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EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS
OF THE CAUCHY PROBLEM FOR PARABOLIC
DELAY-DIFFERENTIAL EQUATIONS

S. NaBaBan anD K.L. TEo

In this paper, a class of systems governed by second order linear
parabolic partial delay-differential equations in "divergence
form" with Cauchy conditions is considered. Existence and
uniqueness of a weak solution is proved and its a priori estimate

is established.

1. Introduction

In the absence of time delayed argument, the existence and uniqueness
of solutions for systems governed by parabolic partial differential
equations with Cauchy conditions have been studied in [7] to [7] and

others.

In this paper, we consider questions on the existence and uniqueness
of weak solutions of a class of systems governed by the following parabolic
partial delay-differential equations with Cauchy conditions

,

N n
3
Loz, t) = {z 2 (7 (x, t-h,))+F, (&, t-h )} :
k=0 =21 axj kj k k k
(1.1) 4 (z, t) e #* x (0, 7) ,
oz, t) = o(x, t) , (z, t) € F* x Lhys 0]
\
where hl’ h2, ves hN and T are constants so that
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0O=h,<h <...<hN<T<w, N is finite,

and the operator L 1is defined by

(

N n n
(1.2) Iylx, t) AM%-Q -y 1 y 5—% gl akij[x, t—hk)

k=0 Lj=1
W (x,t-n,)
k
T em, i (B T b (s 2y

n aw(x,t-hk]
+ ¥ bkj(x, t-hy) ¢« g + oz, th )z, )¢
J=1 J J
Weak solutions of system (1.1) are defined in the sense of
LadyEenskaja, Solonnikov, Ural'ceva [7, p. 171]. The result on the

existence and uniqueness of a weak solution is presented in Theorem 4.1 of

§4.

2. Notations

Let R® denote the sg-dimensional Euclidean space. For any 2 € ol ,

8 3
let |z] = [Z Izilz] . "a.e." means almost everywhere with respect to

=1

Lebesgue measure. B denotes the closure of the set B .

Le(Rn) is the Banach space consisting of all measurable functions

z: R~ Rl that are second power integrable on R . Its norm is defined

by

A “ |z<x>|2dx)}5

Iz
2 R

N &

Lq’r(Rn x I) (L =g, r =) , is the Banach space of all measurable

functions z : ' x I + RY with finite norm 1E3] , where
q.r R %I
r/q l/r
liz]] A {J U |z(x, t)lqu] dt} for 15q, rP<o®,
q,r,Ran I n
R
1zl A ess sup [la(+, ¢)] for 1sq<®, p=ow,
CI:°°’Ran ter q’
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(”( ) )r 1/r
Jal | I O e S e
oy Bixr Ur co’Rn

and
lIzll A ess sup |z(z, t)| for gq=r =e.
B XD Y eRxT
Wg’r[}?n x I) {r 21) , is the Banach space of all functions z from
L2,r(Rn X I) having a generalized derivative = and a finite norm

”Iz]”r , Where

r r Lr
|||z|||r A {JI (lla(-, t)llz,Rn+|lzx(', t)llg,R")dt} for 1 <pr <o,
and
lz{ll, A ess sup (llz(+, £)] n+||zx(°, )|l n) for r =
33 2,R 2,F
T OIS | I R P ORI CN WP O pS
e T U g e TR

R
as defined before.

W;’O(Rn x I) is the Hilbert space with scalar product

= y)WJQ"O(Ran] £ ”

L VI
{z.y + Z W . —-y—}dxdt
T =1 1

ox .
7

and W;’l(ﬂ’n X I) is the Hilbert space with scalar product

n
22 3 . %z
(zy y) é_” {z.y,, vy 2z . %, ._}L}dxdt.
wJé,l(Ran) i axi Bxi ot 3t

R~
Vz[Rn X I) is the Banach space consisting of all functions z from
W]é’o(}?n x I) having a finite norm

[z] A iz + = ,
R'r 2,0, BT 2,2,R1

where
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¥

2
dz(x,t)
—a'x-:’—‘ dxdt

Iz, olf] %

2,2, = (M op o i=1

V]é’o(Rn X I] is the Banach space consisting of all functions

z € Ve(Rn x I) that are continuous in ¢ in the norm of Lg[Rn) , with
norm

2| ,  amax lls(-, £
2

, o+ Nz
R™xI tel

R 2,2, 1

The continuity in ¢ of a function 2z in the norm Lz(Rn] means that

la(+, t+At)-z(-, &)} +0 as At >0 .
2,7

The space VJé’O(Rn x I) is obtained by completing the set W]é’l (Rn x I)

in the norm of Vz(Rn X I)

Vl’%(Rn X I) is the Banach space of all functions 2 € Vl’O(Rn X I)

5 2
for which
T-h 1 5
J J A (2(x, t+h)-z(x, ¢))“dxdt >0 as h >0 .
0 g
voadt, u s, (), a5 ()

x, = Bxi J 7

3. Definitions and basic assumptions
Let hk (k =0,1, ..., ¥) ,and T be fixed constants so that

0=h <h < ...<h <T<w _ N is finite. Let @ =R'x (0, 7) ,
o "1 i}
Qo =7 x [—hN, 0] and Ql = B x [—hN, T]

For brevity, we introduce the following notations
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N n n
(3.1) (¥, 2) QJ plx, t)eZ, (x, t) + Y { [Z a,..(x, t-h
@= QJ [ ¢ k=0 jgl i=1 i 2

n
¥ (=, t-hk)mkj(x, t-hy ) ¥z, t-hk))-zx.(x, t) - Y bkj(:c, t-hy )

1 J J=1

.\yxj(x, t-hy )+ 2(, t)—ck(:r, t—hk)-\y(a;, t-hy) -2z, t)ﬂdxdt )

for any functions Y € W2’2(Q ) and Z € Wé’l(Q) , wvhere [ is as defined

=)

in (1.2).

F [{ {
(3.2) (F, 2) AJ J
9=} k=0 V4

3

F, .(x, t-h,)*Z_(x, t)
1 kd k xj

—fk(x, t—hk)-Z(x, t)]]dxdt

for any function Z € Wé’l(Q) , where F is defined by

N n
(3.3) e, ) = T {jgl (s es +m)). Pl t—hk)} :

Corresponding to system (1.1) we need

DEFINITION 3.1. A runction ¢ : @ = R' is said to be a weak
solution from Vé’%(Q) in the sense of LadyEenskaja, Solonnikov Ural'ceva

(7, p. 1717 ir
(1) ¢ly € vp¥@
(ii) ¢(z, t) = ¥z, ) on QO , and

(iil) (L¢+F, n)Q = J (I)(x, 0)-n(x’ 0)dx for any 1n € W]é,l(Q)

4

that is equal to zero at ¢t = T , where ¢|Q denotes the
restriction of ¢ on & .
The following assumptions will be referred to as assumptions (A):

(i) for each k € {0, 1, ..., N} and %, J € {1, ..., n} ,
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the functions akij’ akj’ bkj’ s ij and f% are
measurable on R' X Ehk, T—hk] with values in Rl 5

(ii) there exist constants Vv, 4 > 0 such that

vlgl? = % ay; (@, £)E €. = ulg)?
i,j=1 °* 17

a.e. in R’ x (0, T] for all £ € R* ,

(iii) +there exist constants ¥, My > 0 such that

in which q and r are arbitrary numbers satisfying the

conditions
1
;4-%:1,
o
(3.4 q € [gx “) » r€[l,®) for nz2,
q € [1,«], r€[1,2] for n=1;

< Ca
and 'akij’ akj’ bkj’ ckl =, (¢, =1, ..., n) , a.e.
on R%x [—hk, Ihhk] for each k=1, ..., n ;

(iv) for each k € {0, 1, ..., N} ,

ij

€ L2’2[Rn x (—hk, T—hk)) (G =1y eeus n) ,
and fk € L2,S[Rn x (-hk, Zhhk)] where s € [1, 2] ; and

(v) &€ w>3(g) ena o+, 0) € L5(#"

4. Existence of weak solutions

In this section we shall show the existence and uniqueness of a weak
solution of system (1.1). Further, an a priori estimate of the weak

solution will be also established.
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THEOREM 4.1. Consider system (1.1). Let the assumptions (A) be
satisfied. Then system (1.1) admits a wnique weak solution ¢ from

V]2"'15(Q) . Further, ¢ satisfies the following a priori estimate

+o_|

(5.1) ol = #|lle(-, o)||2 el

R 2,2,R'x (-1y;,0) 2,2,R”><(-hN,o)

N n
) [z 17, .| T ) ,
K0 G Ko, Bk roh) K 2,0 B (<hy TRy )

where Q 15 the norm in V;’%(Q) and the positive constant M depends

only on v, U, Hys Hps 7, N, q, s, hl and T .
Proof. Let K be an integer such that Khl < T < (K+l)hl . Let us

consider system (1.1) on R’ x Wz-1)n Zhl) successively in the order of

l’
1=1,2, ..., XK and on B x [Khl’ T) . Then it is clear that system

(1.1) reduces to systems without time delayed argument given by

n
Lyp(x, t) = y [Fz.(x, t)) + fz(x, t)
j=1 UY 5
(k.2) { on @ F'x ((2-L)hy, th) ,
o(z, (-0 = 6"z, G1R) L z e A,

for 1 =1, 2, ..., K, and
n
¥ [Hf*l(x, t)] « a2, v
J=1 J :cj
(4.3) on AR x (1), 1),

[yl
)
=2
8
o
1

S
&
3
)—;I
n
°

:c,Khl), xER",

where
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(L.4) Low(x, t)

n n
Ay (x, t) - ¥ [Z a, (x £y, (=, t)moj(x, t)y(z, t)

J=1 {t=1 %3 .

J

2: b (x t) '(x, t) - co(x, t)y(z, t) ;
Jj= J

(ii) for each Z =1, 2, ..., K+1 ,

N
A
(4.5) Fiz, t) = a,..(x, t-h,) x, t-h x, t-h
J k2=:1 Lz—:l ( W ( ) kJ( )
-$Z'l(x, t-hk)+FkJ.(x, t-hk)) + Foj(ac, t) ,
(4.6) 7z, 1) g[%b @, e 8 (en )
. x, t) = X, T- . xr, t-
k=1 |j=1 kg k ¥ k
L@ hk) (x, t-n )+fk(x, t-hk)) *+ folz, )

(iii) ¢° (Z =1, ..., K) , are weak solutions from Vé’%(QZ] of

system (4.2) on F* x [(Z-l)hl, Zhl) (=1, ..., K),
respectively;

(iv) ¢°=3 =0 ; ana

(v) for each 1

[}

o]
-
-

B

oz, 1) , (z, ) €q

~1
¢ (x, t) =
0z, ), (o, t) €F' x [(c-Dhy, k), 0 =1,2, 000, L.

Note that it can be easily verified that

n % n
2 %
(4.7) UQ J igl Iz, t)d.rdt] st YT, 5

1=1

~

By virtue of the definitions of ¢Z (Z=0,1, ..., X) , and the
assumptions A (iii), A (iv) and A (v), it can be easily shown by using

inequality (4.7), Minkowski's inequality and Cauchy's inequality that, for
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esch L=1,2, ..., K, K+1 ,

n 1 2 ' ¥
(4.8) J J Y [F.(x, t)) dxdt
=1 b
Q
7 n
=nt Y |IF, (-, )
= | Y 2,2,¢"
N n
~7-1
e 3 {IE s m 8 )
k=1 Uiz ke kS ey k “2 2.0
~1-1
+ akj(', '—hk)oq) [., o_hk)” Z+”ij(-’ -—hk) ”2,2,Q]
2,2,4
n N -7
< n’ ;S ”Ebj(.’ 9 L+ v {n¥u2”¢i l(., ._hk)“
J=1 2,2,0° k=1 2.2.0"
~1-1
SR V)
N n
%
AR Y ¥ F (e, - )l
= k=0 j=1 K K 2,2,0"
v
3/2 |~1-1 ~7-1
+ Y [n u2“¢x (', '—hk)“ +nu2”¢ (+, '-hk)” )} .
k=1 2,2,q" 2,2,¢"

Next, by using the definitions of $Z (Z=0,1, ..., X) , and the
assumptions A (iii), A (iv) and A (v), we can deduce from Minkowski's

inequality and Holder's inequality that, for each 1 =1, ..., K, K+1 ,
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o) I

2,8,4
3 (15,0 n)
< lira ‘ [uf . en)l
0% 6,98 k= UK k58,0
o 3 e s )|
S Pkt TR e U TR Z
J= J 2,8,
7.1
+ ck(°, "hk)'¢ (" '-hk)“ Z)
2,8,
N N
R TACEERY - [nu A IO
= K os,qt k= U210 s (0T o o
(2-8)/2s|51-1,. .
it o CREA] z)
2,2,Q

Further, since ¢O = ® and since ¢Z (=1, ..., K) , are weak solutions

5.1
from Vé’z(Q ) of system (4.2) on QZ (Z =1, ..., K) , respectively, it
. 0 2/ 1
follows readily that ¢ (°, 0) € L (R ) and, for 72 =1, ..., K,

Z Z
(k.10) l6° (=, 2h) < o7
l12 7 J

>

Thus, by applications of Theorem 5.2 of [7, p. 171] to system (L4.2)

(Z=1, ..., K) , and system (4.3) successively, we obtain that, for each
1 =1, ..., K, system (4.2) admits a unique weak solution ¢Z from

Vé’%(QZ) and system (L4.3) also admits a unique weak solution ¢K+l from

Vé’%(QK+l) . Since the constant in the estimate (2.2) of Lemma 2.1 of [7,
p. 139] does not depend on £ , we examine easily that the proof of Lemma
2.1 remains valid when £ is replaced by F* . Thus Theorem 2.1 of [7,

p. 143) remains valid when £ 1is replaced by . Therefore, by virtue

of this modified version of Theorem 2.1 of [7, p. 143], ¢Z satisfies the

estimate
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(4.11) |¢Z|Qz = MZ{Ilq)Z_l(.’ (1200 ”2,1?"

£
n 2 :
+ U J ¥ IF;’.(x, t)) d:cdt) et z} ,
Ql J=1 2,5,

where the constant MZ > 0 depends only on n, Vv, H, ul , and g from the
assumptions A (ii) - A (iii).

Let ¢ be defined on Ql by

(0(x, t) , (x, t) € %

otz ), (= ) € x [(1-Dhy, Th)

(b.12) ¢(x, t) =4

¢z, 1), (2, 8) €F' x [y, T)

We shall show that ¢ is a unique weak solution from Vé’%(Q) of system

(1.1). Clearly, ¢ satisfies the conditions (i) and (ii) of Definition

7

3.1. Let n €W o1 (@) be arbitrary and equal to zeroat t =T . Let n

1,1
2
)

(Z =1, ..., K+1) , denote, respectively, the restrictions of n on

R x f_(l-l)hl, ] (2=1, ..., %) andon F'x [k, T) . Since ¢
is the weak solution from Vé’%(QZ) of system (4.2) on QZ

(Z=1, ..., K) , and ¢K+l is the weak solution from Vé’%(QK+1) of
system (4.3) on QK+1 , it follows that

(4.13) J o'z, n))ont (@, th))dx + (2 ot+Fh, nb)

4 o
=j ¢ e, (Z—l)hl)'flz(x, (2-1)h )dz
o
for 1 =1, ..., K and
(4.14) <L0¢K+1+FK+1, r]11<+1> =J ¢K[x’ Khl) K+l( i Khl]dx ’
QK+1 Rn
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where FZ (Z =1, ..., K+1) is defined by

n
(4.15) Fle, £) = Y [f%(x, t)) + fHa, t)
j:l J X .

while F; and fZ are as defined in (4.5) and (4.6), respectively.

By virtue of the definitions of nz and ¢0 , (b.b), (k.12), (b4.13),
(4.14) and (4.15), we obtain that

( Lo+F, n)Q = J &(x, 0)en(x, 0)dx .
R

Thus ¢ is a weak solution from Vé’%(Q) of system (1.1). Uniqueness of

¢ follows from uniqueness of ¢Z (Z=1, ..., K+1) .

Next we shall show that ¢ satisfies estimate (4.1). Substituting
(4.8) and (4.9) into (4.11), we obtain

(h.16) [¢°]
Q

n%{H¢Z-1(-, (Z—l)hl)”

1A

N
. I[n3/2u2+nu2h(2's)/2‘9)
2,Rn k=1

.”5;—1(., o) ” Inu +112h(2 S)/2s) ”51-1(., . )
2,2,q" 2 ,2,0"
N n \
+ kgo L’El IIFkJ-(" -h, ) "2,2, ALASTRE ]| , s,QZ]]
- U ~l=-
< Mo{"‘bl ., (Z-l)hl) ”2,3" + kZ=:l [”q;i ., -_hk] I'Q,Q,QZ
£ CREE] Z)
2,2,Q

N n
lF, (¢, =-h s, *-h >

where the constant MO is defined by
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(L.17) Mo = max Mzn%[max{l, nu2[n%+h§2-s)/zs+1)}) .
1e{1,...,k+1}
Note that, for each 7 =1, ..., K,
. Zhl %
(4.18) H¢ZH 1= J J |¢Z(x, t)ledxdt]
2,2,Q [ (2-1)h)
( Zhl , ) 5 %
< j { max U [6“(x, )] dx) dt
U(1-1)ny tee[(2-1)n ,20,] Yon
¥ Z
A hZ e max e~ (=, £} .
= 1 7
te( 1-1)hy s Zhl] 2,R
Similarly
K+1 % K+1
(4.19) lle™ Il sh? e max _ |7 (-, ¢l .
0,2, 1 te[in 1] 2,7

Further, it can be easily deduced from the definitions of $Z and estimate
(4.7) that

v [ )

2,2,0°
~7-1
= flo” 7l
2,2,/ (-hy,(1-1)h})
0 5 1-1 M ,
A f J |6z, t)|“dxedt + ) J J l6“(x, )| “dedt
_hN 7 =1 (L—l)hl 7
1-1
% L
= 22| llell + 3 el ,
[ 2,2,R"x(-hN,o) v=1 2,2,Q"
for all k=1, ..., N and 1 =2, ..., K+1 . Similarly as above, we have
1-1
~7-1 % L
O N Y
x ’ k x
2,2, 2,2, (y,0) oA N o

for all k=1, ..., N and I =2, ..., K+1 .

Let
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(4.22) ¢ 4 {lle(+, 0}l el )

2 _{ 2,R7‘+l '2,2,R”><(-hN,o)+” x”2,2,Rnx('hN’o)
> ['ﬁ I, | I

+ F, . +

g=1 2,28 -y, T-hy ) 2,8, (—hk,T-hk]H

Then, by letting 7 =1 in estimate (4.16), it follows from the fact that
6% = 3° = © , and inequalities (4.20) and (4.21) that

(4.23) lo*] | = MNC A dC

Ql

where Mb and C are as defined in (4.17) and (4.18), respectively.

Now, by letting I = 2 in estimate (4.16), we deduce from (4.10),
(4.20), (k.21), (4.18) and (4.23) that

S SOV = [

N
55{ % 1
+2% ||o|l +hy  max _ flo7 (-, )]
2,2,/%(-hy,0) * te0,h] 2,R"]

N n
A% *-h ®s *-h
+ kgo [J_;l 17 4 2 ”2,2,Ql+"fk( 2 ”2,3,Q1)J

1A

2%4(de+c+h¥dc)
¥ (1+hd)C ,

1A

where h =1 + hf and C is as defined in (4.22).
By the same token, we can show successively in the order of
71=23,L4, ..., K¥1 that

(k.25) I¢Z| 7 S (20)%ac(1+na) ™t ,
e

where C and the constants d and h are as defined before.

On the other hand, we deduce from inequality (4.7) that
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2t Mlo o

> >

K

% 2 A
(k+1) { > [ max llo™Ces &) +l0 )
(=1 lte[(2-1)n,1n,] 2,7 " x“2,2’Qz

IA

K41 K41
R Lo TRV }
te[Kkn, 7] 2,7 2,2,
k41
A T jef] .
=1 Q

Thus by substituting inequalities (4.23), (4.24) and (%.25) into the right
hand side of (4.26) we obtain estimate (L4.1) with

MA (K+1)%{d + 2%d(1+hd) + (3!);5d(1+hd)2 + ...+ ((K+l)!]%d(1+hd)K} .

This completes the proof.
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