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On some modular representations of the Borel
subgroup of GL2(Q,)

Laurent Berger

ABSTRACT

Colmez has given a recipe to associate a smooth modular representation (W) of
the Borel subgroup of GL2(Q,) to a Fj-representation W of Gal(Qp/ Qp) by using
Fontaine’s theory of (¢, I')-modules. We compute Q(W) explicitly and we prove
that if W is irreducible and dim(W) =2, then Q(W) is the restriction to the Borel
subgroup of GL2(Q,) of the supersingular representation associated to W by Breuil’s

correspondence.
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Introduction

This article is a contribution to the p-adic Langlands correspondence, and more specifically the
‘mod p’ correspondence first introduced by Breuil in [Bre03a] which is a bijection
between the supersingular representations of GL2(Qp) and the irreducible two-dimensional
F-linear representations of Gq, = Gal(Q,/Qp). In [Col07, Col08], Colmez has given a
construction of representations of GL2(Q)) associated to certain p-adic Galois representations
and by specializing and extending his functor to the case of F,-representations, we obtain a
recipe for constructing a smooth representation Q(W) of the Borel subgroup B =By(Q,) of
GL2(Q,) starting from the data of an Fj-representation W of Gq,. In [Ber05], the present
author proved that Colmez’ construction was compatible with Breuil’s mod p correspondence
and as a consequence that Colmez’ lim " D¥(-) functor in characteristic p does give Breuil’s
correspondence (up to semisimplification if W is reducible). The proof of [Ber05] is direct when W
is reducible (in which case (W) is a parabolic induction) but quite indirect when W is absolutely
irreducible (in which case (W) is supersingular) and one aim of this article is to give a direct
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ON SOME MODULAR REPRESENTATIONS OF THE BOREL SUBGROUP OF GL2(Q,)

proof in the latter case. A byproduct of the computations of [Ber(05] is the fact that the restriction
to the Borel subgroup of a supersingular representation is still irreducible. This intriguing fact
has since been reproved and generalized by Paskunas in [Pas07] (see also [Eme08]; another
generalization has been worked out by Vignéras in [Vig08]).

In this article, we start by defining some smooth representations of B and we prove that
they are irreducible. After that, we define the representations (W) using Colmez’ functor
applied to W and finally, we prove that if dim(W) > 2 and W is irreducible, then the Q(W) thus
constructed coincide with the representations studied in the first section and that if dim(WW') =2,
then they are the restriction to B of the supersingular representations studied by Barthel and
Livné in [BL94, BL95] as well as Breuil in [Bre03al.

Let us now give a more precise description of our results. Let E be a finite extension of F),
which is the field of coefficients of all our representations, and let

Zx 7
K:(p p)zBﬂGLQ(Z)
0 Z P

and let Z=~ Q) be the center of B. If oy and o2 are two smooth characters of Q) then
c=01®032: (88 — o1(a)oz(d) is a smooth character of KZ and we consider the compactly
induced representation ind%z o. Note that the Iwasawa decomposition implies that B/KZ =

GL2(Q,)/ GLa(Z,)Z so that indR, o can be seen as a space of ‘twisted functions’ on the tree
of GL2(Qp)

THEOREM A. If Il is a smooth irreducible representation of B admitting a central character,
then there exists 0 = 01 ® o such that 11 is a quotient of indR, o.

This result (Theorem 1.2.3) is a direct consequence of the fact that a pro-p-group acting on
a smooth E-representation necessarily admits some nontrivial fixed points. Assume now that
o1(p) = o2(p) and let A = o1 (p) = o2(p) and let 1, be the element of indE, o supported on KZ
and given there by 1,(kz) = o(kz). If n > 2 and if 1 <h < p"~! — 1, let S,,(h, o) be the subspace
of indR, o generated by the B-translates of

(s S ) ()

and let II,,(h, 0) = indR, 0/Sy(h, o). We say that h is primitive if there is no d < n dividing n
such that h is a multiple of (p” —1)/(p? — 1) (this condition is equivalent to requiring that if
we write h =e,_1 - - - e1eg in base p, then the map i+ e; from Z/nZ to {0,...,p — 1} has no
period strictly smaller than n). The main result of §1.3 is that the II,,(h, o) are irreducible if h
is primitive. In §2, we turn to Galois representations, Fontaine’s (¢, I')-modules and Colmez’
Q(-) functor. In particular, we give a careful construction of Q(W) and in Theorem 2.2.4, we
prove that there exists a character o such that Q(W) is a smooth irreducible quotient of ind®, &
by a subspace which contains S, (h, o) where n=dim(W) and h depends on W. Let w, be
Serre’s fundamental character of level n. For a primitive 1 < h < p™ — 2, let ind(w!) be the unique
representation of Gq, whose determinant is w" (where w = wy is the mod p cyclotomic character)
and whose restriction to the inertia subgroup Zq, of Gq, is given by whe wgh b b wﬂn_lh.
Every n-dimensional absolutely irreducible E-linear representation W' of Gq, is isomorphic to
ind(w”) ® x for some primitive 1 <h <p"~! — 1 and some character y and our main result is
then the following (Theorem 3.1.1).
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THEOREM B. Ifn>2 and if 1 <h <p" ! — 1 is primitive, then
Q(ind(w?) ® x) ~ I (b, xw" ™ @ x).

After that, we give the connection with Breuil’s correspondence. Our main result connecting
Colmez’ functor with Breuil’s correspondence is the following (it is a combination of
Theorem 3.1.1 for n =2 and Theorem 3.2.6).

THEOREM C. If1 <h<p—1, then we have

. 1GL2(Qp) h—1 12
deLz(Z:)Z Sym" * E
T

where the last representation is viewed as a representation of B.

Q(ind(wh) ® x) = a(h, " x ® ) =~

It would have been possible to treat the Galois representations of dimension one in the same
way, and therefore to obtain a proof that Colmez’ functor gives Breuil’s correspondence for
reducible representations of dimension two using the methods of this article so that one recovers
the corresponding result of [Ber05] without using the stereographic projection of [BL94, BL95].
We have chosen not to include this as it does not add anything conceptually, but it is an
instructive exercise for the reader.

Finally, if h =1 and n > 2, we can give a more explicit version of Theorem B. We define two
B-equivariant operators T4 and T_ on ind%z o by

p—1 .
_ P J (10
Ty (1,) _Z <0 1) 1, and T (1,)= (0 p) 1,
7=0
so that the Hecke operator is T'="T, + T_ and Theorem B can be restated as follows.

THEOREM D. We have

ind2, (1®1
Qind(w,) @ x) ~ 220 OD
T_ + (=1)"T}

(x o det).

There may be a correspondence between irreducible E-linear representations of dimension n
of Gq, and certain objects coming from GL,(Q,). We hope that Theorem C gives a good place
to start looking for this correspondence, along with the ideas of [SV08].

List of notation

Here we give a list of the main notation of the article, in the order in which they appear.
Introduction: Gq,; B; E; K; Z; primitive h; Zq,; T4; T}
§1.1: Vs vkns Viens A pa

§1.2: ggs; 0; ind®, o; [g]; a(B, 6); support; level; n-block; initial n-block; Iy; 7;
§1.3: wen; A; Sp(h, 0); Iy (h, 0); ix; hg; B

§2.1: ET; E; &; X; Hq,; I D(W); wn; w; py; ind(wh);

§2.2: ; QW); 6;

§3.1: Ty; T,

§3.2: Sym"(E?).

60

https://doi.org/10.1112/50010437X09004345 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X09004345

ON SOME MODULAR REPRESENTATIONS OF THE BOREL SUBGROUP OF GL2(Q,)

1. Smooth modular representations of B2(Qjp)

In this section, we construct a number of representations of B and show that they are irreducible
by reasoning directly on the tree of PGL2(Q)).

1.1 Linear algebra over F,

The binomial coefficients are defined by the formula (1+ X)"=3"._, (1) X" and we think of
them as living in F,,. The following result is due to Lucas.

LEMMA 1.1.1. Ifa and b are integers and a = as - - - ag and b=1bs - - - by are their expansions in

base p, then
a\ [as ag
b)  \bs bo )

Proof. If we write (14 X)% = (1 + X)%(1 4 XP)% ... (1 4+ XP")%_ then the coefficient of X® on
the left is the coefficient of X0 XPb1 ... XP"bs on the right. O

' () (i
w3 (1))
7=0
then a =0 ifk+£<p" -2 andahg:(—l)k ifk+f0=p"—1.

LEMMA 1.1.2. Ifk,£ >0 and if

Proof. The number ay, ¢ is the coefficient of X kYt in the expansion of

pn—l (o
) . (1+X+Y+XY)p —1 n_q
1+X)Y(1+Y) = =(X+Y+XY)P .
jzo( FXAHYY = vy xyy o1 Y XY

Each term of this polynomial is of the form X?Y?(XY)¢ with a + b4 ¢ = p™ — 1 so that there is
no term of total degree < p™ — 2 and the terms of total degree p™ — 1 are those for which ¢ =0
and therefore they are the (—1)*X*ky»"—1-k, O

Let V,, be the vector space of sequences (o, ...,2pn—1) with x; € E. The bilinear map

(+,+) : Vi x V,, = E given by (z,y) = Z?ial x;y; is a perfect pairing on V;,.
Let vy, € Vi, be defined by

(O

and let V , be the subspace of V,, generated by von, ..., Vk—1n-

LEMMA 1.1.3. For 0 < k <p", the space V}, ,, is of dimension k and V,jn = Vpn_kn-

Proof. Since the first j components of v;,, are zero and the (j + 1)th is one, the vectors vj,
are linearly independent and Vj ., is of dimension k. Lemma 1.1.2 says that (vj,,ve,) =0 if
j+£<p" — 2 and this gives us VkLn = Vpn_kn by a dimension count. O

In particular, Vi, is the space of constant sequences and Vjpn_1,, is the space of zero sum
sequences. Note that by Lemma 1.1.1, we have (j+kpn) = (,]ﬁ) if 0<k<p"—1 so that we can
safely think of the indices of the x € V,, as belonging to Z/p"Z. Let A:V,, — V, be the map
defined by (A$)] =Tj-1 — Ty.
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LEMMA 1.1.4. If0 <k + £ < p", then A gives rise to an exact sequence
k
0— Vk,n - WJrk,n A—> W,n — 0,
and A¥(x) € Vy, if and only if £ € Voygn.-

Proof. There is nothing to prove if k=0 and we now assume that k=1. It is clear that
ker(A) = Vi, the space of constant sequences, and the formula

i\ (i1 _ (i1
m m m—1
implies that A(Vy41,) C Vi so that by counting dimensions we see that there is indeed an

exact sequence 0 — Vi, = Vi1, 2, Vin — 0. If A(x) € Vi, then this implies that there exists
y € Vig1, such that A(xz) = A(y) so that « € Vpqq, + ker(A) = Viy1,,. This proves the lemma
for k=1, and for k£ > 2 it follows from a straightforward induction. a

Note that A is nilpotent of rank p™ and therefore the only subspaces of V,, stable under A
are the ker(A*) =V} ,. Since the cyclic shift (z;) — (z;-1) is equal to Id +A, this also implies
that the only subspaces of V;, stable under the cyclic shift are the V.

If a € Zy, then let g : V5, — V;, be the map defined by pq(x); = xq;.

LEMMA 1.1.5. We have pq(vk,n) — akvkm € Vin so that if © € Vi1 p, then pg(x) € Vg p.

Proof. We prove both claims by induction, assuming that it is true for £ < k — 1 (it is immediate
if =0 or even £ =1). Vandermonde’s identity gives us

()= () () () ()

which shows that A o p,(vgn) — akvk_lyn € Vi—1,n by the induction hypothesis and therefore that
Ha(Vkn) — akvkm € Vin by Lemma 1.1.4 which finishes the induction. O

LEMMA 1.1.6. If x € Vi and if 0<i<p— 1, then the sequence y € V1 given by y; = xpj
belongs to V| (x—1)/p|+1,n—1-

Proof. If ¢ <k — 1 and if we write ¢ =p|¢/p]| + £y so that 0 < ¢y < p — 1, then by Lemma 1.1.1,

we have
(pjz ) - (L%) (e@)’

which implies the lemma. O

1.2 The twisted tree
We now turn to B/KZ and the smooth representations of B. If 5 € Q, and 6 € Z, let

)

Let A= {an,p "+ -+ aip~! where 0 < oj <p — 1} so that A is a system of representatives of
Qp/Zy.
LEMMA 1.2.1. We have B =[] 4 5c7 95,5 - KZ.
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ht 0 +2

htd +1

ht &

Part of the tree

FI1GURE 1. Part of the tree.

Proof. 1f (8 g) € B, then with obvious notation we have

a b\ _ (app® b (1 bp_o‘dgl—c ag cdy p* 0
0 d/\ 0 dop°) \O pi—a 0 dy 0 p°

which tells us that B= UﬁeA sez 98,6 - KZ since we can always choose c€Z, such that
bp~“d, 1 _ ¢ e A. The fact that the union is disjoint is immediate. O

The vertices of the tree of GL2(Q,) can then be labelled by the § € Z and the 8 € A (Figure 1).

If o1 and o9 are two smooth characters o; : Q; — E*, then let 0 =01 ® 09 : KZ — E* be
the character o : (¢ %) — 01(a)o2(d) and let indf, o be the set of functions f: B — E satisfying
f(kg) =0(k)f(g) if k€ KZ and such that f has compact support modulo Z. If g € B, denote
by [g] the function [g] : B — E defined by [g](h) = o(hg) if h € KZg~! and [g](h) = 0 otherwise.
Every element of ind®, o is a finite linear combination of some functions [g]. We make ind%, o
into a representation of B in the usual way: if g € B, then (gf)(h) = f(hg). In particular, we have
g[h] = [gh] in addition to the formula [gk] = o(k)[g] for k € KZ.

LEMMA 1.2.2. If x is a smooth character of Q, then the map [g] — (x o det)(g)~'[g] extends
to a B-equivariant isomorphism from (indY, o) ® (x o det) to indE,(o1x ® ox).

Proof. Let us write [-], and [-]5y for the two functions [-] in the two induced representations. We
then have hlg|, = (x o det)(h)[hg], and

(x o det)(g9) " hlglay = (x o det)(h)(x o det)(hg) " [hglay

so that the above map is indeed B-equivariant. O

Each f € ind2, o can be written in a unique way as f = > 5.5 (B, 6)[gps]- The formula

O 756 2) )

and the fact that o is trivial on ((1) le) imply that we can extend the definition of (3, d) to all

8 € Qp. We then have the formula a(3, 8)((} }) f) = (B — Ap°, 8)(f) if X € Q.
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BE § b2 e

ht o

1-block

FIGURE 2. An example of a 1-block.

ht 6 +2

ht § +1

hs [6 6 8 6 6 @ 6 6 8

2-block

FIGURE 3. An example of a 2-block.

The support of f is the set of gz s such that (3, 0) #0. Let us say that the height of an
element gg s is 6. We say that f € indEZ o has support in levels n1, ..., ng if all of the elements
of its support are of height n; for some 7. If f € ind%z o, then we can either raise or lower the
support of f using the formula ((1] pgl)gﬂ’(g = 08,5+1-

If n >0 let us say that an n-block is the set of gg_j,-n s for j=0,...,p" —1 and that the
initial n-block is the one for which §=0. We use the same name for the vector of coefficients
a(f—jp™,0) for =0,...,p" —1 so that an n-block is then an element of V,, from §1.1
(Figures 2 and 3).

In the following, we study some irreducible quotients of ind%z o of arithmetic interest, but
before we do that, it is worthwhile pointing out that all smooth irreducible representations of B
admitting a central character are a quotient of some ind:, o.

THEOREM 1.2.3. IfII is a smooth irreducible representation of B admitting a central character,
then there exists 0 = 01 ® o9 such that II is a quotient of ind%, 0.

Proof. The group I; defined by

I — 1+pZ, Z,
LU0 1497,

is a pro-p-group and hence II" # 0. Furthermore, I; is a normal subgroup of K so that II" is a
representation of K/I; = F; X F;. Since this group is a finite group of order prime to p, we have
i = EBn II¥=" where n runs over the characters of F; x F) and since Z acts through a character
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/\72

{5

FIGURE 4. A function on the tree.

by hypothesis, there exists a character o =01 ® 09 of KZ and v € II such that k-v =o(k)v
for k € KZ. By Frobenius reciprocity, we obtain a nontrivial map ind®, o — II and this map is
surjective since II is irreducible. O

Note that ¢ is not uniquely determined by II: there are nontrivial intertwinings between some
quotients of indR, o for different o.

We finish this section with a useful general lemma. Let 7, = ((1) —11/pk) and let II be any
representation of B.

17
LEMMA 1.2.4. Ifv#0¢€ H(O 1p) and if k > 0, then one of the p* elements

p—1 .
vy = Z <‘z>Tg(v), 0<e<ph -1

is nonzero and fixed by 7.

Proof. If all p* elements above were zero, then Lemma 1.1.3 would imply that for any sequence
k .

x = (xj) € Vj we would have Z?:Bl z;7(v) =0 and with = (1,0,...,0), we get v =0. Let ¢

be the smallest integer such that v, # 0. If £ =0, then 7% (vg) — vg = 0 since T,fk =719 € ((1] Zf’) and
otherwise 71 (vy) — vy = —vp—1 = 0. O

1.3 Some irreducible representations of B2(Qjp)
Ifn>1and 0<{<p" — 1, let wy, €indR, o be the element

p"—1 j 1 R
_ —Jp
win = 2 <6> KO 1 >]
7=0
so that the initial n-block of wy , is vy .

DEFINITION 1.3.1. If n>2and if 1 <h gpn_l — 1 and if 0 = 01 ® 09 is a character of KZ such
that o1 (p) = 02(p), let A= o1(p) = ga(p) and let S, (h, o) be the subspace of inds, o generated

by the translates under the action of B of (—A~)"[(§ pgb)] + Wh(p—1),n (see Figure 4).
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The representations we are interested in are the quotients I, (h, o) = indR, /S, (h, o) and
the main result of this section is that they are irreducible if h is primitive. Before we can prove
this, we need a number of technical results.

If feindR, o and if 0<i<n—1, let
fi= ). alB, )yl

BeA

0=i mod n
so that f=fo+ fi+- -+ fa-1.
LEMMA 1.3.2. If f € indRy o, then f € S,,(h, o) if and only if f; € Sy(h, o) forall 0 <i<n — 1.

Proof. We only need to check that if f € S,,(h, o), then f; € S, (h, o) and this follows from the
fact that S, (h, o) is generated by elements which have their supports in levels equal modulo n. O

Let 4,1 ...14170 be the expansion of h(p — 1) in base p. Note that h < p"~! — 1 implies that
tn—1<p—2.Let hy =t + Pipn_gr1 + - -4 pF=1i,_1 so that hy = phi_1 + in_i and hg = 0 and
hn = h(p — 1). Recall that the vectors vy, were defined in §1.1 and let BT =][5c 4 550 95.6KZ.

LEMMA 1.3.3. If the support of g € Sy, (h, o) is in levels > 0, then:

(i) g is a linear combination of B*-translates of (—A~1)"[(§ 2 o)+ Whip—1)ns
(i) if 1 <k < n, then the k-blocks of level 0 of g are in Vi, 11 .

Proof. Note first that if (§ §) € KZ, then

G- (G O6 )

J

S O16 G

- @e@'S G )]

=0
and note also that the initial n-block of (1 Jpl n)w&n — Wy isin Vi,
Let us now prove condition (i). Set B = {(& %) € B such that val,(a) = val,(d)}. It is enough

to prove that any B®-linear combination of ¢ = (=A~1)"[(§ )] 4 Wh(p—1),n Which is zero in level

zero is actually identically zero. If D7, ; A (%’ Z’i) - is such a combination where we assume
for example (using the action of the center) that d; =1, then the terms indexed by i; and iy
contribute to the same n-block in level zero if and only if b;, — b;, € p~"Z, and we can therefore

assume that
a; b; 7 p"Z
(2 1 _ o P
(5 &)es=(% 75”)

so that we are looking at the initial n-block. The formulas above and Lemma 1.1.5 applied to
da~' € Z) show that if g = (§ §) € S, then the initial n-block of g - ¢ — o1(a)o (d) belongs to
Vi(p—1),n 50 that in a linear combination of S-translates of ¢, the coefficient of (6 )] is a nonzero
multiple of the coefficient of wy,;,_1),; if the latter is zero, then so is the former and our linear
combination is identically zero.
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Let us now prove condition (ii). The conclusion of condition (ii) is stable under linear
combinations of BT -translates so by condition (i) we only need to check that if b € BT, then the
k-blocks of bwy,, , are in Vj, 11 . If b=1d, then the n-block of wy,, ,, is vy, , which belongs to
Vi +1,n by definition. If we know that the k-blocks are in Vj, 41k, then the fact that |hy/p| = hy—1
and Lemma 1.1.6 imply that the (k — 1)-blocks are in Vj,, |41 4—1, so we are done by induction.
Next, the above formula for (8 fl)wg’n and Lemma 1.1.5 applied to da~! € Z, show that the
n-blocks of the (8 fl)whmn are contained in Vj, 41, and we are reduced to the claim above.
Finally, ggs - f is f moved up by 0 and shifted by 8 and the conclusion of condition (ii) is
unchanged under those two operations since the V},,, are stable under the cyclic shift. O

Recall that 7, = (é _11/pk) and that (3, 8)(1(f)) = (B +p°~*,8)(f) so that the effect of
7, — Id on a k-block y in level zero is to replace it with A(y).

LEMMA 1.3.4. If the support of f € S,(h, o) is contained in a single k-block with 0 <k < n,
then this k-block is in Vj, i and all such elements do occur: wyy, € Sp(h, o) for 0 <€ < hy — 1.

Proof. If k = n, then the n-block of 7, (wp,, n) — Wh,, » is vy, 1, and the set of possible n-blocks
is stable under the cyclic shift so we obtain all of V},, , but not Vj,, 41, since II,(h, o) #0.
If some vy}, occurs as the k-block of some f, without loss of generality in level zero, then

for all 0 <m <p—1 the (k+ 1)-block of Zf:_ol (;I)T,z+1(f) is [(2)vegs -y (P )ver] and this

IS Upptm k41 Since (%) (7;) = (&Jﬁi) by Lemma 1.1.1. In particular, if vy, j occurred, then so

would vy, ., k+1 and we obtain a contradiction. Conversely, assuming inductively that the second

assertion of the lemma holds for k£ + 1, this tells us that all [(7%) Voks - - - (p;f)vg,k] occur as a

(k + 1)-block for pf +m < hy41 — 1 and by taking m =p — 1 and £ < hy, — 1 we obtain vy, and

we are done by a descending induction on k. O
Let us write as above a (n + 1)-block as [b, . . ., by,—1] where each b; is a n-block.

LEMMA 1.3.5. If the support of g € S, (h, o) is in levels 0,1, ..., n — 1, then the (n + 1)-blocks
of level zero of g are of the form

[140Vhy i + T0s - -+ 5 Pp—10Vhpy 0 + Tp—1],

where x; €V}, and (po, - - - 5 ftp—1) € Vi 41.1-

Proof. By Lemma 1.3.2, we may assume that the support of g is in level zero and Lemma 1.3.3
tells us that the n-blocks of g are in V},,, 1, so that each of them can be written as p;vp, » + ;
where x; €V}, ». By subtracting from g appropriate combinations of translates of the wy,
with 0 <¢<h, —1 we obtain a ¢’ such that z; =0 for all i« and by subtracting appropriate
combinations of translates of (—A™1)"[(§ t)] + wp,,n from ¢’ we obtain an element g” of S, (h, o)

with support in level n and whose 1-blocks are the —(—=A"1)"(ug, . . ., p1p—1). Lemma 1.3.3 applied
to ((1] 1/%n)g” gives us (po, - - -, tp—1) € Vi 41.1- O
COROLLARY 1.3.6. If the support of f € indR, o isinlevels 0,1, ...,n — 1 and if 7,41 (f) — f €

Sy (h, o), then the n-blocks of level zero of f are in Vi, 11 5.

Proof. Lemma 1.3.5 applied to 7,,+1(f) — f tells us that the (n + 1)-blocks of 7,,+1(f) — f in level
zero are of the form [povp,, » + %0, - - . s fp—1Vh, n + Tp—1] With x; €V}, and (po, ..., pp—1) €
Vhit1,1- I we write f =35, a(3,0)[gss], then the coefficient of [gs0] in Ti1(f) — [ is
a(B+p ™ 10) —a(B,0) so that the n-blocks of 7,41(f) — f are given by (for readability,
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we omit both 5 and § =0 from the notation)
1 1 1 1
() o0 ()~ (57)

2 1 2 1 1 1 2 pr—1 1 pr—1
o pn+1 —o pn+1 @ pn+1 + I; - pn+1 + I; @ pn+1 + pn - o pn+1 + pn

p  (p-1 P 1\ (p-1 1 p p o1\ (p-1 pr-1
a(p"“) _a(p"“) a(p"“ +ﬁ) _a(p"“ +ZT") a(p"“ T )_a(p”“ T )
Let 9o, . .., yp—1 be the n-blocks of the (n + 1)-block of f we are considering. By summing
the rows of the above array, we obtain (recall that «(8) = a(1 + 3))

() o (34 2) (o) e (5+75)

which is A(yp) so that

1 pr -1 pt =1
@ pn+1 + pn - pn

I
—

p p—1
A(yo) =D (tivh,m + i) =Y 7 € Vim
] =0

I
o

since Ef;ol i = 0 because ((o, - - -, fip—1) € V411 with hy +1=14,_1 + 1 <p — landif A(yo) €

Vhn.n» then yo € Vi, 41, by Lemma 1.1.4. The same result holds for y; by applying the previous
reasoning to 7;_ 1 (f). O

COROLLARY 1.3.7. If the support of f € ind%z o isin levels 0,1,...,n —1 and the support in
level zero is included in a single n-block and 7,,(f) — f € Sp(h, o), then the n-block of f in level
zero is in Vi, 41 n.

Proof. Lemma 1.3.5 applied to g = 7,,(f) — f tells us that the n-block of 7,,(f) — f is of the form
HOUh,, n + To With 2o € V), », and (po,0,...,0) € Vi, 41,1 so that po =0since by + 1 <p— 1. If y
denotes the n-block of f then the n-block of 7,,(f) — f is A(y) so that A(y) € V},,, ,, and therefore
Y € Vi, +1,n by Lemma 1.1.4. O

If n>1 and if 1<h<p"”—2, we say that h is primitive if there is no d <n dividing n
such that & is a multiple of (p™ — 1)/(p? — 1). This condition is equivalent to requiring that if
we write h =e,_1...e1eg in base p, then the map i — e; from Z/nZ to {0,...,p — 1} has no
period strictly smaller than n.

THEOREM 1.3.8. Ifn>2 and if 1 <h <p"~ ! — 1 is primitive, then I, (h, o) is irreducible.

Proof. It is enough to show that if f € ind2, o is such that f # 0 in II,,(h, o), then some linear

combination of translates of f is equal to [Id] mod S, (h, o).

Suppose that the support of f is in levels > a. Since (—)\_1)"[((1) p%)] + wp,, » is an element

whose support is one element of height n and a n-block of height zero, by subtracting suitable
linear combinations of translates of this from f we may assume that the support of f is in
levels a, a+1,...,a+n — 1; multiplying f by some power of ((1) g) we may then assume that

12
the support of f is in levels 0,1,...,n — 1. In particular, we have f & (ind%z 0)(0 1P). Let
S0, 81, - - - , Sn—1 > 0 be such that the support of f is included in the initial sp-block in level zero,
the initial si-block in level one, . . ., the initial s,,_1-block in level n — 1.

Lemma 1.2.4 applied with k=n+1 shows that we may replace f by one of the
n+1 . :
?ZB -1 ()71 (f) so that i1 (f) — f € Sn(h, o). The support of this new f is included in
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the initial max(s;, n + 1 — j)-block in level j for 0 < j <n — 1. Corollary 1.3.6 then shows that
there exists g € Sy, (h, o) which is a linear combination of ((1J le)—translates of (=A™1)"[(5 )] +
Wh,, n and of the wy, for 0 <¢ < h, — 1 such that the n-blocks of f in level zero are the same
as the n-blocks of g in level zero. We can then replace f by ((1) 1%)( f —g) and the support of
this new f is included in the initial max(s;41, n — j)-block in level j for 0 <j<n —2 and in
the initial max(sg — n, 1)-block in level n — 1 if j =n — 1. By iterating the procedure of this
paragraph, we can reduce the width of the support of f until s; =n —jfor 0<j<n — 1.

The modified f coming from the previous paragraph satisfies 7,,(f) — f € S, (h, o) and its
support is included in the initial (n — j)-block in level j for 0 < j<n — 1. Corollary 1.3.7
then shows that there exists g € Sy, (h, o) which is a linear combination of ((1) le)—translates of
(=A"H"(5 pgz)] + wp,, n and of the wy , for 0 < £ < h, — 1 such that the n-block of g in level zero
is the same as the n-block of f in level zero. We can then replace f by ((1) 1%)( f—g) and the
support of this new f is included in the initial (n — j — 1)-block in level j for 0 < j<n — 1.

The modified f coming from the previous paragraph satisfies 7,_1(f) — f € Sn(h, o) and its
support is included in the initial (n — j — 1)-block in level j for 0 < j <n — 1 and the k-block zy
of finlevel n — k — 1isin Vj, 41 by applying Lemmas 1.3.2, 1.3.4 and 1.1.4. By Lemma 1.3.4,
we can subtract elements of Vj, j from xj, without changing the class of f in II,,(h, o) so we can
assume that each zy, is a (possibly zero) multiple of vy, . If 0 <m < p — 1, let Uy, be the operator
defined by U,,(f) = Zf:_(} (fn)ﬂl(f) as in the proof of Lemma 1.3.4. At level n — 1 — k it has the
effect of turning wvp, x into vn, ,\ 4m—i,_,_,k+1 since hyi1 = phg +i,_p—1 and (%) (;L) = (p@]:;).
If we choose m such that m —i,_;_1 <0 and m — i,_r_1 = 0 for at least one value of k, then
U (f) is made up of (k + 1)-blocks in level n — k — 1 and we can get rid of all of those for which
m — i,_k—1 < —1. This allows us to lower the number of nonzero blocks of f unless m =14, _,_1
for all the corresponding nonzero blocks. In this case we lower f by one level and if there is a
block in level zero we send it to level n before lowering f by subtracting an appropriate multiple
of (=A"1)"[(§ )] + Wh,. - By iterating this procedure (replacing f by Upn(f) and lowering a
possibly modified f), we can reduce the number of nonzero blocks of f until our procedure starts
cycling.

If this is the case then there exists some d dividing n such that at some point f has nonzero
blocks exactly in levels n — 1 — ¢d for 0 < £ < (n/d) — 1 and the map r +— i, is then also periodic
of period d. If d=n, then we are done. If d <n, then we claim that hy is not divisible by
p — 1. Indeed, we have h(p — 1) = hg(p™ — 1)/(p? — 1) since r + i, is periodic of period d, and
if p—1 divides hg, then h is not primitive. If a € Z; is such that @ is a generator of F, then
fta(ve ) — a‘vey € Vo by Lemma 1.1.5. This implies that o2(a™)(§9) f — f has at least one
fewer block (the top one) and is nonzero (the block of level n — 1 — d is not in S,,(h, o)), so that
we can iterate again our procedure of the previous paragraph (replacing f by U,,(f) and lowering
a possibly modified f) until d =n so that f becomes equivalent to an element supported on only
one point. O

Remark 1.3.9. We have I1,,(h, o) ® (x o det) ~II,,(h, 01x ® o2x) by Lemma 1.2.2.

2. Galois representations and (¢, I')-modules

In this section, we construct the (¢, I')-modules associated to the absolutely irreducible E-linear
representations of Gq, and then apply Colmez’s functor to them in order to obtain a smooth
irreducible representation of B.
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2.1 Construction of (¢, I')-modules
Let C, be the completion of Qp and let ET = liﬂijx:v Oc, be the ring defined by Fontaine (see
for example [Fon94, §1.2]). Recall that if 2,y € ET, then

(2y)® =20y@ and (2 +4)@ = lim (209 + y(i+j))pj
Jj—oo

and that E* is endowed with the valuation valg defined by valg(y) = val,(y(). If we choose
once and for all a compatible system {(pn }n>0 of p"th roots of one, then € = (1, ¢y, (2, .. .) € E+t
and we set X =¢ — 1 and E = E+[1 /X] so that by [Win83, §4.3], E is an algebraically closed
field of characteristic p, which contains F,(X))*P? as a dense subfield. Given the construction
of E from C,, we see that it is endowed with a continuous action of Gq,. We have, for instance,
g(X) =1+ X)Xeval9) — 1 if g Gq, so that Hq, = ker xcya acts trivially on Fy,(X) and we
obtain a map Hq, — Gal(F,(X)*P/F,(X)) which is an isomorphism (this follows from the
theory of the ‘field of norms’ of [FW79], see for example [Fon90, Theorem 3.1.6]). We also obtain
an action of I' = Gq,/Hq, on Fy(X).

If W is an Fp-linear representation of Gq,, then the F,(X)-vector space D(W)=
(Fp(X)**P ®F, W)™ inherits the Frobenius ¢ of F,,((X)*P and the residual action of T'.

DEFINITION 2.1.1. A (p,I')-module over F,(X) is a finite-dimensional F,(X)-vector space
endowed with a semilinear Frobenius ¢ such that Mat(y) € GLq(F,(X))) and a continuous and
semilinear action of I' commuting with .

We see that D(W) is then a (¢, I')-module over F,(X). If E is a finite extension of F,,
we endow it with the trivial ¢ and the trivial action of I' so that we may talk about (¢, T’)-
modules over E(X) = E ®p, Fp(X) and we then have the following result which is proved
in [Fon90, §1.2] and whose proof we recall for the convenience of the reader.

THEOREM 2.1.2. The functor W+ D(W) gives an equivalence of categories between the
category of E-representations of Gq, and the category of (¢, I')-modules over E((X)).

Sketch of proof. Given the isomorphism Hq, ~ Gal(F,(X)*P/F,(X)), Hilbert’s theorem 90
tells us that H} (Hq,, GLq(F,(X)*P)) = {1} if d>1 so that if W is an F,-linear

discrete
representation of Hq,, then

Fp (X)*P @, W = (Fp((X)*P) )
as representations of Hgq, so that the F,(X)-vector space D(W) = (F,(X)*® ®p, W)H % is of
dimension dim(W) and W = (F,(X)*® @, (x) D(W))#=1.

If D is a (¢, I')-module over Fj,(X)), then let W (D) = (F,(X))*? @, (x) D)¥=1. If we choose
a basis of D and if Mat(y) = (pij)1<i,j<dim(D) in that basis, then the algebra

A=Fy(X)[X1,. .. ’Xdimw)]/(Xf - ;pini>

is an étale F,((X)-algebra of rank p?™P) and W (D) = Homg (x)-algebra (A, Fp(X)*P) so that
W (D) is an F,-vector space of dimension dim(D).

It is then easy to check that the functors W+ D(WW) and D — W (D) are the inverse of each
other. Finally, if ¥ # F,, then one can consider an E-representation as an F,-representation with
an E-linear structure and likewise for (¢, I')-modules, so that the equivalence carries over. O

1<j<dim(D)
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We now compute the (¢, I')-modules associated to certain Galois representations. If n is an
integer greater than or equal to one, choose 7, € Qp such that W?Ln_l = —p. The fundamental
character of level n defined in [Ser72, §1.7], wy, : Iq, — F; is given by wy(g) = g(my)/mn € F;
for ¢ €1q,- This definition does not depend on the choice of 7, and shows that w, extends
to a character Gq n, — F;n. With this definition, w, is actually the reduction mod p of the
Lubin-Tate character associated to the uniformizer p of the field Qpn.

In order to describe the (¢, I')-modules associated to irreducible mod p representations,
we need to give a ‘characteristic p’ construction of wy,. Let w=w; be the mod p cyclotomic
character and let Y € F,(X)*P be an element such that Y®"~1/(=1) = X T1f g ¢ gq,, then
fg(X) =w(9)X/g(X) depends only on the image of ¢ in I'. Since fy(X) €1+ XF,[X], the
formula f;(X) makes sense if s € Z,.

LEMMA 2.1.3. If g € Gq ., then g(Y) = Ywﬁ(g)fg_(p_l)/(pn_l)(X).

Proof. Recall that X € Et = lim Oc,, is equal to € — 1 where € = (Cpi)j=0 and where {(pi }j>0 is
a compatible sequence. If j > 1, plck 7n,; € Oc, such that

DD

If gedq,n, then g((y —1)=[w(g)|(¢y — )f_ (Cp — 1) where we also write fy(X) for
[w(g))X/((1 + X)Xever9) —1) € 1 + XZ,[X] and so there exists wy, j(g) € F . such that

A (FE!

7Tn 7j

where [] is the Teichmiiller lift from F . to Q.. The map g wy j(g) is a character of Gq,.
which does not depend on the choice of 7, ;. In addition, we have

(Gt — 1P = (G — 1) - (L+ O(p"P)) ifj>1,
(G — 1Pt =—p- (1+0(p"?)),

so that w? ., =w, ; if j > 1 and w, 1 = w,. This also tells us that we may choose the 7, ; so that
n,]-i—l 5J '] I sJ

7rfl7j+1/7rn7j el —|—p1/p(’)cp. If we write Y = (y) € lim Oc,,, then we have Y@ =1lim;_ wﬁj’iﬂ.
since the 7, ; are compatible in the sense that 7 i1/ €1 +p1/p(90p so that if g € Gg,n,

then

S = lona(@) - lim (07D (G, — 1)),

and therefore we have g(Y) =Ywh(g)fs (= 1)/(‘r’)n_l))(X) in E. 0

If 1 <h < p™— 2 is primitive, the characters wh wﬁh, ce wgn_lh of Zq, are pairwise distinct.
Let u) be the unramified character sending the arithmetic Frobenius to A™! (so that later when
we normalize class field theory to send the geometric Frobenius to p, then py(p) = A).

LEMMA 2.1.4. Every absolutely irreducible n-dimensional E-linear representation of Gq, is
isomorphic (after possibly enlarging E) to (indgzp wh) @ py for some primitive 1 < h < p" — 2
pn

and some \ € E*.

Proof. If W is such a representation, then by [Ser72, §1.6], we may extend E so that W\IQP
splits as a direct sum of n tame characters and since W is irreducible, these characters are
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transitively permuted by Frobenius so that they are of level n and there exists a primitive h such

that W = @?:_01 W; where Zq, acts on W; by wﬁlh. Since w,, extends to ngn each W; is stable

under ngn which then acts on it by wghxi where x; is an unramified character of ng"' The

lemma then follows from Frobenius reciprocity. O

IfAe F; is such that A" € F¥, let Wy = {a € F,, such that o?” = A™"a} so that Wy is a Fpn-
vector space of dimension one and hence a F,-vector space of dimension n. By composing the
map Gal(Q)'(m,)/Qp) — F i Z with the map F o X 7 — Endg, (W)) given by (z,0) — m/
(where m, is the multiplication by x map) and by (1, 1) — (a +— aP) we obtain an n-dimensional
F)-linear representation of Ggq, which is isomorphic to (indggz . wh) @ py after extending
scalars and whose determinant is wh,u,ﬁfl py so that if A" = (—=1)"~1) then the determinant
is w" and we call ind(w!) the representation thus constructed; it is then uniquely determined by

the two conditions det ind(w?) = w" and ind(wﬁ)]qu <> s wh " since (indggp W @ py, =
pn
(indggzn wh) @ py, if and only if we have A7 = 2.

COROLLARY 2.1.5. Every absolutely irreducible n-dimensional E-linear representation of Gq,
is isomorphic to ind(w?) ® uy for some primitive 1 <h<p" —2 and some A EF; such that
At e EX.

THEOREM 2.1.6. The (¢, I')-module _D(ind(wﬁ)) is defined over F,(X) and admits a basis
€0, - - -, en—1 in which y(e;) = fo (X)W P=D/(" Ve, if v €T and p(ej) = ej1 for 0<j<n —2
and p(e,_1) = (=1)""1X g,

Proof. Let W be the F-representation of Gq, associated to the (¢, I')-module described in the
theorem. If f = X"eg A---Ae,_1, then o(f) = f and v(f) =w(7)"f so that the determinant
of W is indeed w” and therefore we only need to show that the restriction of Fyn @p, W to1q, is

wh o AL e wg“’lh. To clarify things, let us write Fin for F)» when it occurs as a coefficient
field, so that ¢ is trivial on Fi,n.
If we write an ®F, Fp(X)*P as HZ;(l) F,(X)*P via the map = ® y +— (o*(x)y) where o is
the absolute Frobenius on Fin, then given (zg,...,Tp_1) € Hz;é F,(X)sP, we have
(20, -+ - n—1)) = (p(Tn-1), p(T0), - - . , P(Tn—2))
g(($07 s )xn—l)) = (g(x0)7 s 79(1"71—1));

if g €3Gq,» (but not if g € Gg,). Choose some a € Fj,(X)*P such that Pt = (=1)""1 and
define

vo=(aY™,0,...,0)-eq+ (0,aPYP" ... 0)-e1+---(0,...,0,a”"  YP" M) ey
v = (0,aY",...,0) e+ (0,0,0PYPr ... 0) e +--- (apnlepnflh, 0,...,0) en_1

Upo1=(0,...,0,aY™) - eg+ (aPYP" 0,...,0)-e14+---(0,...,0, apnlepnflh, 0) - eni.

The vectors vp, . . ., vp—1 give a basis of Fli)n ®r, (Fp(X)*P ®p,(x) D(W)) and the formulas for
the action of ¢ imply that ¢(v;) =v; so that v; € Ff,n ®p, W. The formulas for the action of T’
and Lemma 2.1.3 imply that g(v;) = wﬁplﬂvj if g € Zq, which finishes the proof. a
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2.2 From Galois to Borel
If a(X) € E(X)), then we can write

p—1
)= (14 X) a;(XP)
7=0

in a unique way, and we define a map ¢ : E(X) — E(X)) by the formula ¥ (a)(X) = ap(X).
A direct computation shows that if 0 <7 <p — 1, then (XP"*") = (—-1)"X™. If D is a (¢, I')-
module over E(X) and if y €D, then likewise we can write yzzg;é(l—i—X)jcp(yj) and
we set 1¥(y) =yo. The operator ¢ thus defined commutes with the action of I' and satisfies

P(a(X)e(y)) = (@) (X)y and ((XP)y) = a(X)P(y).

U(a

If W =ind(w?) ® x with x = w*uy where from now on A € EX, then Theorem 2.1.6 above
implies that the (¢, ')-module D(W) is defined on F(X) and admlts a basis eqg, ..., €n_1
in which y(ej) = ws(y)fy (X)W P=D/" Ve, if y €T and @(ej) = Aejp1 for 0<j<n — 2 and
olen_1) = (=1)""TAX "¢y Since WF D/ w, we can always modify h (and x
accordingly) in order to have 1 <h < (p" —1)/(p — 1) — 1 so that h(p — 1) < p™ — 2. Recall that
in—1 - . . 117p is the expansion of h(p — 1) in base p and that hy =i, + Pip_kr1 + - - - + pF i,
so that ho =0 and hy, = h(p — 1).

LEMMA 2.2.1. If fj = Xhie; and a(X) € E(X)), then we have

M ((X)X™=3) f51 ifj>1,

P(a(X )fj) {)\ 1(_1)n—1¢(a(X)Xi0)fn—1 if j=0.

Proof. If j > 1, then we can write a(X)f; = A\ 1a(X)X" ¢(e;_1) and since h; = phj_1 +in_j,
we have

(X)) f3) = ATIX (X)X )ejg = A (a( X) X) foa.
If 5 =0, then a(X)fo = a(X)ep = a(X)(—1)" A1 XMP~Dp(e, 1) so that
(X)) fo) = A (=D EX 1 (@ X) X0 ey = AH(=1)" (X)X ) f
which finishes the proof. O

COROLLARY 2.2.2. The E[X]-module Df(W) = @?:_01 E[X] - f; is stable under v and the map
Y : DYW) — D¥(W) is surjective.

Proof. Lemma 2.2.1 implies that D#(T/) is stable under . Furthermore, the formula 1) ( X?™+7) =
(=1)"X™ for 0<r<p—1 implies that the map «;(X)— (o ;(X)X"=4) is surjective for
j>1, as well as the map ag(X) — 1(ao(X)X™), which implies that v : D*(W) — D#(W) is
surjective. O

A quick computation shows that if y € D#(TW), then ¢ (X ~'y) € D}(W) so that our D#(W)
coincides with the lattice defined by Colmez in [Col07, Proposition I1.4.2(iv)]. We now define
Colmez’s functor (see [Col07, §III]):

lim D*(W) = {y = (yo, y1, - - .) with y; € D*(W) such that ¢(y; 1) =y; for all i >0},
"
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and we endow this space with an action of B (using the same normalization as in [Ber05] which
differs by a twist from the normalization of [Col07])

(5 2) ) =t
((é 1?7> 'y>i:yi—j=1/}j(yi);

10 - B
<<0 a) ’ y) = Ya-1(yi) where v,-1 €T is such that xcya(7,-1) =a te Z;;
7
((é f) y) = ((L+ XP2yiy) for it j > —val(2).
7

We then define Q(W) = (@w D¥(W))* so that Q(W) is a smooth representation (see §2.3 for a

proof of this) of B whose central character is w"~1x2. Denote by 6y the linear form on Df(W)
given by

0o : Ozo(X)f() + -4+ Oén_l(X)fn_l — Ozo(O).
If y = (yo, Y1, - - .), then we define 6 € Q(W) to be the linear form 0 : y +— 6y(yo).

LEMMA 2.2.3. If (2 %) € KZ, then (25%) -6 = w" ' (a)x(ad)b.

Proof. We have

= (
= w" ! (a)x(ad)(y),
£

since px(a) = pr(d) because (&%) € KZ so that x(a) = x(d)w*(ad™). O

For 0 < k < n, recall that hy = i,_p + pip_pr1 + -+ p* Lip_1 so that h, = h(p — 1).

THEOREM 2.2.4. The linear form 6 is killed by
pr—1 j n .
-1 n_l)\n'Id— b —J )
coraa=3 7)) (5 )

Proof. Using the definition of the action of B on lim ’ D#(WW), we obtain

pr—1

G 2 (o) (5 7))o
— (=) B (o) — A2 - By 0 " (ijz_; <h(pj— 1)) (1+ X)jyo>,
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and this is equal to zero for obvious reasons if yp = a;(X)f; with ¢ # 0 so that we now assume
that yo = ap(X) fo. Lemma 1.1.2 implies that
pr—1 j
1+ X)J e Xxp"~hn=1 4 xP" M B[ X],
]Zo<h<p—1>>< ) -

and the fact that p® — hy +in_p = p(p*~' — hy_1) for 1< €< n together with the formulas of
Lemma 2.2.1 and the fact that ¢(X?"*") = (—1)"X™ then imply that

pt—1 .
" J Tay =(—1)" "\ mo fw
0 <J§:0 (h(p—1)>(1+X) o(X)fo> (=" A" ao(X) fo d XD*(W),

which proves our claim. O

2.3 Profinite representations and smooth representations

In this section, we prove that (W) is a smooth irreducible representation of B if dim(W) > 2.
In order to do so, we recall a few results concerning profinite representations and their dual.
Let G be a topological group and let X be a profinite E-linear representation of G where F is
as before a finite extension of F,. Let X™* be the dual of X, that is the set of continuous linear
forms on X.

LEMMA 2.3.1. The representation X* is a smooth representation of G.

Proof. If f € X*, then the map (g, z)+— f(gz —x) is a continuous map G x X — F and its
kernel is therefore open in G x X so that there exists an open subgroup K of G and an open
subspace Y of X such that f(ky —y) =0 whenever k€ K and y € Y. Since X is compact, ¥
is of finite codimension in X and we can write X =Y & @;_; Ex;. For each ¢ there is an open
subgroup K; of G such that f(kz; — ;) =0 if k € K; and this implies that if H = K N(;_; Kj,
then f(hz —x) =0 for any = € X so that f € (X*) with H an open subgroup of G. O

LEMMA 2.3.2. If X is topologically irreducible, then X* is irreducible.

Proof. If X :liinie I X; where each X; is a finite-dimensional FE-vector space, then a linear
form on X is continuous if and only if it factors through some X; and hence X* = li_I)niE I X/
so that (X*)*= (li_n}iel X )= lim, _ X;=X. If A is a G-invariant subspace of X*, then
ker(A) =(V;¢p ker(f) is a G-invariant closed subspace of X which is therefore either equal to X
or to {0}. If it is equal to X, then obviously A = {0} and if it is equal to {0}, then the fact that
(X*)* = X implies that no nonzero linear form on X* is zero on A so that A = X*. O
The representation lim ” D#(W) is a profinite representation of B since D#(W) ~ E[X]dm(W)
and we have the following result (see also [Ber05, Proposition 1.2.3]).
PROPOSITION 2.3.3. The representation Q(W) = (@w D¥(W))* is a smooth irreducible
representation of B if dim(W') > 2.

Proof. Lemma 2.3.2 shows that it is enough to prove that lim " D!(W) is a topologically

irreducible representation of B, and [Col07, Lemma III.3.6] asserts that any closed B-invariant
subspace of liilw D¥(W) is of the form Ime M where M is a sub-E[X]-module of D*(W) stable

under ¢ and I' and such that ¢ : M — M is surjective. Since D(W) is irreducible, M is a lattice
by [Col07, Proposition I1.3.5] applied to E(X) ®@gpxy M and [Col07, Proposition II.4.2(iv)]
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implies that such an M contains X - D#(WW) and the formulas of Lemma 2.2.1 imply that
(X fj) e B - fj—1if in—;j #p— 1. Since h(p — 1) # p™ — 1, at least one of the i,,_; is #p — 1 so
that M contains one f; and hence all of them by repeatedly applying . O

3. Breuil’s correspondence for mod p representations

In this section, we show that the representations constructed in § 1 are the same as those arising
from Colmez’s functor applied to n-dimensional absolutely irreducible representations of Gq, .
We also show that if n = 2, then these representations are the restriction to B of the supersingular
representations of GL2(Q,) predicted by Breuil.

3.1 The isomorphism in dimension n

By Corollary 2.1.5, every absolutely irreducible n-dimensional E-linear representation W of Gq,
is isomorphic (after possibly enlarging F) to ind(w?) ® x with 1 <h <p" — 2 primitive and
X :9q, — £ a character. Furthermore, wﬁlpn_l)/(p_l) = w so we can change h and y in order to
have 1 <h < (p™ —1)/(p—1) — 1 which implies that at least one of the n digits of h in base p
is zero. The intertwining ind(w?) ~ ind(wﬁh) implies that we can make a cyclic permutation of
the digits of h without changing ind(w?) and if we arrange for the leading digit to be zero, then
I<hgpr -1

THEOREM 3.1.1. If W =ind(w!) ® x with n>2 and 1 < h <p"~! — 1 primitive, then Q(W) ~
0, (h, o) with ¢ = xyw" ' ® x.

Proof. By Lemma 2.2.3 and Frobenius reciprocity, Q(W) is a quotient of indl%za with

o= xw" 1 ® x, the map being given by Zﬁ,& a(fB,9)[gps] — Zﬁ,& a(B,0)gp,s - 6. This map is
surjective (since it is nonzero and (W) is irreducible by Proposition 2.3.3) and bearing in
mind that (pg qu) acts by A2", Theorem 2.2.4 implies that its kernel contains (—)\_1)"[((1) pqn)] +
Wh(p—1),n and hence S, (h, o), so that we obtain a nontrivial map II,(h, o) — Q(W). Since

I1,,(h, o) is irreducible by Theorem 1.3.8, this map is an isomorphism. a
Note that we can define two B-equivariant operators T and T_ on indEZ o by
= ' 10
_ pJ _
T =3 a(b )] wa ma=lo (g V)]
]:

so that the ‘usual’ Hecke operator is T'="T, + T_ (see Figures 5 and 6). It is easy to see that
Theorem 3.1.1 applied with A =1 simply says that

: B
1®1
Qind(wn) ® x) = Tmf}f(lfﬁ_l ®
- - +

(x o det).

3.2 Supersingular representations restricted to B2(Qp)

We now explain how to relate the representations Iz (h, o) to the supersingular representations
of [BL94, BL95, Bre03a]. Recall that if r > 0, then Sym” E? is the space of polynomials in  and y
which are homogeneous of degree r with coefficients in F, endowed with the action of GLa(Zj)
factoring through GL2(F,) given by (¢ %) P(z,y) = P(az + cy, bz + dy) and that we extend the

action of GLy(Zp) to an action of GLa(Zy)Z by (§ 2)]3(3:, y) = P(z,y). We now assume that
0<r<p—1.
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X

ht§ +1
—
ht § @
X X X
T,
FIGURE 5. The operator 1.
ht § +1 g
.
ht &
X y z
T_

FIGURE 6. The operator T-_.

LEMMA 3.2.1. The ‘restriction to B’ map

resp : indgizg:))z Sym” E? — ind2, Sym" E?

is an isomorphism.

Proof. This follows from the Iwasawa decomposition GL2(Q,) =B - GL2(Z)). O

Let T be the Hecke operator defined in [BL94, BL95]. Let [g, v] € indgizg%’;z Sym” E? be the
element defined by [g, v](h) = Sym" (hg)(v) if hg € GL2(Z,)Z and [g, v](h) = 0 otherwise, so that

hlg, v] = [hg, v] and [gk, v] = [g, Sym" (k)v] if k € GLa(Z,)Z.
LEMMA 3.2.2. We have

p—1 .
Z(JOD i) 1, (—j)'="] ifi<r—1;
T([La =4
10 o (D o
(0 p)[l,y]+;)<0 1>[1,(—j)$] ifi=nr.
Proof. See [Bre03b, §2.2]. O

The group KZ acts on 2" € Sym” E? by w” ® 1 so that we obtain a nontrivial injective map
indR, w" ® 1 — ind®, Sym” E2.
ProrosiTioN 3.2.3. The map
ind2, (W ®1) . ind, Sym" E2
T(ind®, Sym" E2) NindE,(w" ®1)  T(ind}, Sym" E2)

is an isomorphism.

7
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Proof. The map above is injective by construction, and the representation to the right is
generated by the B-translates of [1,%"] since the ((1) zlp)-translates of y" generate Sym” EZ.
Lemma 3.2.2 applied with i =7 shows that [1,4"] € T(ind®, Sym” E?) + indR,(w" ® 1) so that
the map is surjective. O

LEMMA 3.2.4. Ifr >1, then T(indR, Sym” E?) NindE,(w" ® 1) is generated by the B-translates
of

T([1, 2" y]) for0<i<r—1,

(BN ) o rnc

Proof. Lemma 3.2.2 above implies that T'([1, 2" %%']) € indR,(w" ® 1) if i <r —1 and hence
likewise for the B-translates of those vectors. We therefore only need to determine when
a vector of the form T(}_, [ba; Aay”]) belongs to ind2, (W ®1). If v is a vector v=

Y 5.5 2orm0 Ag.aildp-1g4p-1i5 U7 (note that A=TT72) p~' A +p~1i), then we have
1 0-p ! 1 (p—1)-p!
’U) = % 93,6+1 ° T<)\ﬁ7570 |:<0 p_l ) ) yT:| + -+ )\/@,5,}7—1 |:<O p_1 y yr y

so that by Lemma 3.2.2, the set of vectors v such that T(v) € indR,(w” ® 1) is generated by
the B-translates of the vy = Zf:_& )\i[((l) I;__lf) y"] such that T'(vy) € ind2, (w” @ 1). Lemma 3.2.2
shows that this is the case if and only if

p—1 .
[(5 1) ] emita e
i=0

)

and so if and only if Zf;& \i(iz +y)" € E - 2" which is equivalent to (Ao, ..., \p—1) € V5 1 since
the vector space generated by the sequences (0°, 1%, ..., (p — 1)¢) for 0<£<r — 1 is V;.1 (here
0% =1). Finally, we multiply the resulting vy by (f p). O

LEMMA 3.2.5. Ifr =0, then T(ind},(1 ® 1)) is generated by the B-translates of

<(1) 2 [1,1]+§<€ {) 1,1

and if > 1, then T(indR, Sym” E?) Nind%, (w" ® 1) is generated by the B-translates of

p—1 .
) r
. )\J <O 1) [171' ]7
for (Ao, ..., Ap—1) € V.1 and of

Zm 1,7) +Zuz ) Sy (6 1)

where (po, . . ., pip—1) € V75

iing
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Proof. Since ind2,(1 ® 1) is generated by the B-translates of [1, 1], the space T'(ind2,(1 ® 1)) is
generated by the B-translates of

T([1,1]) = (é 2) {1,1]+§ (g {) 1,1

which proves the first part.
If » > 1, then Lemma 3.2.2 tells us that

T([1, 2"y :( ) (=5)'"]

J

[y

for : <r —1 and that

LT ) 5 1 R R A B o

The condition (o, - - ., pp—1) € V,j implies that Y7~ L l(59), v =22y it [1, 27] and we are
done by Lemma 3.2.4. O

THEOREM 3.2.6. If 1 <h<p—1, then we have an isomorphism of representations of B

. 1GL2(Qp) h—1
1 dGL2(Zp) Sym E?

.. 1GL _
T(deLzE%’))Z Sym"~1 F2)

Hg(h, O') >~

® (x o det).

Proof. First of all, we have

(indg, (g, Sym" ™! E2)/T ~ (indfy, Sym"~! B2)/T

by Lemma 3.2.1, so we work with the latter space. We can twist both sides by the inverse of
x o det so that 0 =w"™! ® 1 by Remark 1.3.9. Given Proposition 3.2.3, all we need to check is

that if
T(h, o) = T(ind%, Sym" ™! E?)NindE, o,
then T'(h, o) contains Sy (h, o). The space generated by the vectors (Ao, ..., Ap—1) € V11 and by
(0h=1 1P=1 . (p —1)"1) is V},1 so that by Lemma 3.2.5, T(h, o) contains all of the elements
p—1 p—1p-1 +i
;#i Id ‘1‘2]2[)#2% [(p pjl >:|7

with peV,_p111 and ve (=11 (h — Dwp—11+ V1. If we take p; = (pjl) and v; =
(h—1)!1(775), then the fact that

(5 )G
p—h)\ h—1 plh—1)+p—nh h(p—1)
shows that T'(h, o) contains Sa(h, o). O
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