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Abstract

We prove that in a non-isotropic Euclidean space, homogeneous Lipschitz spaces of distributions,
defined in terms of (generalized) Weierstrass integrals, can be characterized by means of higher
order difference operators.
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Homogeneous Lipschitz classes on the n-dimensional Euclidean space were
first introduced and extensively studied by C. Herz (see [8]); he defined them
by means of higher order difference operators.

Another approach had previously been developed by M. H. Taibleson (see
[18], [19] and, for further results in this direction, [2] and [13]), who defined
non-homogeneous Lipschitz spaces in terms of Weierstrass integrals.

The main purpose of this paper is to prove that, in the homogeneous case,
these two points of view give rise to equivalent spaces of non-isotropic R”.

To do this we need non-isotropic higher order difference operators and a
substitute for the Weierstrass kernel. Non-isotropic difference operators were
introduced by Soardi in [15]; he also defined the homogeneous
Lipschitz spaces A;>.* (in our notation) and studied their connection with
some Morrey-Campanato spaces (see also [12] for related results).
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2] Non-isotropic homogeneous Lipschitz spaces 241

A fundamental solution of a suitable hypoelliptic differential operator pro-
vides a kernel with the required properties in the case when the dilations are
diagonal and with rational eigenvalues (see [4] for related kernels on nilpotent
groups).

Non-isotropic Lipschitz spaces had previously been studied also by A.
Torchinski (see [20]) from a very general point of view. However he consid-
ered non-homogeneous spaces and his treatment did not cover the case p = 1;
moreover his methods are considerably less direct and elementary than ours.
For some related results and material about Lipschitz spaces see also [10] (on
the Heisenberg group), [3], [4] and [6] (on stratified groups) and [11], [14]
(in a very general context).

Our paper is organized as follows.

In Section 1 we define A?? to be the space of tempered distributions
whose generalized Welerstrass mtegral satisfies a suitable growth condition
and prove that A?? /p* are equivalent provided k > a. Note that our proof is
elementary and dées not involve the theory of the Morrey-Campanato spaces.
As a consequence of the techniques developed, we obtain a useful characteri-
zation of Lipschitz spaces and we give an application to non-isotropic Bessel
potential operators.

In Section 2 we prove our main result, the equivalence between Lipschitz
spaces defined in terms of (generalized) Weierstrass integrals and in terms of
higher order difference operators.

I wish to thank Professor P. M. Soardi for many valuable conversations
about the subject of this paper.

0. Notation

Suppose that {4,},.¢ is a group of linear transformations R” of the form
A, = diag(t#,...,tP"), pj > 1 rational, j =1,...,n.

We set p = (p1,...,Pn), and Q = p; + --- + p, is the homogeneous
dimension of R". We shall write tx instead of 4,x. We use standard
notation for multi-index; [I| will denote the length of I and its homoge-
neous length is defined as d(I) = pyi; + -+ + pnin. The set of the num-
bers of the form d(/), when I ranges over the multi-indices, is denoted by
F(p). If I,J are multi-index, J < I will mean j; < iy, k = 1,...,n. If
P(x) = ¥_ayx’ is a polynomial we say that P has homogeneous degree r if r =
max{d(I)|a; # 0}(x! = x]' - - xir). We use the following notation for deriva-
tives

9 . 0 D! = ﬂ_
p) x{‘ L
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If r € F(p), r > 0, we denote by " the linear space of the polynomials of
homogeneous degree strictly less than r. Finally C will denote a constant,
not necessarily the same in two different formulas.

1. The spaces A24

Let D be a positive integer such that D/4p; is an integer (j = 1,...,n).
The differential operators

n
L=ZD§’/”’, & +L
i=1

are easily seen to be hypoelliptic (in R" and R**!, respectively); L is positive
and will play the role of —A. We also need a substitute for the Weierstrass
kernel, which is given by the next proposition.

PROPOSITION 1.1. There exists a fundamental solution K(x,t) of 8, + L
which vanishes for all t < 0 and such that

(i) K € C®(R"\{0}) and K(-,t) € S(R") for all t > 0,

(ii) K(=x,t) = K(x,t) and K(rx,rPt) = r—2K(x,1),

(iii) [z K(x,2)dx=1,1>0,

(iv) K(-,t) * K(-,x) = K(-,t + ), 5,t > 0,

(v) if 1 < p < oo, then |8/"D'K (-, t)||, < Ct=mdW)/D=C/Dr' where p' de-
notes the conjugate index of p.

PROOF. Set
/ e2miX—IPQ) g if t > 0,
K(x,t) = n
0 if t <0,
where P is the total symbol of L. It is easy to verify that properties (i)—(v)
hold.

For every tempered distribution f we set f(-,#) = f* K(-,t). Suppose that
keF(p),k>a>0,1<p<oo If fe§(R") set

oo q
( / (1d=e)/D| pl f(-,t)||,,> L if1<q<oo,
Npa(h =4 Vo ’

sup t@=/2 DI £ )|, if g = oo,
>0
and
(1.2) NPA(fY= > NPAS
d(>k,|I1|1<k

https://doi.org/10.1017/51446788700031670 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700031670

[4] Non-isotropic homogeneous Lipschitz spaces 243

where k denotes the smallest integer not smaller than k. We define Af;:‘; as
the linear space of all f € S'(R") such that N7'7(f) < oo.

(1.3) REMARKS. (a) Since NP4(f) = 0 for every f € p*, NJ'J is not a norm
on Azf,. Nevertheless N,’(’,’Z is a norm on the quotient space Aﬁz‘c’, ok,

(b) If & < k1 < kp, then AL # A} ; for a polynomial P € 92\ pkt belongs
to AP?, but does not belong to A} " . However AYY / Pk and AY/ pk2 are
equlvalent spaces as will be proved m Theorem (1. 5)

(c) If 1 < g1 < g2, then AL? — AP%, The proof follows the same line as
the proof of [18, Lemma 9] (see also [16 Proposition 10]).

We prepare the following lemma, which is a non-isotropic variant of [18,
Lemma 4*].

LEMMA 1.4, Let f be a tempered distribution. If y > 0 and c’),j f(x,t)—0
ast—oofor j=0,1,...,m—1, then

([ ersconr®)” s ([“wnar o)™

If ¢ = oo this means
sup 71|, )l < Csupt’"”lla’”f( Dllp-

We now come to the proof of the equivalence result alluded to in Remark
(1.3)(b).

THEOREM 1.5. Let 0 < a < k; < k.

(i) If NP9 (f) < oo, then NEA.(f) < N22(f).

(ii) If Ng2(f) < oo, then there exists P € gk such that NJ (f — P) <
CNPA (f).

ki,

PRrOOF. (i) For every tempered distribution f and for every integer s > ki,
define N,‘(’"M f) = Ed(l)zku,lllss N{f(ﬁ. Clearly N,fl”‘fx(f) < NP9 (f). Let

ky,a,s
now / be a multi-index such that k; < }I| < s. Then there exists a multi-index
J < I such that |J| = k; and we get

1D S 0)llp = 1D/ DI £, 1)l
= D7 f(-,4)2) + D'V K(-,1/2)|),
< CIIDY £ /)01
whence N7 I(f) < CNTI(f). Since
NZA(f) < CNPE L (f) < CNZA(),

(i) is proved.
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(ii) Suppose first that k; is the antecedent of k; in F(p). Then k| < k; <
ki + D. Moreover N7'%(f) < oo by Remark (1.3)(c). Given f € S'(R"), we
can write F(x,t) = P(x,t) + R(x, t), where

P(x,n)= Y wx’,
d(J)<k, ’
R(x,t) = Z D_ij(o_tzxj+s/l(1_w)s"lzwxjdw

d(J)>k; : 0 |7]=s
|J|<s

(here s denotes any integer such that s > k;). Consider the coefficients
D’ f(0,1) of the terms of maximal homogeneous degree (that is of homo-
geneous degree k) in P(x,t). Then (suppose u > t),

D’ £(0,u) - DY £(0,1)] = ' / “8,D7 £(0,5)ds

< /|DMf0s|ds

d(M)=k,+D

< X [ UDMse DIk s/ ds

d(M)=k;+D
< lew(f)/ s—{@/p+ki+D—-a)/D g
S WNpa
t
< t—(Q/p+k'+D_a)/Dle{:° €2

which tends to 0 as ¢t — oo.
Let now P, be any polynomial in p*2 such that the coefficients of its
leading terms (that is the terms of homogeneous degree k) are exactly

. D7 f0,t
CJ:)B&%)'
Consider
Pral,0) = (Pt KON = [ 3 cslx—yY K00 dy
R 4(J)<k,

= ¥ a2 () [ e vrwanay

d(J)<ky M<J

Notice that P, (x,?) is in p* as a function of x for every fixed ¢ > 0. More-
over its leading terms coincide with c;, as is easily seen by inspection, and
do not depend on . Now form the difference (f — P )(x,t). From the above
discussion it follows that for every multi-index I of homogeneous length k;

D'(f = Poo)(x,t) = D'(f(:,8) = P(-,1))(x) = D' R(x, ).
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Since
_ o DI xJ
ID'R(x,0)| < C Y No®(f)=(@/p+d) ol 5’ )|
d(J)>k !
|J|<s
1 o
+C/ (1 -w)y! Z w|M||D-’+Mf(wx,t)||D J('x )Ida)
0 J|= !
i

< NP (fyr-@lptha=al/D £ 3™ DI(xT) 4+ 3 |DM (x7))

d(J)2k, |J|=s
|7]<s M<I

ast — oo,

we have found a polynomial P, € p* such that D!(f — Py )(x,t) — O as
t — co. But, by Hélder’s inequality, we also have

18 D' (f — Poo)(x,8)| < Ct=2PP|18,D f(-,1/2)],
< Cr2P7 NP £, 1/2)
d(J))=D
< Ct9/Pr Z t—(d(1)+d(J)—a)/Dle£j:(f) =0
d(J)=D
as t — oo. Therefore Lemma 1.4 applies and we get

oo 1/q
NI = Po) < C ([~ =, 1~ o) 01,15 )

<SC Y NPEL(f = Poo) S CNEA ()
d(J)=D

< CNP(f)

kz Qa
for a suitable large s; hence (ii) is proved if k; is the antecedent of k. The
general case follows by a repeated application of this result.

(1.6) REMARKs. (a) Theorem 1.5 says that AQ? /p and ALY /e are
equivalent spaces. They are normed with any one of the (equivalent) norms
N,f:: , provided that k > a.

(b) In the case p = g = 00, a proof of part (ii) of Theorem 1.5 was given by
Soardi in [15], while a related isotropic result can be found in [12]. However
the techniques used in [15] are entirely different from ours. The proof is
based on the isomorphism between A°° % and the Morrey-Campanato spaces
L(k,o00,aQ) (see [15] for the notatlon) and on the study of the properties of
these spaces. Our proof is more direct and gives the result for all p, q.

(c) The following statement is a simple consequence of the definitions.
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PROPOSITION. Suppose that f € A2? and I is a multi-index such thatd(I) <
a. Then D! f € Aﬁ’fd(l).

In the following we shall drop the index k and we shall write A2 for any
one of the spaces AL? /pk.

We now introduce another norm in A24, which will be technically useful.
Suppose that k € F(p), m is a positive integer not smaller than fc/D, 1 <
p <00, 0 < a<k. Forevery f € S'(R") we set

([ emermiorse. oy "

| i |1 48 A O 4 —) if 1 <g<oo,
Nymea(f) = 0 ! Pl

sup t"~/P\ o £, )]l if ¢ = oo.

>0

In the isotropic non-homogeneous case, norms of this type have been exten-
sively studied by Taibleson [18] and Flett [2].

THEOREM 1.7. In A%, NP4 and NP are equivalent norms.

ProoF. We first prove that N;7"74(f) < CNDI(f). Since
orf(,0) = (=1)"L"f(,,1)
we have N;P9(f) < 3y yomp Nia (). If I is a multi-index such that |7| <

ki, then N?4(f) < NZ4(f). Let now I be a multi-index such that || > k;.
Choose J < I such that |J| = k. Then d(J) > k. Therefore, by Proposition

11(v),
P £y & d)=a)/Dy =T 1y .4t 172
Nz = ([ ao-rmppi=rp s, it
< CNBA(f) < CNPA()).

Conversely we first notice that N °(f) < oo, by Remark (1.3)(c). Write
p’ for the conjugate index of p. Then for every s > 0,

107 D7 £, )lloo < ID? £, t/ 217K 2/ 2)
< Ct—(d(l)—a)/D—S—Q/pDN’I:,oo(f).

Therefore Lemma 1.4 applies. Setting y = (d{I) — a)/D we have

0o 1/q oo /q
([T seonrd) " c ([T emnor s oneld)
< CNe4(p)

which gives the desired result.
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REMARK. For every y > 0, set
o 0]
G,(x) = F(y/D)"/ 11/P=le=tK(x,t)dt.
0

It is not hard to show that G, (&) = (1+ P(&))~?/?, where P is the total symbol
of the operator L. Now define the Bessel potential operators of order y as
follows

(FNE) =1+ PE) P fE)

Note that %, coincide with the quasi-homogeneous Bessel potential operators
considered in [1]; the explicit knowledge of the kernel G, greatly simplifies
the treatment in [1]. Our definition of Lipschitz spaces makes it easy to show
that, for example

G, € A’;'_’°Q°,,,, (y > Q/p).
In fact, if d(I) > y — Q/p

1D/, < C [~ e DK 4 1)l S
0
dr

©o
<cC / rYIDe=r(r 4 £)=(@1)+Q/p)/D
0 r

< Cr-@-(-0/p)/D,

The last inequality follows integrating by parts. The techniques previously
developed permit us to prove without difficulty the following result (see also
[18] and [8]).

THEOREM. Let g € A},’°°. Then there exists a positive constant C such that
Jor every compactly supported | € A2? we have

N kpasy ([ * 8) S CNPA(S)

where k\,ky € F(p), ky > a, ky > 7.
A simple consequence of the above theorem is the following

COROLLARY. %, maps the functions f € A2 with compact support contin-
uously into ALY,.

We do not pursue the matter any further, but it is clear that many results
concerning the theory of the Bessel and also of the Riesz potentials (see
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[10] for some mapping properties of non-isotropic Riesz potentials) can be
transferred without difficulty to the non-isotropic setting.

2. The main result

Let k € F(p) and denote by N(k) the number of distinct elements of F(p)

smaller than k. Then there exists exactly one (N + 1)-tuple ¢o = 1,¢y,...,Cn
satisfying

N(k) )
(2.1) > i =0if and only if 0 < d(I) < k

j=0

(see [15] for details).

For every smooth function ¢ and every k € F(p) we define the non-
isotropic kth order difference centered at x as

N(k)
Akp(x)= > c;p(x +jh), x,heR"

j=0
(recall that jh stands for 4;h). For every distribution f we define
(AF 1, 8) = (f, A%, )

for every test function ¢. In the following we shall write N instead of N(k).
Suppose that k € F(p), 0 < a < k, 1 < p < co. For every locally integrable
tempered distribution f (locally bounded if p = 00) we set

/g
([ msrugm=s-ean)” it1<q <
Rn

A% £1l,
hzo  |h|®

Mi(f) =

if g = o0.

We now prove that if f € A?9, then f is a locally integrable (locally bounded
if p = oo) function.

LEMMA 2.2. If f € AP9, then f = g+ h where g € LP(R") and h is a slowly
increasing C* function.

ProoF. By Remark (1.3)(c), f € A2>®. We first show that if f € AP->®
then ||AX f1|, < C|h|* for every h € R™.
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Suppose that ¢ > |#[P. Then by Taylor’s formula
(23) A5G0l < X0 TR OIDTSC, 0l

d(n>k
<k

1AL\
=Cla" 3 (m) (=P D! £, 1)

d(n>k
171<k

< ClhI*NEZ ().

Let now 0 < t < to = |h|P. By Taylor’s formula

m—1 o 21
Ak f(x, )| < C { Y 1516/ A% f(x, 2t0)| +/ Cun\omak £(x, u)Idu}
t

j—0
from which we get
Sup AKX £ 0)llp < CLUAKFCo to)llp + 25/ NP ()}
0
< ClhI* N ()

Therefore if p > 1, Af, f € L? by a standard weak*-compactness argument
(see for example the proof of [17, Theorem 2.5]). The case p = 1 is more
delicate and we only give a sketch of the proof. By (2.3) |87 g(-,#)]lcc — O
as t — oo for every integer s > 0. Therefore Lemma (1.4) can be applied.
Suppose first that 0 < a/D < 1: then, by Theorem 1.7

19:8( 1)l < CL/PTINE2(f).
Let now /D > 1. Then

sup 1"~ '2)19/g (-, 1)l < CNg2 (),
O<t<1 ’
sup ™~ 1/2|197g(-, 1)l < Csupt™'2(|g (-, )ll1 < CNyP(N)|AI.
t>1 t>1 ’
Gathering terms we get
sup =129 g(-, )l < C,
>0

which implies
6:g(, )|l < Ce*=1/2,

Let B denote a/D if 0 < a/D < 1 and 1/2 if a/D > 1. Then

5] t
g, t1) — &, t2)lls S/ No:g (-, )1 dt S/ t#=1dt -0
t 4]
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as 11,1, — 0 and the case p — 1 follows. Now, by homogeneity

/ Af,f(x,s)K(h,t)dh = ic;/ f(x +h,s)K(h, jPt)dh — f(x,s)
R? = Rn

n
=Y cif(x,5+ jPt) - f(x,5).
j=1
Set f(x) = X7, ¢; (%, jPt) — [on Ak f(x)K (h,t)dh. Then f is the sum of a
slowly increasing function and of an L? function, since

/A’,‘,f(x)K(h,t)dh <c [ ek, o) dh.
R"

Lr(dx) Rr

We only need to show that £ coincides with f. This follows from the easily
verified fact that f(x,s) = f(x,s)

REMARK. The idea of considering the expression [ Af, Sf(x,5)K(h,t)dt is
taken from [7], where a similar but isotropic case is treated.
We are now ready to prove our main result.

THEOREM 2.4. (i) There is a constant C > O such that for every f € AP,
we have M2(f) < CNDI(f).

(i1) There is a constant C > 0 such that for every locally integrable function
f (locally bounded if p = oo) satisfying M,f":( f) < oo, we have N,’(’,’g( N <
C M,f”;’ N.

PROOF. (i) Suppose that f € A29 and let k € F(p) be > a. Then by

Lemma 2.2 f is a locally integrable function. Let $”~! denote the unit sphere
in R” and let A = ré, the non-isotropic polar decomposition of h. Set

QL) = [ 185l e,
Q2= [ 185~ fClpae.

By Taylor’s formula
q

ol nsc[ | X Aol | d
S a2k

(2.5) i<k

<C| X O fC 0l
d(l)>k
1<k
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Since K (-, 1) is a Schwartz function, its least decreasing majorant is integrable
so that (see [16, page 62]) A (1) — Af¢ f for almost every x € R". Thus, by
Taylor’s formula with respect to the real variable ¢,

t
Ak (f - f( t))IIp<C(Zt’|I<9’A Ny + /0 e W (8 )Ilpdu)
Here m denotes any integer greater than k/D. Therefore,
m—1 ) )
nsc | (2 1107 A% (. )l
sn—1 j=1
' q
+ [untiopat s, ||,,du> de.

Using polar coordinates and Minkowski’s inequality, we get

msn= ([T ([ wtnigae) ar)

) 1/q
([ oo e + @y 10y
0

2 00 ) 1/q
Z (/0 rmea=1Ql (r) dr) =1+ 5.

=1

IA

IA
.

By (2.5)

0o q 1/q
I sc(/ r-aq-'( Y rd(”nu’f(-,t)np) dr)
0

din>k
1<k
dr\'4
<C 3. (/ (FO=2|D f(1 )np>q7) :
0
d(>k
[71<k

Setting ¢ = rP and changing variables we get I; < N”"’( f). Now, by Propo-
sition 1.1(v), t1||61A" SG 0l < CllAK «/(,1)ll,. Therefore, taking (2.6) into

https://doi.org/10.1017/51446788700031670 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700031670

252 Stefano Meda [13]

account, we have

psc{[Tret [ (18scol,
0 Nt

t q 1/q
+/0 U™ YO Ak f (- )l du) drdc}
SC{/:or—aq—l ((/sn 1Ak fled )1/0
t q 19\ ? l/q
+ (/ (/0 | Ak S (- u)n,,du> dg) ) dr}
SC{I1+(/ o l(_/s,. l/ m— 1||3'"A ||pdu) df) dr}l/q

= C(l + Iy).
An estimate of I; has been given above. Using the fact that IIB"'A fGwl, £

W87 £(-,u)lip, setting ¢ = rP, changing variables and taking Theorem 1.7 into
account, we have

b=t (/ow rred/o! ( fo w10 £ W)l du)q dr)l/q

0o l/q
<c ([ wmerriog e ul,iit)
0 u
< CNPA(S),
which gives (i).
(ii) Suppose that ¢ is a smooth function with compact support contained
in the unit centered at the origin and [ ¢ = 1. For every integer r set

N
Pr=)_cibj—r
j=1
where ¢;’s and N are the same as in (2.1). Set

Pr=pr_pr—l’ Qr=pr+pr—l-
Then if f € S’(R") is locally integrable and M7*4(f) < oo we have

o0

D'f(,)=Y D'f(,)xP.+Q

r=—0oo

for every I such that d(I) > k. Since
eb)= [ 85, fsndy - [ M, fxg-pdy
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we have
(2.7) IS * Pll, < C22p(r)
where y(r) = [, ;<5-r A% f1|, dy. Moreover

(2.8) D' Q/|ly < Cmin(1,24").
Choose an integer s such that 275*! < (/P < 2=5, Then, by (2.7) and (2.8)

s—1
ID' £ 0 < Y IKCG OIS * Pl 1D @l
+STIDK G0l * Pl I Qs
s
—1 00
C (SZ 2rdD+Q)y(py 4 g=d(/D Z Z’Qy(r))
-0 s
Cc ( / u 4=y du
/o

tl/D
+t‘d”)/0/ u"‘Qy(u)du> .
0

IA

IA

Therefore

oo oo T4t 1/q
et < ([ (o [ ) )
tl D
o (/D q 1/q
+(/ (t“’/D/ u‘l‘Qy(u)du) ﬂ) }
0 0 4
=Ji+ ).

Changing variables, using the Hardy-Littlewood inequalities and setting y =
r¢, we get

oo u q 1/q
J.gc( / y~(@+ela=1 ( / ( / llAfff”pdé) rQ-'dr) du)
0 0 Sn—t

oo /g
<C (/ (Q(r)rQ)ar=(Q+a)-1 dr)
0

=C (/Ooo yag-1 (/SH 1A% £ dé)q dr)l/q

S CMPI(S).

Now J, can be estimated in the same way as J; and (ii) follows.
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REMARKS. (a) The technique used in (ii) of the proof of Theorem 2.4
is a refinement of some ideas of I. Inglis (see [10]; and [5], [15] for related
matters).

(b) Sometimes it is more convenient to use moduli of smoothness instead
of difference operators. For every f € S$'(R") which is locally integrable
(locally bounded if p = o0) set

1/q
( / (t=wp(t, £, LP))1 % ) if1<q<oo,
supt “wi(f,t, LP) if ¢ = oo,

LP‘I(f

(here wy(t, f,L?) = SUPo< i< A% f15). Clearly MP'3(f) < LY4. In fact these
two norms are equivalent in A29. A simple proof can be accomphshed by
using the following inequality

wr(t, f, LP) < C(nf—g,up+ > t”’“)uD’g,up)-

di)>k
1<k

We refer the reader to [15] for the notation used here and the proof of the
above inequality.
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