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CHARACTERISATIONS FOR ANALYTIC FUNCTIONS
OF BOUNDED MEAN OSCILLATION

JIE Miao

Let a > 0 and let f["](z) be the ath fractional derivative of an analytic function
f on the unit disc D. In this paper we show that f € BMOA if and only if

|.f[<!](z)|z (1 - |z|z)za_ldA(z) is a Carleson measure and f € VMOA if and only

if |f["](z)|2 (1 — |z|z)h_ldA(z) is a vanishing Carleson measure, where A denotes
the normalised Lebesgue measure on D. Hence a significant extension of familiar
characterisations for analytic functions of bounded and vanishing mean oscillation
is obtained.

1. INTRODUCTION

Let D = {2: |z] < 1}. The space of analytic functions on D of bounded mean
oscillation, denoted by BMOA, consists of all functions in H? for which

1 27 ) 2 1/2
sup (27r/ ‘f(cpx(e'e)) — _f()\)‘ d0) < oo,
where 5(z) = (z — A)/(1 — Xz). BMOA is a Banach space under the norm given by

1 2 . ) 1/2
Il8ron = 15O+ sup (50 [ 1£(oa(e) = SO0 a8)

VMOA, the subspace of BMOA, consists of all functions f in H? for which

[ 15 (e) - 0 s =,

hm
|A|—-1-0

1t is well known that f € BMOA if and only if

(1) sup ( L (- m(z)l’)dA(z))l/z < oo,
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116 J. Miao 2]
and f € VMOA if and only if

. 2 (1 _ 2 _
(2) Sm [P (-l )dae) = o,

where A denotes the normalised Lebesgue area measure on D. In other words, f €
BMOA if and only if |f'(z)}? (1 - |z|2)dA(z) is a Carleson measure on D, and f €

VMOA if and only if |f'(2)}? (1 - |z|2)dA(z) is a vanishing Carleson measure on D.
The definitions of the Carleson measure and the vanishing Carleson measure can be
found in (1, 2, 3].

oo
In this paper we consider fractional derivatives. Let f(z) = Y. an2z™ be analytic
n=0

on D and a > 0, the ath fractional derivative of f is defined by -

oo

o I'n+1l+a n
£ ](Z)=ZL—;|———)-anz ,
n=0 :

and f["‘](z) is analytic on D. We allow fractional derivatives of f to appear in place
of f' in the integral on the left of (1) and (2). Hence a significant extension of the two
characterisations for BMOA and VMOA is obtained.

For our purpose let us recall the definition of the Bloch space. The Bloch space
B consists of all analytic functions on D for which Slelg (1 - |z|2) |[f'(2)] < oo0. Bisa

Banach space under the norm given by
1£1 = 1£(0)] + sup (1= 12%) I£'(2)]
zeD

The little Bloch space By, a subspace of B, consists of all analytic functions on D for

which | Ilim (1 - |z|2) |f'(2)] = 0. It is known (see [5]) that BMOA is contained in
z|—1-0

B and VMOA in By, and there is a constant C such that

(3) Iflls < ClifllBMOA -

Throughout this paper C' denotes a positive constant, not necessarily the same at each
occurrence, it is independent of f and A.

2. EXTENSION OF CHARACTERISATIONS

Our main result is the following theorem.
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(3] Analytic functions 117

THEOREM. Let a > 0 and let f be an analytic function on D. Then
(I) f € BMOA if and only if

sup ([ #9112 (1= raf)asa) < o

AeD

(II) f € VMOA if and only if

|)‘|—»1 o/ If["](z)

The proof of the theorem is based on three propositions. After these results are

(1=1e7) 7" (1 - loa(a) ) da(z) = .

established, the conclusions of the theorem are easy to obtain.

PROPOSITION 1. For an analytic function f on D the following two quantities
are equivalent:

) Jplf @) (1= lea2)?)da(z) + (1= ) 1F(O)P,
@) fp [ (1 - leaz))dA).

ProorF: A straightforward computation gives

(4) 1-|pa(z)]” = (1 e )S : i ), (2, z € D).
Il — )\zl

Let f(z) = i an2". Then f'(z) = i na,z""! and fll(z) = i (n + 1)anz™. Since
n=0 n=1 n=>0

1/(1-2%z) = § A" 2™, we set

n=0
flll(z —Zb,.z and f'(z)1 1 =n§cnz",

where b, = ) (i+ 1)a,-ij and ¢, = Y (i+ 1)a;+1:\_j. Now Parseval's formula

i+j=n it+j=n
shows that
2 1- IZI _ leal®
(5) /If()l TR - z(n+1)(n+2)
and

©) J el dA( "Z(-nrlff(iw-
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118 1. Miao 4]

We can suppose that A # 0. It is easy to see the equivalence for A = 0. It follows from

ba/3" = 3 (i+ 1)ai/X that an/A" = (1/(n+1))(b,./i“ -b,._l/X"“) forn>1.
A=0

Thus for n > 0 we have

n41 . n+1 .
~n+1 a; -—n+1 [ i
Ch= A — =2 E - ( -

n+1 ~n+1 i 1 b;
=2 =2 SR SE—
nt2 ‘Z(z+1)(z+2))‘

Similarly for n > 2 we have

~n id ‘L+1 a; _ 3" ” +1 i— - - ~n
n = A Z( ) = Zzz (CTI—; 1)+2a1A + apA

n-—-2

Cnot + X Z(Hl)(wz)_‘ﬂ +aoX,

=0 =2

_n+1

bo = ag and by = 2Cy + aoX. First we show that quantity (i) is dominated by quantity
(ii). By Holder’s inequality it follows that

—ntl — 1 b;
A —_— T —
Zi:o E+1)E+2) R

LS b
<C L N
§(¢+1)2

Hence

]Cn| 3 2 = |b-|2
> oty O \Z(n—;m(wmi vy B )+|o|

n=0 =0

SR - L
S C<E (n+1)2 > (i 41)? E (n+1)(n+2)>

n=0Q =0 n=t1
< Z

For the converse, we use the same method to get

L | - 1 2 - |Ci|2 2 2
<CY —— | lenal? + + lco)? + |a
Z(n+1(n+2) ,,22:2(n+1)2 fen-il 2:(i+1)2 leol” + faal

(n+ 1)

n=0 =0
<cC i leal” 5+ 1F(O)1 ).
n=0 n + 1)
This completes the proof of the proposition. 1]
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REMARK. By Proposition 1 we actually have

) I1mmon =~ sue ([ 9] (1 - m(z)l’)dA(z))l/z,
and f € VMOA if and only if
® ] (-l o

The following result is a main step to prove the Theorem.
PROPOSITION 2. Let f be an analytic function on D.
(i) If a>0,then

L@ (1= teae))aac)
D
<C /D e[ (1= 127) 7 (1 = lpate) ) aa ().

(i) If a>1/2, then

/D If[ml(z)l2 (1 - |z|z)z(u-1)(1 3 |<p,\(z)|2) dA(2)
< C/D ljrlll(z)‘2 (1 _ |¢p>‘(z)|2)dA(z).

HF0<a<1/2,then

ARG

<C ( /D )| (1~ loa(2)) daz)

+ [ || (=) )™
D

Il—lez
for all B € (0, ).

(1= 1) (1= lor(2) ) d2)

dA(z) |,

PROOF: Let f(z) = i anz". Then flol(z) = f: (T(n+1+ a)/n)a,z™. We set
n=90 n=0

1 oo 1 00
[1] —_— n a] — n
PR = n§=0: baz" and fl (2= = ,.Zzod"z ,
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120 J. Miao (6]

where d, = Y (T'(G+1+ a)/z')a,,A and b, is the same as written in the proof of

itj=n
Proposition 1. It follows from (4) and Parseval’s formula that
(9)
J @) (- 1) 7 (1 - lor@)P) 44() = (1 - AF) 3 Bln +1, 2) ldnf?,
D )

n=0

where B(n + 1, 2a) = 2f01 2 (1 - 2)2a_1 dr = (I'(2a)(n +1))/T(n + 1 + 2a). We
can also suppose that A # 0. Then as in the proof of Proposition 1, for n > 1 we have

_ G+ 1) di  di
b= 5 (5t

_ (i+1) d; (n+1)!
= (@=1X ;I‘(i+2+a)§+r(n+1+a) ™

on the other hand, for n > 1 we have

T(z+1+ b;
=TT+ e +3° E%T»ﬂ(ﬁ‘x‘-i)

‘T(i+1+a)b; T(n+1l+4a)
=@ -ap” E G+2)! ¥ (n+l) b

and do = I'(1 + a)by . By Stirling’s formula we know that I'(n + 1 + a)/n! = (n + 1),
B(n +1, 2a) ~ (n+ 1)7**. Using this fact and Hdlder’s inequality we get

’gc ((n +1)72%%2 |d, | + (2": ((+1)~° Ida-l) )

i=0

< C((n+ 1)-—2a+2 ldnlz + (i: (i + 1)—1/2) (i i+ 1)—2a+1/2 |di|2))

=0 =0

< C((n+ 1)—2a+2 ldn|2 + (n + 1)1/2 Z(t + 1)—2a+1/2 |d1|2);

i=0
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thus

L
Z “(n+1)(n +2)

(Z (n+1)7%|dn)® +E(n+1)_3/22( 1) 2+ |dl>
(Z(nﬂ)"z“ldnl +Z(z+1)‘2"+1/2 \d;[? Z( +1)-3/2)

< cz (n+1)7%*|d,|?* < C’ZB(n +1, 2a) |da|?.
n=0 n=0
In view of (6) and (9), this proves (i) of the proposition.
To prove (ii), we treat the case @ > 1/2 and a < 1/2 separately. Given a > 0, we
can choose a positive number B small enough such that a — 8 > 1/2 for @ > 1/2, and
a—f>0 for 0 < a<1/2. By the same reason we have

(10)
n b 2
dal* < C ((n+ 172 fbal* + A (Z (i+1)7 L‘#) )
=0
n n 12
C<(" + 1227 bl + A" (Z G+ I)Zﬂ_l) (Z . l)m_ﬂ)_s%))
=0 =0

o . n ) B b,‘ 2
C((n + 1)2 2 |bn|2 + IA|2 (n + I)Zﬁ Z ('l, + 1)2( B) 3%) .
i=0

The case a > 1/2 is easier:
ZB(n +1, 2a) |ba|?

(Z (n+1)7" 5af* + Z (n+1)72?P Z (i +1)2=A)=3 g,

)
)

= C(Z (n+1)"2bal* + Z E+ 1)2(«:-/9)—3 |bs 2 E (n+ 1)—2a+2ﬁ

n=0 =0 n=i

<CY (n+ 1) bl

n=0

since —2a + 20 < —1. The first part of (ii) is proved.
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For a < 1/2, the above method fails o work, so we need to modify the argument.
It is clear that we need only consider the following term:

n = . a—-B)— biz
Sn =" (n+ 1)y (5 +1)"P e

1=0 |A‘2i
[n/zl lb|2 n ‘blz
LGRSV DN A R D DI (RS v
i=0 [Al i=[n/2] [Al
(/2] n lb'lz
< IAIn (n + 1)2ﬁ Z (1’ + 1)2(a—ﬁ)—3 lbi|2 + (TL + 1)2ﬁ Z (‘l. + 1)2(a_ﬁ)—3|—/\‘|7;~
i=o i=[n/2)

Hence
(11)
oo
}:B(n +1,2a)S,

n=0

oo [n/2]
< C <E (n + 1)—2a+2ﬂ |A|n Z (1' + 1)2(a—ﬁ)—3 lbilz
n=0 =0

+ Z (n + 1)—2a+2/3 Z (‘l: + I)Z(Q—ﬂ)—s Ibglz)

n=0 i=[n/2)

<C (( S (n-+1)72478 |A|") (i (i 1) |b.-|2)

n=0

oo 2141
FY DSBS 1)‘“‘“”)

=0 n=1

< c((l — AN (4 1) P+ D (n+1)7 |bn|2),
n=0 n=0

where we used the fact that 3 (n41)"|A|” < C(1 —|A|)™""" for 4 > —1 in the last
n=0

step. Again Parseval’s formula and Stirling’s formula show that

(1 3 lllz) 2-2(a-p)

|1 _-lez

(12) i (n+ 170 = [ |7 dA(z).

Combining (10), (11) and (12) shows that the second part of (ii) holds. This completes

the proof. 1]

To give the third proposition, we need two lemmas.
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LEMMA 1. Let f be an analytic function on D.
() If f € B, then sup (1 - |2I*) [f)(2)] < Cfllg-
z€D
. . _ 2 {1] =
(1) If f € Bo, then lzlligl—o (1 |z ) |f(z)] = 0.

PROOF: Since fll(z) = f(z) + zf'(2), we have

|| < 1) + 17 (2)].

For f € B, we get
(1= 12P)1f2) = (1 - 1)

< (1 - Izl’) (/om If' (M) d x|+ If(0)l>

sWhO—M?LMﬁﬂf+04ﬁyﬂw

<l (1= 1) tog =77 + (1= 1) 17O

/0 ’ Fi(0)dx + f(O)I

Then statements (i) and (ii) follow at once from the above inequalities and the definitions
of the spaces B and By. 0

LEMMA 2. [4,p29]1)fy> -1and m>1+v,thenfor0<p<1,

./o1 (L-pr) ™1 -7)"dr<C(1- P)H"Y""‘.

PROPOSITION 3. Let 0 < a £ 1/2, 0 < B < a and let f be an analytic
function on D.

(i) If f € B, then

S“P/D|f[1](z)r (1 - || )

AeD

—2(a~-B) (1 B II\IZ)Z(a—ﬁ)

1 - Xz|”

dA(z) < CIfII%.

(i) If f € By, then

, (1 _ lZI:‘,)z—Z(a-ﬁ) (1 _ |’\‘2)2(0!—19)
|l - Xz'2

dA(z) =0.

S [ |#e)
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PROOF: For f € B, using Lemmas 1 and 2, we have

, (1 _ |z|2)2—2(d—ﬂ) (1 B |A|2)2(a—ﬁ)
/D | fm(z)| T dA(z)

(1 _ |Z|2) —2(a-p) (1 3 IAlz)z(a-ﬁ)
|1 — lez

<cifs [, dA(z)

. Aa—p) ! (e -
<oy (1-7)" " [ a =00 pin e
2a—B) (e

<Clfly (1-1AF) " A= <olfl-

Thus statement (i) is proved.
If f € By, according to Lemma 1 (i), for any ¢ > 0, we can choose a positive

number p sufficiently close to 1 such that (1 - |z|2> |f[1](z)| <efor p<lz| < 1.

Then s v
Y T 2\
/p<|z|<1 If[ll(z)’z (1 |2| ) . XS: [A| ) 14() < e,

On the other hand,

2(a-8) [P
<cifiy (1-F)" " [Ta-n 0

Now p is fixed and if 1 —|}| is sufficiently small, then the last quantity can be less than
or equal to C||f ||2Be Combining the above inequalities shows that (ii) holds. This
completes the proof of the proposition. 0

PROOF OF THEOREM: By Proposition 2 (i), (7) and (8) it is easy to see that
the conditions in (I} and (II) are sufficient for containment in BMOA and VMOA,
respectively.

The necessity part of (I) follows immediately from Proposition 2 (ii), (7), Proposi-
tion 3 (i) and (3). The necessity part of (II) follows immediately from Proposition 2 (ii),
(8) and Proposition 3 (ii). This completes the proof. 1]

Finally, according to familiar characterisations of Carleson measures and vanishing
Carleson measures (see for example [1, Lemma 3.3, p.239]), we state our theorem as
the following corollary.

https://doi.org/10.1017/50004972700011722 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700011722

[11] Analytic functions 125

COROLLARY. Let a > 0 and let f be an analytic function on D. Then

2a—1

(I) f € BMOA if and only if |flol(z)|* (1 _ |z|2) dA(z) is a Carleson
measureon D. et

(I) f € VMOA if and only if |fl*)(z)|” (1 — |z|2) dA(z) is a vanishing

Carleson measure on D.
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