and Gk be distribution functions for k=1,. K and n > 1, and
let ék and nn be random variables such that Ek ~ Gk — Gk and nn S0asn — oo for
k=1,..., K. Assume that 0 is a continuity point ofG1 ., GK. Then

K K
.
[Tl om0 — [ Liggs0) = O o)
k=1 k=1
Proof. Obviously,
1_[ Ligkints0p = H(<1{§n+n k>0 — Ligk=0p) + Ligk=oy)- ©)

By (6), ]_[,{(:l 1{§,§+n’,j>0} - Hk:l I{S’I;>0} can be written as a sum of products, each having at
least one term of the form 1{$5+,7£>0} — I{E,ﬁ‘ 0} for some k € {1,..., K}. Since this term
converges in probability to 0 as n — o0, it follows that each product and, hence, also the whole
sum converges in probability to 0.

Now let {Xk |n>1}, k =1,..., K, be independent sequences of i.i.d. positive random
variables with distributions Fg, and call their means u; (when finite) and their variances O’k2
(when finite). Let SO =0 and, forn > 1, Sk Zl 1 Xk In our settlng sk Sz, ... are the
arrival times of items of type k. Finally, we set M,, = max;<x<k S so that M, is the time at

which the nth complete set can be formed, and Y,, = M,,—M,,_1. Of course, the intercompletion

times Y1, Y2, ... are neither independent nor identically distributed.
Theorem 1. Assume that F), ..., Fx are continuous distribution functions with finite means
Ui, ..., g and finite variances 012, ey 0,2(, and that the means are equal: (1] = --- = g =

w. LetZy, ..., Zg bei.i.d. N(0, 1) random variables that are independentof{X,’j |n>1, k=
1,..., K}. Then, with

k =argmax{oyZ;y | k=1,..., K}, 7)
we have
K
Y, > X = > Xt ®)
k=1
where 11, ..., Ix are {0, 1}-valued random variables that are independent olel, e, XIK and
have the joint distribution
P[(11,...,Ix) = ex] = PloxZy > max{o¢Z; | £ # k}], 9

where ey is a unit vector with a 1 in the kth coordinate and 0 elsewhere.

Proof. We first note that

K
M, = Z sk Ligksst.e2ky  almost surely (a.s.), (10)
k=1
which implies that
Yy = My — My_1
K
(11)
Z Lt st ety T 20 Silistostionn = Lst o5t o) 2.
k=1 k=1
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If we can show that
Ligks s 0tk) — l{sk >SE ek =0 (12)
then this would immediately imply that

K
k P
Z Sn (st stiezk) — l{sj_,>sﬁ_l;e;ék}) — 0. (13)

Actually, (12) implies that the probability that the sum in (13) is equal to O tendsto 1 asn — oo.
Thus, it will be enough to show (12) and that

K
k D
an 1{S§,I>sﬁ,l;e;ék} - X7. (14)
k=1
Now fix k. Letting
k 14
g( Sp—1~ Su_1 and ng:X§—Xﬁ
" vn—1 " n—1
we can write
stoston — st st ey = | [ Lgtrng=0 = [ T Yigt=0) - (15)
04k 0k

Since E(Xf)2 < 00, we have (X£)2/n — 0Oa.s. and, thus, nﬁ N 0 (in fact, even a.s.). Rewriting
£ as
Sy —(—Du St —(@m—Du
£ = o — o= : (16)
opvn — 1 o/n —1

it can be seen that g,f Y oxZy —o¢Zy ~ N(O, akz + 052). The distribution function of the limit
is continuous everywhere, in particular at 0. Thus, the conditions of Corollary 1 are met and,
thus, (13) indeed holds.

Next we note that

k n
DXLt st e = XN as, (17)
k=1

where «,, = argmax{Sff1 | k=1,..., K} is independent of (X,i, R X,’f), which in tugn is
distributed like (X1,..., X IK ). Thus, to complete the proof, it suffices to show that k, — «.
This can be concluded from

Pli, = k] =P[S* | > 8¢ ;¢ #k] =P[min{gf | € £k} > 0], (18)

where the El are as in (16). Note that (E )ge{l LKN\{k) 1s of the form (V,f‘ — an)ge{l,“”](}\{k},
where V1 VK are independent and V > o¢Z1. Hence,

D
EDvettknik) = OkZk — 00 Ze)ee(l.. K)\k) aST —> 00,

As the function #: RE—! — R defined by h(uy, ..., ug—1) = min{uy, ..., ug—_1} is contin-
uous, it follows that min{é,f | £ # k} converges in distribution to min{ox Z; — o¢Z, | £ # k},
and since the distribution of the latter is continuous, the right-hand side of (18) converges to
P[x = k], as desired.
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3. Generalizations
Theorem 1 can be generalized in several ways.

Extension 1. Instead of assuming that the K renewal processes are independent, it is sufficient
to suppose that the K-vectors {(X,ll, R Xf) | n > 1} of interarrival times are i.i.d. with
a positive definite covariance matrix. In this case the vector (V,, ..., VK) converges to a
nondegenerate K -dimensional normal distribution from which the distribution of « can be
derived.

Extension 2. The means 1, ..., ug do not have to be equal. Let us assume that | = --- =
My > Mkg+1 = -+ - = pg. Write (10) for M, as

ko K
k k
My =) Silistostiozn + D Shlisiostosn  as (19)
k=1 k=ko+1

By the strong law of large numbers,

Sk k
lim  max 2 =41 < lim min 2 as.
n—oo k=ko+1,...K n n—oo k=1,...,kp n

Thus, the second sum in (19) converges to 0 a.s. and can be neglected; the proof can then
proceed as in Section 2.

Extension 3. Theorem 1 gives the asymptotic distribution of Y,,. We can even obtain the
asymptotic distribution of the tail (¥,,4n)y>1 of the entire sequence as n — oo. This
distribution turns out to be the mixture obtained from the infinite product distributions of
the sequences (Xk, X’z‘, ..., k € {1,..., K}, by choosing k according to the distribution
y'rkK = Plox Zx > max{o¢Z; | € # k}]. It suffices to determine the limiting finite-dimensional
distributions. We show that, for any N € N,

Yoo Yoan—1) = (X5, ..., X5) asn — oo. (20)
It is enough to prove that
lim Pl =kni2 =+ =kpyn] = L. 2D
n—oo

Indeed, since
T oo Yagn—1) = QG X0 X0 ),
+

n+l- > An+N-—1
(20) follows from &, 2 k and (21). Relation (21) in turn is an immediate consequence of
lirr;oP[KnH =k, kyony =11=0 forallk,le{l,...,K}, k#1. (22)
n—
To prove (22), fix k and [, k # . Then

Plns1 =k, knsn =11 <P[SE > 8L, 85 <8 0]
=P[R, =0 = Ryrn—1l.
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where R, = Sk — S!. Choose an arbitrary € > 0. We have

P[R, > 0> Rypn—1]1 < P[0 < R, < en'*1 +P[R, > en'?, Ryyn_1 — R, < —en'/?)
= I,(e) + Jy(e).

By the central limit theorem,
lim lim I,(¢) = 0.
e—>(0 n—>o0
Furthermore, R,+nx—_1 — R, has the same distribution as Sllﬁ,_l — Sﬁv_l, which is independent
of n, and, therefore,
lim J,(¢) =0 foreverye > 0.
n—oo

The latter two relations together imply that

lim P[R, > 0= Ry4n-1]1 =0,
n— 00

as remained to be shown.

Extension 4. The distribution functions Fi, ..., Fx do not have to be continuous. If at least
two of the Fj have discontinuities, it is possible that S,’; = Sﬁ = max; Sfl for some n, k, £.

However,
K

k
=< Z |Sn| 1{5,11‘:5,{ for some £#k}
k=1

K
k
M, — Z S Vs> 5. 024)
=1

and, for any fixed indices k and [, k # [, itis clear that lim,,_, o P[S,lf — Sfl = 0] = 0. Therefore,
kp is unambiguously defined on a set A,, satisfying lim,,_, oo P[A,,] = 0. The nonuniqueness of
kn on A, does not disturb the line of reasoning in the proof of Theorem 1. (We may define «;,
in general to be the smallestindex k € {1, ..., K} for which the maximum of Sﬁfl is attained.)

Summarizing, we obtain the following theorem.

Theorem 2. Assume that the K-vectors {(X,ll, e X,If) | n > 1} are i.i.d. with a positive
definite covariance matrix (0ij)1<i j<k and means [ = E(Xﬁ) satisfying u1 = --- =
Mky > Hko+1 = -+ > ug for some ko € {1,...,K}. Let Zy, ..., Zy, be jointly normal

random variables with zero means and covariance matrix (0;j)1<i, j<ky» Which are independent
of IXK | n>1,k=1,...,ko}. Then, with

K:argmax{oklk/zzk |k:1,...,ko}, (23)
we have, for every N € N,
Yrw)n=1 = (X5, X5, X5, ..). (24)

We can also extend the result to the case of infinite variances, using the theory of stable
laws. Again, for simplicity, assume that Fy, ..., Fx have the same mean p. Fix an arbitrary
a € (1,2). We impose the following condition.

(Cl1) Every Fi, k = 1,..., K, belongs to the domain of attraction of a stable law with
exponent «, i.e. there are positive sequences (a',f)nz 1 such that ((a’,j)’1 [S'n‘ —npuDn>1
converges weakly to a stable distribution with exponent «.
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We use some basic facts from the theory of stable laws; see, e.g. [3, Section XVILS5,
pp- 574-581]. It is well known that Fi (a distribution function on (0, 0co)) belongs to the
domain of attraction of a stable law with exponent & < 2 if and only if 1 — Fy(x) is regularly
varying with exponent —a, i.e. x*(1 — Fi(x)) is slowly varying. In this case the constants a’,j
can be defined implicitly in terms of the truncated second moment functions

me(x) = / ) u® dFyc(u)
0

by the relations
(a)?
n—00 nMy, (aﬁ)

Furthermore, it is known that if (C1) holds then

(25)

. XTTYLp(x)
llm _— =
x—>00  my(x)

1 (26)
for some slowly varying function L (x), and

X201 -FKx) 2—-«a
lim = .

X—>00 my(x) o

27)
We need the following additional conditions that the truncated second moment functions grow
proportionally to each other and that the sequences a’,j grow fast enough.

(C2) There are constants cq,...,cx—1 > 0 such that limy_ o mr(x)/mg(x) = cx, k =
1,...,K.

(C3) 0%, (1 — Fy(ak)) < oo for some (and then all) k.
Note that, by (25), condition (C2) implies that

X 172
lim 2= () (28)
n— 00 aﬁ 1)

By (25) and (26), it follows that aﬁ ~nl/ep, (a,f)l/"‘, so that condition (C3) is, for example,
satisfied if E((X”l‘)"‘) < oo and L (x) is bounded away from 0.
Now let Uy, ..., Ug bei.i.d. random variables with common stable characteristic function

G —a) Ta . T
w() = exp{|§| m(cos > 4+ isgn(¢) sin 7) } . eR.

Theorem 3. If (C1)—(C3) hold then

Yo > Y Xk,
k=1

where the random vector (11, . .., Ix) takes the values ey, . .., ek, is independent ole, e,
X IK , and has distribution

Pl(I1, ... 1) = ex] = P[ckUk > r?gcw@], k=1,.... K.
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Proof. 1tis not difficult to see that the proof of Theorem 1 can be imitated provided that we
can show that, for any fixed %,

_, sk st
g = L B - U 29)
n—1
and . .
xk—x
ih =~ —" 5 0. (30)
an—l
Clearly, by (C1) and (28),
£ _ S~ =Du a, S, — =Dy
" a’n‘_l “5—1 “ﬁ—l
2 v -2y, G1)
Ck

proving (29). Next, note that (30) would follow from

n
E P[ T >e:|<oo foralle > 0 32)
n=1 Ay

(which implies that X’,ﬁ/a’;_1 — 0 a.s.) together with (28). Since Li(x) = x%(1 — Fr(x)) is
slowly varying, we have
1 — Fi(ak_je) = (@ _ &)™ Ld*_,e)

~e @k HTUL@ )

= (1 — Fe(d*_)).
Thus, the series Y o, (1 — F (aﬁ_le)) converges for every € > 0 if and only if it converges
for € = 1. Therefore, (C3) yields (32), and the proof is complete.

4. The weights of the mixture for the superposition of independent renewal processes

In the case of independent renewal processes with equal means and finite variances for the
interarrival times (which we considered in Theorem 1), the weights of the limiting mixture are
given by

JTkK = PloxZy > max{o¢Z; | £ # k}].

Conditioning on Z, it is easily seen that nkK can be written in terms of the density ¢ and the
distribution function ® of N (0, 1) as follows:

n,f:/wmx)]_[ob(%)dx, k=1,...,K. (33)

- 0+k

These integrals can be computed recursively. Define the auxiliary functions

00 !
Log(u, .. up) =/ ") [ | @ uix) dx (34)

- i=1
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forn,l € Zy anduy, ..., u; € R;. Clearly,
K Ok ok Ok Ok
T =10,K_1<—,...,—,—,...,— . (35)
a1 Ok—1 Ok+1 oK

For index pairs (n, 0), we have

!
v | n=0,2,4.6,...,
Ino =E[Z]]1= { (n/2)!2"/ (36)
0, n=173,5,....
Thus, if all the /,,; can be expressed in terms of the values I o, k > 0, we obtain explicit
formulae for the nkK . The next theorem provides a suitable recursion.

Theorem 4. Forn € Z4,1 > 1, and uy, ...,u; € Ry, we have

1
DngQuy, .o up) = 5ly—1(ua, ..., up)

+/u1 1 / uy u 0
D o 1 a2y - T T a0 )
(37

Proof. Taking the partial derivative with respect to u1 in (34), using the identities ®" = ¢
and p(X)pu1x) = Qr) Ve + u%)]/z), and making the substitution y = x(1 + u%)‘/z,
we obtain

1
a oo
I (U, up) =/ X o)ix) [ [ @ wix) dx

u
1 i=2

1
o
:f ) Poe( + u) A [ | @ ix) dx
% i=2
00 )
=/ A +up) ™2y em)y P [ [ @iy (1 +uh) ™) dy
o

i=2
n/ae _ up uj
=1 +ud) ™22 +1,1—1< e )
: ! A+ud)27 (A )2
(38)
Integrating (38) yields
TngQuy, .o up) — IO, ug, .. ug)

ui
_ -1/2 2y—n/2—1 uz uj
= (2m) /(; (14 x7) In+1,1_1<(1+x2)]/2,..., (1+x2)1/2>dx. 39)

Since I,1(0, ua, ..., us) = 3Ly 1 (ua, ..., up), (37) follows from (39).
Let us compute nkK for K =2and K = 3.

Example 1. Let K = 2. We have Ip o = 1 and /1 o = 0 by (36) and, thus,

771=10,1 0—2 2510,025
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and, of course, also

2 _ 1
T[Z_E'

Example 2. Let K = 3. In this case 7'[13 = Ilp2(01/02,01/03), 7'[23 = Iy 2(02/01, 02/03), and
7133 = Ip2(03/01,03/02). To calculate Iy 2(u1, uz) using Theorem 3, we need Ip 1(u1) = %
and /1,1(u1). Regarding I1,1(u1), we have, by (38),

1 u1 1
Li(u) =<1y +f ————Dhodx
2 0 2m(14x2)3/2
ui

CV2r (a1

where we have used 1,0 = E[Z(] =0, Lo = E[Z12] = 1, and a simple integral. Next let us
derive Ip2(u1, u2):

(40)

1 “1 1 uz
Too(uy,uz) = = I d
0,21, u2) 3 0,1(M2)+/0 NS 1,1<(1+x2)1/2> X

4 2 Jo A+xHA+x2+u3)l2
4 2 (I +uj+ud)'?)

where we have used the indefinite integral

1 1 ux
dx = ~arctan( ——————— 0.
/(1+x2)(1+x2+u2)1/2 . Can<(1+x2+u2)1/2)’ ‘e

It follows that

2
m=-+ —arctan( %k )
- 2.2 2.2 2 .2 ’
4 27 (oi05 + ojo5 + 0505)1/?

k=1,2,3.
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