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COUNTEREXAMPLES CONCERNING POWERS OF
SECTORIAL OPERATORS ON A HILBERT SPACE

ARNAUD SIMARD

We give explicit constructions of semigroups and operators with particular proper-
ties. First we build a bounded Co-semigroup which is invertible and which is not
similar to a semigroup of contractions. Afterwards we exhibit operators which admit
bounded imaginary powers of angle u> > 0 on a Hilbert space but which do not admit
a bounded functional calculus on the sector of angle u). (This gives the limit of Mcln-
tosh's fundamental result.) Finally we build, in the 2-dimensional Hilbert space, an
operator which is not the negative generator of a semigroup of contractions, although
its imaginary powers are bounded by e^W2.

1. INTRODUCTION AND RESULTS

This article treats various problems about functional calculi associated to sectorial
operators or to Co-semigroups on Hilbert spaces. The first issue is a similarity problem
for semigroups. We shall say that a semigroup {Tt)t>0 on a Hilbert space H is similar to a
contraction semigroup if there exists an invertible operator 5 in B(H) (the algebra of all
bounded operators on H) such that HSTj.!?"1!! ^ 1 for all t > 0. Historically, the problem
we consider here begins with Foguel's example [3] of a power bounded operator A which is
not similar to any contraction, that is, there exists a constant K > 0 such that 11̂ 4"|| ^ K
for all n € N, but there is no invertible operator 5 such that HSAS"1!! < 1. Much later, Le
Merdy [6] exhibited an invertible power bounded operator not similar to any contraction.
Considering a semigroup instead of a single operator, Packel [12] constructed a bounded
Co-semigroup (Ti)e>0 which is not similar to any contraction semigroup. Logically the
next step is to consider the case of an invertible bounded Co-semigroup. In order to solve
this problem we shall show:

THEOREM 1 . Fix LJ > 0. There exists a CQ-group (T,)>eR on a Hilbert space H
such that:

(i) there is a constant K > 0 such that \\T,\\ ^ K ^ for all s e R;

(ii) there is no invertible operator S such that WSTfS^W ^ ewls| for all s € K.
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In particular (e~usTs)s>0 is a bounded invertible Co-semigroup which is not similar to a
semigroup of contractions.

This result answers a question of deLaubenfels (see [2, Open questions 2.6]). Note
that we cannot expect to take w = 0 in Theorem 1, indeed Nagy (see, for example, [14])
showed that every bounded group is similar to a group of contractions.

We now turn to the second result which is related to the bounded imaginary power
property and functional calculus. We shall restrict our attention to Hilbert spaces though
we could consider Banach spaces. We first recall a few standard definitions. Given
6 6 (0,7r), we let £ a = {z G C* : | argz| < #}. Given an open set Q 6 C, we let H°°(£l)
be the Banach algebra of all bounded analytic functions / : fi -> C equipped with the
supremum norm

Given an operator A on a complex Hilbert space H, we denote by D(A) its domain,
N(A) its kernel, R(A) its range, cr(A) its spectrum and p(A) its resolvent set, and by
R(\, A) the operator (A - A)"1 € B(H) for all A € p{A).

DEFINITION. Let w e (0,?r) and let A be an operator on a Hilbert space H. A
sectorial operator of type u is a closed, densely defined operator A with dense range, such
that N(A) = {0}, a(A) C E^, and for all 6 € (W,TT), there exists C > 0 such that

z(z - A)-l\\ < c Vz e

If 4̂ is a sectorial operator, we shall say that A has bounded imaginary powers oj
angle 6 if there exists a constant M > 0 such that | |/l is | | ^ Me81"1 for all s € R (see [15]
or [16] for details about the bounded imaginary power property).

Recall that we can always define a functional calculus for a sectorial operator. Indeed
let A be a sectorial operator of type w, for some u E (0, IT), and let 6 ^ w. We denote
by TZg the algebra generated by the constant function 1 and the rational functions of the
form Z H (z — a)~ where a (f: Y,g. Thus Hg is the algebra of all the rational functions
/ with poles in C \ Sfl and with nonpositive degree. We equip this algebra with the
norm given by the embedding of Hg into H°°(T,S). We can then unambiguously define a
homomorphism

ue : Kg -> B(H) ui{f) - f(A).

We shall call this homomorphism the TZ$-functional calculus of A. In general, there is
no reason why us should be bounded. Mclntosh [9] showed the equivalence between the
bounded imaginary power property and bounded functional calculus on a Hilbert space.
This result can be can rephrased as follows.

THEOREM 2 . Let A be a sectorial operator of type LJ in a Hilbert space H. Then

the following are equivalent:

(i) the map ug is bounded for all 6 > w;
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(ii) the map ug is bounded for some 9 > CJ;

(iii) A has bounded imaginary powers of angle 0 for all 6 > LJ;

(iv) A has bounded imaginary powers of angle 6 for some 6 > u.

We are interested in what happens when 6 = w. We shall prove the following result.

THEOREM 3 . Let A be a sectorial operator of type w > 0 in a Hilbert space H. If
uu is bounded, then A has bounded imaginary powers of angle w. Conversely, there exists
a sectorial operator of type w > 0 in a Hilbert space H which has bounded imaginary
powers of angle u) for which uu is not bounded.

We note that this result also answers a question of deLaubenfels (see [2, Open
questions 2.6]).

It is known that the notions of sectorial operators and functional calculus are closely
related to semigroups. We follow the usual terminology and say that an operator A
is maximal accretive if — A is the generator of a semigroup of contractions. If A is
maximal accretive on a Hilbert space H, then its Cayley transform (A — I)(A + 7)"1

is a contraction on H (see, for example, [7]). Hence, from von Neumann's inequality,
A admits a contractive ft^-functional calculus and \\A"\\ ^ e"^2 for all s e t . The
Hille-Yosida theorem implies that if u^/2 is contractive then A is maximal accretive.
Section 3 is devoted to proving that the condition that \\A"\\ ^ en^2 for all s € K is
not sufficient for A to be maximal accretive. Indeed, we shall prove the following more
general result.

THEOREM 4 . For all w > 0 tiere exists a sectorial operator A on the Hilbert space
C2 such that \\Ais\\ ^ e^ for all s e E, and uu is not a contractive homomorphism.

In particular when u = TT/2 we obtain an example of a sectorial operator A such
that ||A"|| ^ e"1*!/2 for all s e t , but —A does not generate a semigroup of contractions.

2. SIMILARITY PROBLEMS

In this section we shall prove Theorem 1 and Theorem 3 by explicit constructions,
based on the relationship between interpolating sequences, conditional bases, and func-
tional calculus.

We introduce notations and definitions. In this section, (en)n g N will be a Schauder
basis of the Hilbert space H. That is, V = span{en : n € N} is dense in H, and for
all x 6 H there exists a unique sequence (zn)neN *- ^ s u c n ^na* x ~ SneN^n^n- In
particular, this implies that there exists a constant C > 0 such that

.7=0 'I "j=0

for any finite sequence ( a n ) n € N C C and any n ^ 0. Given a scalar sequence (a n ) n g N , we
define the diagonal linear map Ma : V -> V by setting Ma(en) = anen for all n G N. We
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set
+00

(2.1) | |(an)n6J| = limsup|aN| + £ \aN+1 - aN\;
N-++00 N = o

then a standard Abel summation argument shows that if | (a n ) n g N l < oo then Ma is
bounded and

(2.2)

If {an)n€N is a nondecreasing sequence of strictly positive real numbers then Ma is closable
and if we denote its closure by A, then a(A) c [a0, +oo). Moreover A is sectorial of any
positive type (see [1] for details). Finally, we may easily check that if / € Tte, where
8 > 0, then f(A) is the closure of the map M/(o)! which sends en to f(an)en for all n 6 N.
We now turn to the definition of an interpolating sequence.

DEFINITION. Let f2 be an open subset of the complex plane. A scalar sequence
(an)neN C fi is an interpolating sequence for f2 if and only if, given any bounded scalar
sequence (zn)ne^, there exists a function / € iJ°°(J7) such that f(an) = zn for all n € N
(see, for example, Garnett [4] for more about interpolating sequences).

2 .1 . P R O O F OF THEOREM 1: Fix w > 0, and let (en)n e N be a conditional Schauder
basis of the Hilbert space H, that is, there exists a sequence (£n)n^ S {—1,+1}N such
that Me is unbounded.

Let (an)n6N be a nondecreasing sequence of positive real numbers such that a0 > 0,
limn-HxjOn = 1, and (an)n£^ is an interpolating sequence for the open unit disk D(0,1).
Such a sequence exists (see [4]) and moreover we can choose any arbitrary value for
ao € (0,1); we shall choose ao > e~2w'. Let A be the closure of the map Ma. From (2.1)
and (2.2), we see that ||A|| < 2C, and moreover A is invertible and A'1 is the closure of
Ma-i so that we have H^l"1!! ^ C\\ + a^1)- Since A is bounded and invertible we can
use the Dunford functional calculus to define

(2.3) A3 = - ! - / \SR{\, A)d\

for all s € K, where F is a piecewise smooth simple closed path winding counterclockwise
around a(A), which does not intersect the nonpositive real axis (-co, 0]. We deduce from
(2.3) that As coincides with Ma. on V for any s 6 R . Therefore, applying (2.1) and (2.2),
we see that

(2.4) 114*11 *S C(2 - aj) ^ 2C Vs ^ 0.

(2.5) 114" || ^ Cas
0 Vs < 0.

Since we chose a0 > e"2",

(2.6) || A31| ^ Ce2"'*' Vs < 0.
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We shall now show that A cannot be similar to any contraction.

If A were similar to a contraction then from von Neumann's inequality we would
obtain that

(2.7)

for every function / in the disk algebra A(V{I, OO)) . Now let / be in H°°(D(0,1)), and let
/ r be its Poisson approximation, denned by fT{z) = f{rz) for any z in D(0,1) and r < 1.
Since fT belongs to A(V{I,oo)), (2.7) implies that \fr{A)\ < #sup{ | / r ( z ) | : \z\ ^ l} .
It is quite easy to check that fr(A) coincides with MjT(a) on V. And it is known that the
norm of the diagonal map M/r(a) may be computed using linear combinations, so we may
let r tend to 1. Therefore

(2.8) |M / ( 0 ) | | ^ K||/||ir-(D(o,i)) W € H°°(D(0,1)).

Since (an)n6N 1S a n interpolating sequence, there exists F € H00^^, 1)) such that
F(an) = £„ for all n e N where {en)nefi is such that Mt is unbounded. Since
coincides with M£ on V,

(2.9) Mf(fl) is unbounded.

This last statement (2.9) contradicts (2.8). Therefore A is not similar to any contraction.
We now consider T5 = e"M5. From (2.3), (2.4) and (2.6), it follows that (Ts)5gR

is a uniformly continuous group which satisfies ||Tj|| ^ Ke"^ for all s 6 K, where
K = 2C. Since A is not similar to a contraction, there is no invertible operator 5 such
that HS^IS""1!! ^ 1, hence there is no invertible operator 5 such that UST^"1!! ^ e".

Therefore (Ts)seR satisfies Theorem 1. D

2.2. P R O O F OF THEOREM 3: Suppose first that A is a sectorial operator of type u) > 0

in a Hilbert space H and that uu is bounded.

For e e (0,1), we consider the function p£ : z € Eu >-> (e + z)/( l + ez). Then

Pe € 1ZU; we denote by Az the operator pt(A).

First we sketch the proof of the following lemma.

LEMMA 5 . Let A be a sectorial operator of type LJ > 0. If the Hu-functional
calculus uu of A is bounded and \\uu\\ s$ C, then \\f(Ae)\\ < C| | / | | for all f G H00^)
and e € (0,1).

PROOF: We first fix e € (0,1). Given / e H00^), we may find, by Runge's

theorem, a sequence (/„) C %u such that

(2.10) \\m Jn{Ae) = f(Ae) \irn(sup{\(f - /„)((<• + A)(l + ^A)"1)! : A € Ew}) - 0.

Since uu is bounded and /„ o pe belongs to Hu,

\\fn(A£)\\ $ Csup{|/n o p£(A)| : A e Eu} Ve e (0,1).
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It follows from (2.10) that | / ( A e ) | ^ C||/| |. D

To finish the proof of the first part of Theorem 3, we define the function fs in if°°(Ew)
for s € R, by z i-> z". The lemma implies that

for all e e (0,1). Now arguing as in Priiss [15, Chapter 8], we conclude that || A"|| ^ Cew|s|

for all s £ l , that is, A has bounded imaginary powers of angle w. This ends the proof
of the first part of Theorem 3.

We now turn to the converse. We work in the same framework and with the same
notation as in the proof of Theorem 1. We fix w € (0, TT), and define A as in the proof of
Theorem 1. Since A is bounded and invertible we may consider the operator B = {ewA)'

associated to the diagonal map Mb where b = (&n)neN = ((eWan)') • It follows that
Bis = (e"M)~5 = T-a for all s € R, hence | |B"| | ^ Keu^.

Recall that F is a function in H°°(D{0,1)) such that MF(a) is unbounded. Let us
consider k : Ew -> D(0,ew), given by z H- z~* and h : D(0,eu) -> D(0,l) given by
z >-> e~"z. Let G = F o h o k; clearly G € ff°°(S(J). If the ^-functional calculus of B

were bounded, then it would follows from Lemma 1 that there exists a constant C > 0
such that

e)

for all e e (0,1). Since G(Be) coincides with the diagonal map MGope(b) on V we can let
e tend to 0 to obtain

| M O ( 6 ) | ^ C | | G | | H O O ( E U ) .

It suffices to observe that Mc{p) coincides with Mp(a) to contradict (2.9). Hence we
conclude that B cannot have a bounded 7lw-functional calculus. D

3. PROBLEMS OF SEMIGROUPS AND THE BOUNDED IMAGINARY POWER PROPERTY

The main goal of this section is to prove Theorem 4. We shall work on the Hilbert
space C2. First we shall give some estimates for particular 2 x 2-matrices, and then we
shall construct operators which satisfy Theorem 4. We shall use this construction to
prove a result concerning powers of sectorial operators and finally we shall give some
further results arising, in part, from a result of Alan Mclntosh.

3.1. P R O O F OF THEOREM 4: Let us consider 2 x 2-matrices of the form (from [13,
Chapter 9] and [10])

(iO
where z € C. We shall use the estimate

(3.1)
1 2

0 1
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We prove (3.1). It is easy to check that for any real x > 0,

1 x

0 1
x + y/x2 + 4

But x > 0 implies that sinh x ^ x and then sinh x + cosh x ^ x + \/x2 + 1 so that
. Hence

Ci 01
Now we fix z € C and denote z = \z\eiS, with i5eE.

1 \z\
0 1

Clearly,

(32) 'Vo i ; ~ v o /( i)
for all / € H°°(EW) and w > 0. Fix f3 € R+ such that

(3.3) 2 sin /3 > cosh /?.

(One can check that, for example, /? = log 3 satisfies (3.3)). Consider the operator

B = ( ~ * S m ] . The choice (3.3) implies that:

(3.4) v0: f e H°°(T,p) M- f(B) € 5(H) is not contractive.

Indeed, if we consider the function / : z •-» z' - z~f, then by (3.2) we have

_ / 0 4s in^ \
/ M ~ \0 0 )

so that | / ( 5 ) | = 4 sin /?. But

Since 2sin/3 > cosh^ we cannot have |/(-B) ^ ||/llWoofE y

Given w € (0, TT) we choose C, € K+ such that ui = Qfi. Let us consider the operator
A defined by A = Bc. For all s € R, (3.2) and (3.1) imply

||A»|| =
2sCsin/

0

which gives (i). Finally (3.4) implies that the operator / i-+ f(A) on H°°(HU) cannot be
contractive. Reasoning by approximation, as in the proof of Lemma 1, this implies that
the 72-u-functional calculus associated to A cannot be contractive. D
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3.2. F U R T H E R RESULTS We shall use the construction above to construct a particular
example concerning analytic semigroups. We recall that a semigroup (T(t)j is said
to be a bounded analytic semigroup if 11—>• T(t) admits a bounded analytic extension to
some sector Eg where 6 > 0. In particular when ||Tj|| < 1 for all z € £«, we say that
(T2)z g E is an analytic semigroup of contractions of angle 9. For general background on
analytic semigroups, we refer, for example, to [11].

PROPOSITION 6 . There exists a sectorial operator A on the Hilbert space C2

such that

(i) There exists a € (0,1) such that —Aa generates an analytic semigroup of

contractions of angle TT(1 — a)/2.

(ii) —A does not generate a semigroup of contractions.

P R O O F : In the construction above, we fix LJ = TT/2. We consider the operator
A - Bn/W and we take a = 20/n.

First we show that — Aa generates an analytic semigroup of contractions of angle
TT/2 - 0 - TT(1 - ct)/2. We know that -Aa = -B. We fix s € R+ and consider the entire
function fs:z^ e~sei0'z where P' G [P - 7r/2,7r/2 - 0\. From (3.2),

2ism0seil3"

Then (3.1) implies that \\f,(B)\\ ^ e«(sM-cos/J'). gince P' € [P - 7r/2,7r/2 - P], we have

cos/3' ^ sin/?. Hence | | e - ^ ' B | | ^ 1 for all s 6 R+ and all P' e [P - TT/2,TT/2 - 0],

which gives (i). We recall that A is constructed so that its 72-^/2-functional calculus is

not contractive, hence —A cannot generate a semigroup of contractions, proving (ii). D

After a first version of this paper was circulated, Alan Mclntosh pointed out to me
that, (working on an infinite dimensional Hilbert space) we can deduce from [8] and [5]
the following extension of Proposition 1.

LEMMA 7 . For all a € (0,1) there exists a sectorial operator B on a Hilbert space

H such that

(i) — Ba generates an analytic semigroup of contractions of angle n(l - a) /2;

(ii) B is not maximal accretive.

PROOF: Given a € (0,1), Mclntosh [8] exhibited a sectorial operator C of angle
Tra/2 on an infinite-dimensional Hilbert space H such that — C generates an analytic
semigroup of contractions of angle TT(1 — or)/2 and such that the norms defined by |]Oly'2it|j
and ||C*1/2u|| for all u € £>(C1/2)nl>(C"1/2) are not equivalent. We consider the operator
B — Cl/a. It is clear that B satisfies (i). If we assume that B is maximal accretive then,
from a result of Kato [5], the norms defined by ||BQ/2u|| and ||B*a^2u|| are equivalent.
Since Ba/2 — C1/2 and B*a/2 - C*1/2, the latter assertion contradicts the choice of the
operator C. Hence this gives (ii). 0
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In the previous section we gave a constructive proof of Theorem 4 in the Hilbert
space C2. We now give a shorter proof of the same result with C2 replaced by any
infinite dimensional Hilbert space.

We consider an operator B satisfying Lemma 2 for some a € (0,1) on a Hilbert space
H. Since —Ba generates an analytic semigroup of contractions of angle vr(l - a ) / 2 , we
can easily show that | ( S Q ) " | | ^ e™W2 for all s € R. Hence, if we set A = B2"/*, we
have \\A"\\ ^ ewW for all s € R. Thus the first condition of Theorem 4 is satisfied.

Now, since B is not maximal accretive, its TZ^/2 functional calculus is not contractive,
and hence A cannot admit a contractive TZU functional calculus. This proves the second
point of Theorem 4. D
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