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A REMARK ON CONVOLUTION
WITH MEASURES SUPPORTED ON CURVES

YIBIAO PAN

ABSTRACT.  Let )\ be a certain measure supported on a curve in R?. We prove that
if the curve has nonzero curvature and torsion, then A x L3/2 C 2.

1. Let/ C R! be a closed interval and let C be a curve in R? defined by
C:rel— (1,610, $2(0) € R,
where ¢ and ¢, are real-valued functions. Let A be the measure on R3 defined by

(\g) = [ 8(t, 610, 6200) ar.

Clearly, X is a singular measure and is supported on the curve C. The following theorem
was proved in [1].

THEOREM 0 (OBERLIN, [1]).  Let ¢(r) = ($1(¢), ¢2(1)) and ¢ be the j-th derivative
of ¢. Suppose that ¢ satisfies the following conditions:
(i) Given anyt), ts € I, the vectors ¢®(t,) and $3(t,) span R
(ii) @1 and ¢, are both polynomial functions or both trigonometric functions on I.
Then X x L’/? C I,

The 17 spaces that appeared in the theorem are spaces of functions on R3. By duality
and interpolation (with the trivial L' — L' and L™ — L™ estimates), one is able to get
A [P C L4, whenever (1/p, 1/q)lies inside or on the boundary of the following region
D:

1/q

1.0

1/p

The measure A is said to be L”-improving. For more on the background of this prob-
lem, see [1].
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Condition (i) in Theorem 0 seems to be a natural geometric condition. It is a little bit
stronger than saying that the curve C has nonzero curvature and torsion. The condition
that the curve C has nonzero curvature and torsion at every point means precisely that
{6@(1), (1)} spans R, forevery ¢ € I.

However, condition (ii) is not a natural condition, because, for one thing, it is not
invariant under diffeomorphism. It also makes the scope of application of the theorem
rather limited.

The purpose of this note is to prove the result of Theorem 0 without imposing condi-
tion (ii). Namely, we have the following:

THEOREM 1.  Suppose ¢, ¢, € C3(I). Let \ and ¢ be given as above. Suppose that
for every t € I, $®(t) and $®(t) span R%. Then X x L3/2 C 2.

The proof of Theorem 1 will be based on Oberlin’s method and some simple obser-
vations.

2. Let S' C R? be the unit circle, ¥ be an arc on S! (i.e. ¥ is a connected subset
of S'), and I(7) be the length of Y. We use —7 to denote the set {—z | z € Y}. The set
[ ={rz|r >0,z €7} is called a sector. For z,w € S!, let d(z, w) be the S' distance
between z and w (there are two arcs on ! which have z and w as their endpoints. d(z, w) is
the length of the shorter arc). For U,V C S', let d(U, V) = inf{d(z,w) | z € U,w € V}.

Let J C R! be a closed interval, 1,192 € C*(J), and (f) = (wl(t), wz(z)). Define the
measure 4 on R? by

(mf) = [ f(eo)a.
The key lemma that was used to prove Theorem 0 in [1] is the following:

LEMMA 2.  Suppose 'y and T, are two sectors and T N([';U—Ty) = {0}. Suppose
§>0, |7 <6 'and

(a) forevery t € J, Y'(t) € Ty, ¥@(1) € Ty, [/ ()] > 6, [vP ()] > 6;

(b) for any x € R?, J splits into disjoint subintervals Jy,...,Jx with K < 5! such
that the scalar product x - V'P(t) is of constant sign on each t-interval J,,.

Then, there is a positive constant C(I'1,172,0) such that

i * fllswey < COLT2, O | ke

The presence of condition (b) in Lemma 2 is the reason why condition (ii) in Theo-
rem 0 is needed, as pointed out in [1]. Our strategy is to replace Lemma 2 by the follow-
ing:

LEMMA 3.  Let Yy, V2 be two arcs on S', and Ty, T be the corresponding sectors.
Assume that I(Y,) < /4, I(Y2) < 7/4 and d(v, U —7Y1,72 U —72) = do > 0. Suppose
foreveryt € J, '(t) € Ty, Y P(t) € Ty, and |[Y'(1)] > 6,6 < [vP(1)| < M, for some
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positive § and M. We also assume that |J| < M. Then there is a constant C(dy, 6, M) such
that

2.1 | * fllpwey < Cldo, &, M)|If | a2mey-

PROOF. Letn € S! and d(n,7,U—7,) > m/4. For z € C, we introduce the analytic
family of operators {7} by setting

T.f () = F(%/z)/j/f;f(x—(zp(t)+sn))|s|"‘+2dsdt,

where x € R2, f € C3(R?). We note that

Tof = pxf.
To prove (2.1), it suffices to prove that
1 i
2.2) I T 1yl 1z < Cdo, 6, M) /F(E + %)
3 iy
23) 1Ty lir22 < Cldo.6.0) /(5 = 3

and then apply Stein’s interpolation theorem ([2]) for analytic family of operators.
The proof of (2.2) is exactly the same as the argument in the proof of Lemma 2 in [1].
It follows from the observation that the Jacobian of the map (s, ) — ¥(¢) + s7 is always

>6/V2.

By taking the Fourier transform of 7 f, we get

1
22

(5

(2.4) TS© = Z=le - nl ([ 0 ar)f©)

To prove (2.3), it suffices to show that
2.5) [0 d] < o8, Mgl

for all ¢ € R2. It is easy to see that (2.5) holds if [£] < 1. So we assume that |£| > 1.
Letv{ = €37 Ue 271,75 = €27,Ue 37,,A = {z € ' | d(z,7{) > do/2}, and
B={z€eS'|d(z73) >dy/2}. Clearly we have S' = AUB.
Given ¢ € R%, €| > 1,if £/|€| € B, then

(¢-vm)" = ¢l (% : w“’m) > 5|¢] sin(do/2),
for all t € J. By Van der Corput’s lemma ([3]), we get
(2.6) VJ e’f'w(”dt’ < C(5 sin(%))_i|£|_%.

https://doi.org/10.4153/CMB-1993-035-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1993-035-2

248 YIBIAO PAN

If £/|€| € A, we have <£ . w(t))/ > §|€| sin(dy/2). Using integration by parts, we get
d
& gy | — SEV0Y g
esoal=|] éwmwﬁ )4

@7 < 2[5['(6sin<d70>)1 + M| lél"'(‘S Si“(%))

< C(do,6,M)|€| .

-2

Combining (2.6) and (2.7), we see that (2.5) holds. The proof of Lemma 3 is complete. m

3. We now prove Theorem 1. Throughout the proof of Theorem 1, we use Oberlin’s
ideas. Our emphasis is placed on showing how Oberlin’s arguments work when one uses
Lemma 3 instead of Lemma 2.

PROOF OF THEOREM 1.  Since ¢®(t) and $)(¢) span R? for every ¢ € I, we can find
a constant 65 > O such that

(3.1 l6P(t)] > 60, |¢P()| > 6o, fort € 1.
Let

]P0 6P
@2 h“m%hwmm‘Wwwm"e4’

_ el 2P0, 090
(3.3) ”2—‘“f{ |¢@(1)| |¢><3)(t)|“ ]

By the same assumption, we have h; > 0, hy > 0. Set h = min{h;, hy, 7/4}. We also
assume that |¢® ()| < M, fort € I.

We decompose the interval [ into n disjoint subintervals: I = (J;_, I, such that, for
1 <k <n,tt €I, the following are satisfied:

6P ¢ | _ h
O ‘W%ﬂ @[] = 2°

dVM V)|
35 - T
3) 600 T60a)]| = 3
(3.6) IWM—&%NS%,
37 1wm-w%ms§

Since all the functions involved are continuous, thus uniformly continuous on the closed
interval /, this can be achieved with an n that depends only on ¢, ¢, and I. For J C I,
let

6O
RG]

(2)

wwmbed’”m:{

red).
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and I'1 (J), I'2(J) be the corresponding sectors. Let A\, be the measure defined by
) = [ F(t.610).6:0)) .

We have A = 37, A«. To prove the theorem, it suffices to show that

(3.8) 1A * fll2 < ClIfll3)2,
fork=1,...,n
Fix k, 1 <k <n.By (3.2),(3.3) and (3.4), we get
3.9) ‘ $20 _ ¢ ‘ ¢2() o) ‘ o) 900 |
T 89O 162 (6| 6P 6P| T 2
$Cw |, ¢9) “WU ) ’WM) ¢P@ | _ h
¢(3)(t’)l 6D [P [P [¢P@)]] ~ 2
fort,t' € I,. By (3.4), (3.5), (3.9) and (3.10), we get
h
(3.11) (U U =m0 12U U=12() > 3,
(.12 Kmm»sz,«%mnsz

Let I, = [a,b]. For0 < u <b—a,letJu) = [a,b—u];fora—b < u <0,let
J(w) = [a—u,b]. Let

1 1
V16w = —($1+u) = 10, Yaltw) = = (dalt+u) = 62(1)),
and Y(t,u) = (wl(t, u), a(t, u)). For fixed u, we define the measure o, on R? by

(0wg) = /J(u) (v, w) dr.

We want to show that there is a constant C which is independent of u, |u| < b — a, such

that
(3.13) llow * 8”L3(R2) > C“g“L3/2(R2)
To prove (3.13), we use Lemma 3. For fixed u, |u| < b—a, we shall show that, if t € J(u),
then
/ bo 2) o
(3.14) [ (1, u)| > > |2, )| > >
3.15) Yt w € Ty, YP(tu) € Tyl

(all derivatives are in the ¢-variable).
For t € J(u), there are 7, 7/ € Iy, such that ¥/(t,u) = (¢{(r), $5(r')). Hence by (3.1)

and (3.6),
do

|9/ ()| > | 92T — |95 () — ¢5 (1) > >
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The second inequality in (3.14) follows similarly.
By the mean-value theorem, there is a 7’ € I}, such that

(3.16) Y103 (T") = Yt w){ (7).

Using (3.1), (3.6) and (3.16), we get ¢'(t,u) € Tj(J;). Similar argument shows that
Y3(t,u) € To(I). Also by our assumption, we have |Y?(r,u)| < M. By (3.11), (3.12),
(3.14) and (3.15), we see that (3.13) holds uniformly in u, |u| < b — a.

The rest of the proof is the same as in [1]. We sketch it here, for the sake of complete-
ness. Let x = (x1,x2,x3), Tf(x) = A\ * f(x). Then

T*Tf (x) = /!ulgb—a o (5 = 10010 w), s (0, w)) dir de

By (3.13), we get
3.17
IT°Tf || 2oy

<]
= W <b-a

2
<|f . lut
lu|<b—a

The last step uses the L’ — L7 boundedness of the Riesz potential. By (3.17), we get

”Tf”iz(m) < HT*TfHL‘(R’)“f”L‘/?(m) < CWH?}/Z(RJ)'

The proof is now complete. [

x x3
/J(u)f(xl - u’u(; — i@, u))ﬂ(;‘ — ol u))) At|| 13 axy dxyy Al 3axy)

1= %20 35) 3ty ey Al ey < Il

4. The following theorem follows immediately from Theorem 1.

THEOREM 4.  Let C:1 € I — ($1(2), $2(0), $3(1)) be a C curve onR?, i.e. ¢; € C3(),
fori = 1,2,3. Define the measure ) on R® by

f) = [£(610,620,50)) .

If the curve C has nonzero curvature and torsion at every point, then A x L3/2 C 2.
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