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Abstract

In Gun and Ramakrishnan [‘On special values of certain Dirichlet L-functions’, Ramanujan J. 15 (2008),
275-280], we gave expressions for the special values of certain Dirichlet L-function in terms of finite
sums involving Jacobi symbols. In this note we extend our earlier results by giving similar expressions
for two more special values of Dirichlet L-functions, namely L(—1, x,,) and L(—2, x_,), where m, m’
are square-free integers with m = 1 mod 8 and m’ = 3 mod 8 and yp is the Kronecker symbol (£2). As a
consequence, using the identities of Cohen [ ‘Sums involving the values at negative integers of L-functions
of quadratic characters’, Math. Ann. 217 (1975), 271-285], we also express the finite sums with Jacobi
symbols in terms of sums involving divisor functions. Finally, we observe that the proof of Theorem 1.2
in Gun and Ramakrishnan (as above) is a direct consequence of Equation (24) in Gun, Manickam and
Ramakrishnan [‘A canonical subspace of modular forms of half-integral weight’, Math. Ann. 347 (2010),
899-916].
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1. Introduction

For a positive integer k, let ri(n) denote the number of ways a positive integer n can
be written as a sum of k squares; and for s € C, and x a Dirichlet character modulo
m €N, let L(s, x) denote the Dirichlet L-function associated with the character .
Further, let xp denote the Kronecker symbol defined by yp(n) = (%) where D is
the discriminant of a quadratic field. In our earlier work with Gun [6], we proved
the conjectures of Cooper [3] on certain formulas for ro(m1) and ry1(m>), mi, my
square-free integers with m; =5 mod 8, my =7 mod 8, expressing them as finite
sums involving Jacobi symbols. Then, using the formula for r¢(n) obtained in [7], we
derived the expressions for the special values of the L-functions, namely, L(—3, x,)
and L(—4, x—m,) in terms of finite sums involving Jacobi symbols.

In this note, we first observe that [6, proof of Theorem 1.2] simplifies (in
fact becoming direct) if we apply [5, Theorem 3.2]. This was demonstrated

in [5, Equation (24)], which we reproduce here. If k € {2, 3, 4, 5, 7} and ¢ is a square-
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. . 2
free integer with t = 1 mod 4, (=D*t > 0 and (%) = —(m), then

L(1 —k, (%)

rar1(t]) = W, (L.1)

where ¢ (s) is the Riemann zeta function. Note that

L(l —k, (ﬁ» - (1 - (%)2"—1>L(1 —k, %) (1.2)

— By

2k
where By is the kth Bernoulli number. Next, it is known that 75(m) and r7(m’) for
certain class of square-free integers m, m’ can be expressed in terms of the finite
sums involving Jacobi symbols. So, combining with the identity (1.1), we obtain
similar expressions for L(—1, x;,), m=1mod 8 and L(—2, x_,), m' =3 mod 8.
From the work of Cohen [2], we know that one can express rs(D1) and r7(D3) in
terms of L(—1, xp) and L(—2, x—_p,) respectively, and sums involving divisor sums,
where D and — D, are fundamental discriminants. Combining the above-mentioned
identities of Cohen with our present results yields relations between the sums involving
Jacobi symbols and divisor sums.

and

(1 —2k)= (1.3)

2. New results
We now state and prove our new results.

THEOREM 2.1. Letm > 1 and m’ > 0 be square-free integers such that m = 1 mod 8
and m’ =3 mod 8. Then

o /2
L(—1, xm) == =
L =3 ) <m)]

j=1
2.1)

o) m'—-1)/2 ]
L2, x-m)==% ) (%)W—éf).

j=1

PROOF. It is known that for m > 1, m’ > 0 square-free with m = 1 mod 8 and m’ =

3 mod 8,
(m—=1)/2 ]
=-80 =17,
rs(m) ; (m>1

(2.2)

m'-0/2 , .

280 Jj ) 9

ri(m')y = — E (—)(m/ —6j°)
3 = m’
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(see, for example, [4, pp. 12—-13]). Substituting k =2, 3 in (1.1), we get for positive
square-free m, m’ with m =1 mod 8, m" =3 mod 8,
L(=1, (*1))
¢(=3)
L(=2, (=*1))
£(=5)

rs(m) =
(2.3)

ry(m') =

But we have
(="l =P
¢ =7 "o ¢ B B

6 252
e ()=t
2 () =5 b2
rs(m) = —120L(—1, xm),

ri(m’) = —1260L(=2, x_m')-
Now combining (2.2) and (2.4) we get the required identities. d

and

Hence,
2.4)

In [2, Corollary 3.2], Cohen showed the following identity:

1 1
L(—1 = —rs5(D) — - D—j? 2.
(=1, xp) = 75575(D) 6|_|Zﬁo( i, (2.5)
Jjl<
D—j?% odd

where D > 0 is the discriminant of a real quadratic field and o (n) is the sum of the
divisors of n. Taking D = m > 1 with m square-free and m = 1 mod 8, and using the
first equations of (2.1) and (2.2), we obtain the following corollary.

COROLLARY 2.2. Let m > 1 be a square-free integer with m = 1 mod 8. Then

/2
Y om—jH=-8 Y (Z)j. (2.6)
ljl<v/m j=1

m—j2 odd

Using [1, Theorem 3] and using the first equations of (2.1) and (2.2), we obtain
another identity.

COROLLARY 2.3. Let m > 1 be a square-free integer with m = 1 mod 8. Then

_70 (m=0/2
Y om—H=—= ) <é>1 2.7)

lil<v/m j=1
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In the following we obtain an expression for the convolution sum of r3(n) and
o(n) in terms of the finite sum that appears in Theorem 2.1 (the sum in the second
equation). We obtain this by combining [2, Corollary 3.2] and our identities.
Let —N be a negative fundamental discriminant. Then, using the second identity
in [2, Corollary 3.2] and comparing the Nth Fourier coefficients on both the sides,

we get
. 1 1 N—-1
L(=2, x—n) = 5511 (N) + —¥4(N)o(N) + — r3()o(N —j), (2.8)
252 18 18 ;
N—j odd

where 4 is the trivial Dirichlet character modulo 4. Therefore, using the second
equations of (2.1) and (2.2) in the above expression, we obtain the following.

COROLLARY 2.4. Let m’ be a square-free integer with m’ = 3 mod 8. Then

m —1 16 (m'—1)/2 j

Y e === 3 (—,)(m/2—6j2>, (2.9)
j=0 j=1 \"

m’—j odd

where we take r3(0) = 1.

Note that r3(n) can be expressed in terms of finite sums involving Jacobi symbols
(see, for example, [4, Theorem 3]).
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