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Abstract. A set D in a Banach space E is called limited if pointwise convergent
sequences of linear functionals converge uniformly on D and E is called a GP-space
(after Gelfand and Phillips) if every limited set in E is relatively compact. Banach
spaces with weak* sequentially compact dual balls (W*SCDB for short) are GP-
spaces and /;(A4) is a GP-space without W*SCDB. Disproving a conjecture of
Rosenthal and inspired by James tree space, Hagler and Odell constructed a class of
Banach spaces ([HO]-spaces) without both W*SCDB and subspaces isomorphic to
[1. Schlumprecht has shown that there is a subclass of the [HO]J-spaces which are
also GP-spaces. It is not clear however if any [HO]J-construction yields a GP-space—
in fact it is not even clear that W*SCDB<«GP-space is false in general for the class
of Banach spaces containing no subspace isomorphic to /;. In this note the example
of Hagler and Odell is modified to yield a GP-space without W*SCDB and without
an isomorphic copy of /;.
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A set D in a Banach space E is called limited if lim;_, o sup.p ¢;(z) = 0 for every
weak* null sequence (¢)),cn C E*, where E* is the dual space; i.e. D is limited if
pointwise convergent sequences of linear functionals converge uniformly on D.
Obviously relatively compact sets are limited and a Banach space is called a GP-
space (after Gelfand and Phillips) if all limited sets are relatively compact. If a
bounded sequence (¢;);cn C E* separates a limited set (4;);en C E, 1.e. ¢f(q;) = 1 but
lim;. oo @j(ar) = 0 for every k (in particular (a;); cannot be relatively compact), then
(#))jen has no weak* converging subsequence. Thus Banach spaces with weak*
sequentially compact dual balls (W*SCDB for short) are GP-spaces. Hence /* is an
example of a Banach space without W*SCDB, since the set of unit vectors of ¢y is a
limited set in /°°. Another well known example of a Banach space without W*SCDB,
and perhaps the most natural one, is /;(4), with 4 uncountable (for a survey of the
topic, see [3]). In some sense /;(A) is the opposite extreme, compared with Banach
spaces not being GP-spaces, regarding the W*SCDB-property, since there is hardly
any limitedness in constructing sequences of bounded linear functionals on /;(4).
Actually this richness of bounded linear functionals also explains why /;(A4) is a GP-
space and even more—no non relatively compact subset of /; can be limitedly
embedded in any Banach space. In [9] H. P. Rosenthal asked if every Banach space
without W*SCDB also contained an isomorphic copy of some /;(A4). J. Hagler and
E. Odell [6] disproved this by constructing a space (or a class of spaces) without both
W*SCDB and subspaces isomorphic to /;. Their space is related to a nonseparable
analogue of JT, the James tree [7], which in turn disproved the conjecture that a
separable Banach space with a nonseparable dual contained /;. By a special choice
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of the sets in the construction, T. Schlumprecht showed in [10] that there is a sub-
class of the [HO]-spaces which are not GP-spaces either. However it is not clear if
any [HO]-construction yields a GP-space—in fact it is not even clear that in general
W*SCDB < GP-space is false in general for Banach spaces without /;. In this note
we modify the example in [6] to yield a GP-space without W*SCDB and without
isomorphic copies of /;. Note that limited sets in Banach spaces without /; are rela-
tively weakly compact, according to [2], because of a convergence property for cer-
tain sequences of linear functionals.

We recall the construction of [6]. There is a well ordered set 1, < and a collection
of infinite subsets of N, (My),<;> such that (1) and (2) hold.

(1) If o < B then either Mg C* M, or MgN My = §.

(2) If MCN, |[M|=o00, then there is an « €/l such that |[MN M, =
M\ M,| = co.

Here |M| denotes the cardinality of M, L Cc M means that |L\ M| < oo and
LN M =*{ means that |L N M| < 0.

Define a new partial ordering < on / as follows: « < B if « < fand Mg C* M,.
Note that (/, <) is a tree and that every nonempty subset of (/, <) has at least one
minimal element.

Asubset C=[y,B]l={ael:y <a=< B}iscalled a segment in I. Let (g4),; be a
linearly independent set of vectors in some vector space. If (#),c; is a finite set of
non-zero scalars, we define

*) Y pes taell = SuP{Zf;l(Zaec,- t)*1"%: Cy,...; Cx are pairwise disjoint
segments}.

Let Y be the completion of the linear span of the set (gg),c;- For each o € 1, let 1y,
be the indicator function of M, in [, and let

hrx = (IM,X»gOt) € (loo ® Y)oo‘
Then

1Y tahall = max{ll Y talg, oo | Y fagall}-

Finally X, the closed subspace of (I, @ Y),, generated by (%,),e;» 1s the space con-
structed in [6].

Construction of E. Let {42 :a e l,ne N} be a collection of sets such that
AgNN =9, foralla e fand n e N, Ay C Ay if « < fpand n € N but AgN AT =1,
for all o, B e I'if m#n. Put A" = UgerAl, and 4 = U2 | A", Let Uy = Uyepm, A, and
1y, be the indicator function of U, in /(A4) and let

Uy = (an’ lMa5 got) € (IOO(V) @ Y)oo!

where V' = A UN. Thus

1 tattall = max{ll Y talv,lloc 1| Y tagall},

where V, = U, U M,. Let E be the closed subspace of (/(V) @ Y),, generated by
(”a)ael'
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E has no W*SCDB. Define a linear mapping P: E— X by P(uy) = hy.
Obviously P is a norm one projection of £ onto X. Thus £ has no W*SCDB since X
has not.

The main difference between E and the Hagler-Odells space X is pointed out in
the following Lemma.

LEMMA 1. Let B={a € I:y < a < B} and define Pg : E — Eg by Pp(>_ tauy) =
> wep talla, where Eg is the subspace of E generated by {uy}qep. Then Pg is a norm two
projection of E onto Ep.

Proof. Note that A C Ay C A} if y <a < B; thatis if @ € B. Thus

1Y talv,lloo = 1D talp,ll

a<f

> max{|| Y tuly, ||oo, 1) taly,lloo} = —|| > taly, ).

a<y aeB aeB

Since pairwise disjoint segments of B are also pairwise disjoint segments of / we have
l ZaEB tagall = |l Z fogall- AltOgether we get || ZaEB oyl < 2| Z Tollg]|- QED

REMARK. The corresponding projections in the Hagler-Odells space are boun-
ded if B is a segment but not in general; (there are different ways to generate cg-
vectors in the /-part of X).

E is a GP-space. Following an argument in [7], this is almost proved in [1].

We shall prove that a bounded, non-relatively compact sequence (4;);en C E 18
not limited. Assume that we have found an infinite set M CN, €> 0 and
Bi={ael:yj<a<p;} such that BNB; =0 if i,je M, i#j and ||b;|| > €, for
every j € M, where b; = Pp(a)).

Then there exists, for every j € M, ¢; € Ejg/_ such that |l¢;|| < 1/€ but ¢;(b)) = 1.
Extend ¢; to ¥; € E* by setting y;(u,) = 0 when o & B;. Then ¥(b;) = ¢j(b;) = 1 and
l¥ill <2/e for every je M according to Lemma 1. Thus (a;)) =1 because
bj = Pp(aj). Further (¥;)cy 1s a weak* null sequence because B;NB; =@ if
i #jin M and because finitely generated vectors are dense in E.

To prove the assumption made above there is no loss of generality in assuming
thata; =3,y tajua, where Uj is finite.

If B € I we put U ={a e U a < B} and a Zanﬂ[ JjUa- Let o be the smal-
lest g € I such that (a )jen 18 not relatively compdct o’ exists since (1, <) is well
ordered and each Uj; is a finite set. We also have, because U; finite, that 8; < o,
where B; is the smallest B €I such that U,_,U? Clael:a< ,3} In particular we
get that (a’s ")jen 1s relatively compact since ; < w. But then it is clear that there exist
a subsequence M CN, €>0 and, for every je M, Bij={ael:y; <a < B} such
that BN B, =0 if i,je M, i#j, thatis y; > B;_1, and such that ;]| > € for every
J € M where b; = Pp(a)).

Thus the assumption is proved and E is a GP-space.

E contains no subspace isomorphic to [;. Let F be the closed linear span of
(142 : @ € I,n € N) in [x(4) and note that F' = Ot ©Fy),,, where F, is the closed
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linear span of (14 :a € ), and hence is isomorphic to co(f) because A% C Ap if
a < B. Thus F does not contain an isomorphic copy of /;. Let Z be the closed sub-
space of (lo(V) @ Y),, generated by E and F. The quotient space Z/F is isometric to
X. Since X, according to [6], does not contain an isomorphic copy of /;, the Lemma
below shows that neither Z nor E contains an isomorphic copy of /;.

LEMMA 2. Let Z and F be Banach spaces such that the quotient space Z/F and F
contain no isomorphic copy of l,. Then Z does not contain an isomorphic copy of [;.

Proof. Assume that the Lemma is false and that (4));cny C Z is a sequence iso-
morphic to the unit vectors of /;. Let ¢ : Z — Z/F be the quotient map and put
b; = q(a)). Since (b;),cx does not contain any isomorphic copy of the basis of /;, there

exist a subsequence (jk)kekN and, for every j € N, #; € R such that 37, |t =1
but || ]'f\;/A—l+1 t.b.]| =27%, for every k e N. Put ¢, = Y % t.a, and take dy € F

. =kt . .
such that ||cx — di|| < 27%. Note that (ck)ren 18 isomorphic to the unit vector basis of

l; and hence also to (dx);, which gives a contradiction. Thus (g;); is not isomorphic
to the unit vector basis of /;. QED

Thus E is a GP-space without an isomorphic copy of /; whose dual ball is not
weak* sequentially compact.
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