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Global Well-Posedness and Convergence
Results for the 3D-Regularized
Boussinesq System

Ridha Selmi

Abstract. Analytical study of the regularization of the Boussinesq system is performed in frequency
space using Fourier theory. Existence and uniqueness of weak solutions with minimum regularity
requirement are proved. Convergence results of the unique weak solution of the regularized Boussinesq
system to a weak Leray—Hopf solution of the Boussinesq system are established as the regularizing
parameter « vanishes. The proofs are done in the frequency space and use energy methods, the Arzela—
Ascoli compactness theorem and a Friedrichs-like approximation scheme.

1 Introduction
Let us consider the following three-dimensional incompressible Boussinesq system
denoted (Bq) and given by
00— KAO+ (u-V)I =0 inR, xT
Ou—vAu+ (u-Viu=—-Vp+0e; inR, xT°
divu=0 inR, x T’
(uae)‘t:O = (uoveo) in 1r3a

where v > 0 is the viscosity of the fluid and x > 0 its thermal conductivity. The
unknown vector field u and the unknown scalars p and € denote respectively the ve-
locity, the pressure and the temperature of the fluid at the point (t,x) € R, x T°.
The data u® and 6° are the given initial velocity and temperature, where u is diver-

gence free. If uy and 6 are quite regular, the divergence-free condition determines
the pressure p, and

3
(1.1) p=-2" (X 0, tul) - 030).
ij=1

As for physical interpretation, the Boussinesq system is used as a toy model for geo-
physical fluids whenever rotation and stratification play important roles. The scalar 6
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may represent temperature variation in a gravity field and the vector fe; is the buoy-
ancy force. It is well known that actually neither the available theory nor the analyt-
ical advances are sufficient to prove the global well-posedness of three-dimensional
Navier—Stokes-like equations, namely the Boussinesq system, which is a coupling be-
tween the fluid velocity and temperature. To overcome this serious difficulty and to
make practical progress, researchers interested in such fields incorporate many nu-
merical regularizations of three-dimensional fluid mechanic equations. The aim was
usually to obtain models that produce smooth and regular numerical or analytical
solutions which agree with experimental studies in practical situations. In this frame-
work, many models were proposed, including the hyperviscosity [[13]], the nonlinear
viscosity [10], [11]], [21]], and the alpha-models [6], [8], [9], [12], [Z]. The latter,
denoted also by a.-models, produce solutions that are in excellent agrement with em-
pirical data. They also can be implemented in a relatively simple way in numerical
computation of three-dimensional fluid equations. Numerical simulation of fluid
equations in their original formulation introduced by Euler, Navier, and Stokes are
known to be prohibitive, disputable, and very sensitive to initial data [8], [7].

In this paper, filtering only the linear part of the fluid equation, we obtain the
so-called simplified Bardina model, which is one particular case of the family of -
models. It will be denoted by (Bg,,) and reads

(1.2) 00 — KA+ (u-V)O =0 inRy xT°
(1.3) Ov—vAv+ (u-V)u=—Vp+0es inR, xT°
(1.4) v=u—o?Au inR, x T

(1.5) divu =divv=0 inR; x T°

(1.6) (1, 0)];—0 = (°,6°) inT%

with periodic boundary conditions and hence periodic solutions. For a detailed

introduction to a-models, especially the Bardina one, readers can see [6] and the
extensive bibliography therein. In such references, existence and uniqueness results
were proved using the Galerkin approximation scheme. To put the c-models in their
historical framework and see some of their numerical applications, we can see the
paper [8]. Convergence results are derived for a-geostrophic equations in [9] and
certain a-MHD in [[12]] where Aubin—Lions compactness methods are used in the
framework of the phase space.

Throughout this paper, and for both existence and convergence results, we use fre-
quency space computations, since they are well suited for unlimited domains such as
T® and R®. Such domains describe well the physical situations where the Boussinesq
system is properly used, namely atmospheric and oceanographic turbulence, where
rotation and stratification play an important role. We believe that our proofs are new,
simpler and shorter than those done for other a-systems in phase space. In the case
of geophysical magnetohydrodynamic systems, we have already used frequency space
analysis to deal with existence, uniqueness and convergence results as a small param-
eter (Rossby number) vanishes [18]], [1], 2], [19], [20]. Using the Fourier transform
as a principal tool, we also gave an asymptotic study and stability results for both
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two-dimensional Leray weak solutions [4]] and three-dimensional Fujita—Kato strong
solutions [3]] to the periodic Navier stokes equation in critical spaces as time goes to
infinity. Mainly, we gave an alternative simpler and shorter proof for the vanishing
limit of the 2D weak solution of the Navier—Stokes equation using only the frequency
structure of the solution without any additional assumptions [[4]]. Here, we are deal-
ing with the periodic case. The case of the whole space can be treated using the same
method with some minor modifications.

Our first result is a theorem that addresses the problem of existence of the weak
solution to the system (Bq,,) within the minimal regularity of the initial data.

Theorem 1.1 Let 0y € L*(T°) and let uy € H'(T°) be a divergence-free vector field.
Then for T = T(uy,0y) > 0, there exists a weak solution (u, ) of system (Bq,) such
that

ue C([0, T, H(T%)) nL*([0, T], H*(T?))

and
6 € C([0,T],L*(T°)) nL*([0, T],H'(T?)).

Moreover, this solution satisfies the following energy estimates
(1.7) ||“(t)||%2(1r3) + Of2||v“(t)||i2(wr3> + He(t)”izam
+2 /0[ V( ||V”(t)|‘%2('u‘3) + 042||A”(t)”%2('u‘3)) + "5”9(7)‘&2('11‘3) dr
< HuOH%Z(WP) + O‘ZHV”OH%Z(WP) + ||90H%2(7r3) +2pa(T)

where p,, is a positive increasing function of time t, defined by
_ Lo 02 2 02 1\ o 1 00|12
pa(t) = E(e = D[t 72000y + @IV || p20s)) + | (£ = 5)¢ i+ 5 10° 1122 1) -

The proof is done in the frequency space and uses the so-called Friedrichs method,
an approximating method that is well suited for the frequency calculation. First, we
approximate (Bq,) by a system for which we can apply the classical theory of ordi-
nary differential equations to construct an approximate solution. Next, we obtain
uniform estimates that are independent of the approximating parameter # regarding
this approximate solution. To do so, we use conservation laws and product lemmas.
While trying to close the energy estimates, the buoyancy force presents some diffi-
culties that we overcome by a Gronwall-type technique. After that, we run a com-
pactness method based on the Arzela—Ascoli theorem. Cantor’s diagonal extraction
process allows constructing a convergent subsequence in suitable spaces. Properties
of Friedrichs’ operator are widely used in the proof.

Our second result deals with one of the main objectives behind the regularization,
that is, uniqueness of weak solution in the three-dimensional case to the regularized
system. Such uniqueness is not available for original Boussinesq system. More than
uniqueness, we get continuous dependence of the weak solution on the initial data.
Mainly, we have the following theorem.
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Theorem 1.2 The weak solution dealt with in Theorem[L1lis continuously dependent
on the initial data on any bounded interval [0, T). In particular, that solution is unique.

To prove this theorem, we consider the system satisfied by the difference of two
solutions. The energy method is applied. The nonlinear terms are tracked one by one
using results of the existence part, Young product inequalities, and suitable Sobolev
product laws. Finally, a Gronwall-type differential inequality is derived. This allows
us to infer continuous dependence of the solutions on initial data in any bounded
interval [0, T, and in particular, the solution is unique.

Our third result discusses the weak and strong convergence of the unique weak so-
lution of the regularized system (Bq,) to a Leray—Hopf weak solution of the original
system (Bq) as the regularizing parameter « goes to zero. The latter solution is known
to exist [5]]. Actually, in addition to uniqueness, these convergence results make this
regularization very useful for numerical study of the original fluid equation. Those
convergence results are summarized in the following theorem.

Theorem 1.3 Let T > 0, uy € H'(T?) a divergence-free vector field, 6y € L*(T?)
and u,, 0,, the solutions of system (Bq,) and Vo = Ug — o?Au,. Then there are
subsequences Ua,, Vo, b, and a scalar function 6 and a divergence-free vector field
it both of them belonging to L>° ([0, T],L*(T%)) N L*([0, T],H'(T?)), such that as
oy — 0% we have

e u,, converges to ii and 0, converges to 0 weakly in L* ([0, T, H'(T?)) and strongly

in L*([0, T1, L*(T?)).

e v, converges to tiweakly in L* ([0, T],L*(T?)) and strongly in L*( [0, T], H~'(T%)).
e u,, converges to it and 0, converges to 0 weakly in L*(T?) and uniformly over [0, T].

Furthermore, (it, 0) is a Leray—Hopf weak solution of the Boussinesq system (Bq) and
satisfies for all t € [0, T] the energy inequality

t
(1.8) ||5‘(t)Hi2('u'3) + \|9(t)||iz(»“~s) + 2/ V”Vﬁ(t)Hiz(:rﬁ) + "?HVQ(T)”%Z('P) dr
0
< ||“0Hi2('1|'3) + ||90||%2('ﬂ‘3) + 2p0(t).

The idea of the proof is to extract subsequences that converge to the solution of
(Bg) as o« — 0*. First, we derive a uniform bound independent of the parameter .
This gives the weak convergence. Then, following the lines of the existence proof,
we establish strong convergence of such subsequences in suitable spaces. This strong
convergence allows to take the limit in the quadratic terms, and hence a weak conver-
gence of the unique weak solution of (Bg,) to a weak solution of (Bg) is proved and
the associated energy estimate is derived. Using such energy estimates, we further
ameliorate the strong convergence results derived earlier.

The remainder of our paper is organized as follows. For the sake of completeness,
and to be read independently, we start by recalling some preliminary background and
stating useful definitions. Section 3 is devoted to the proof of the existence result. In
Section 4, we prove continuous dependence of the weak solution on the initial data
and in particular uniqueness. Section 5 is devoted to proving several convergence
results.
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2 Notations and Preliminary Results

This section collects some known results that will be useful in the sequel.

e For T? = [0, 27[?, the Fourier transformation of a suitable distribution f is nor-
malized as

F(fHk) = fA(k) = / exp(—ix.k) f(x)dx, k= (ki,k,k3) € 7°
o

and the inverse Fourier formula is

FUO) = @MY exp(ikx) fk), x= (x1,%,%35) € R.

73

e Fors € R, H(T?) denotes the usual homogeneous Sobolev space on T> and
(-, - )grcrs) the associated inner product;

(f:Qreery = > [*F(f) () F(g) (k).
Z}

e For any Banach space (B, || - ||), any real number 1 < p < oo and any time T > 0,
we will denote by L?.(B) the space of all measurable time-dependent functions
defined on [0, T] with value in B such that (t — ||f(t)H) belongs to L? ([0, T]).

We denote by C 1/ 2(lRL7 B) the space of functions u that belong to L*° (R, B) and

loc

lu(t) — u(t’)||s

|t—t’|1/2 < 400

t#£t!

o If f=(f,h )2 =(g1,%, %) are two smooth vector fields and 6 is a smooth
scalar function, we set

f®g: (g1f7g2f7g3f)a

and

div(f ® g) == (div(glf)7 div(g, f), div(g3f)) .

Moreover, if div f = 0 we have
div(f® g) = (f - V)g,
div(6f) = f - V0,
(f-Vg,9ray =0

and
(f-V0,0) 203 = 0.

The two last equalities can be proved by symmetry.
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e For any subset X of a set E, the symbol 1x denotes the characteristic function of X

defined by
Le(x) = 1 ifxeX
= 0 elsewhere.

Finally, we recall the version of the Arzela—Ascoli theorem that we are using in this
paper.

Theorem 2.1 Let X be a compact metric space, let Y be a metric space and H C
C(X,Y) the set of continuous functions from X to Y. Then the following statements are
equivalent.

(i)  The closure of H is compact in C(X,Y).
(ii) H is equicontinuous and Vx € X, and the set H(x) = {f(x), f € H} is relatively
compactin.

3 Existence Result

For a strictly positive integer n, we introduce the Friedrichs operator J,, defined for
any suitable distribution f by

Inf =T Ly F() -

One of the advantages of the so-called Friedrichs approximating method is that a par-
tial differential equation will be approximated by an ordinary differential equation.
In fact, derivatives in phase space became multiplications in frequency space. At this
step, we should note that the frequency variable k;, 1 < i < 3, can take any value in Z.
However, when truncation applies, the expression 1yx<,; F(f) is no longer a sym-
bol of derivative and then J,u is no more a derivative but simply a distribution with a
spectrum supported in the ball B(0, n). Mainly, for the case of (Bg) we approximate
the space L*(T?) by the sequence of increasing subspaces

12 = { f e (I2(1%)°, supp F(f) C BO,m)},

and should then approximate the distribution u by a sequence u, that belongs to L2.
Setting u, = J,u, we obtain the nonlinear ordinary differential equations denoted

(Bga)n and given by
(3.1) 010, — kAG, + ], div(0,u,) =0 inR, x T,
(3.2) Oivy — VAV, + ], div(u, ® u,) — 0,3

_ ]nVA’l(ijl 0,0;(uiuf) — a3en) inR, x T,

ig=

(3.3) Vo =u, —*Au, inRy x T3,
(3.4) divy, =divv, =0 inR, x T°,
(3.5) (s 0) |10 = (1)), 07) == (Juu, Ju0°)  inT°.
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Before going further in our proof, we give some comments on how to apply the
Friedrichs operator to the convective term. First, the distribution u needs to be trun-
cated to belong to L2 and then replaced everywhere by J,u. Second, since even when
u, belongs to L? it is not clear that the nonlinear terms such as u, - Vu, belong also
to L2, we need to reapply the Friedrichs operator in front. As for the continuous
problem, we obtain the expression of the approximate pressure as a function of the
velocity and the temperature by applying the divergence operator to equations (3.2))—
(B3 under the hypothesis div( J,u) = 0. Let us return to our approximating scheme;
system (Bq, ), is an ODE and can be rewritten in the abstract form

d
E(Vm en) - Gn(vm 911)7

where the expression of G, is given by (Bq, ). By classical computation, we can verify
that G, is a continuous function from L? into itself; the key idea is that we are using
distributions with bounded spectrum. Hence, the Cauchy-Lipshitz theorem (known
also as the Picard-Lindelof theorem) asserts that system (Bq, ), has a unique maximal
solution (u,,6,) in the space C! ( [0, Ty ),Li) , where T} is the maximal existence
time. Taking the inner product in L*(T%) of equation (3.1)) by 6, and equation (3.2)
by u,, we obtain, under the incompressibility condition of u,, for t € [0, T};),

1d
EaH@nH%z(xri) + "fHVQnH%Z('JrS) =0,
1d 2 2 2 2 2 2
Ejt(||“n||L2(wr3) ta ||V”n||L2(1r3)) + V(Hvun”pmrﬁ) ta HAun||LZ(T3)) = (Ones, ).
Integrating over time, it follows that for all t € [0, T}),
t
(3.6) 1600 (]| 215) + 2"1/ IV0ullf2 oy dr = (16011 72015)
0
and

t
(3.7) ||“n(t)||izmr3) + 0‘2||V”n”izar3) + 21// (||V“n||izmr3) + a2||A“n||iZ(1r3)) dr
0

t
= H”g”%u'uﬁ) + a2||Vu2Hi2(v;|-3) + 2/ / Onesu, dxdr.
0o J1

Let us first prove that these estimates imply that the maximal solution of the ODE
(Bga)n is global. In fact, applying respectively the Cauchy—Schwartz inequality and
Young product inequality, we obtain

t t
/ 0,1631/{" dxdTS/ ||0n(7—)HL2('JI‘3) ||Un(’7')||L2(’]|‘3)dT
0 JI3 0
t
< [ I8 s + s
0

t
< /o ||9n(7')|‘22(1r3) + (Hun(T)”%Z(P) + 042||V”(7')||2) dr.
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By the energy inequality (3.6), we have

||9n(t)||%2(1r3) < ||92H%2(1r3)-
Dropping the non-negative term from the left-hand side of (3.7)), we obtain
||”n(t)||12_2(1r3) + QZHV“n(t)H%zmm < ||”2||%2(1r3) + aZIIVuﬂllizarz) + Zt”‘gg”%mﬁ)

t
+/ 2(”14,1(7')”%2("”3) +a2||Vun(T)||%2(Ts)) dar.
0

Since the function
02 2 02 012
t = ([t 2 ey + @[V ) + 28101 12 )
is non-decreasing, by a Gronwall-type inequality we infer that

Ol Eacrsy + @ Vet [Forsy < ot Ezrs) + @2 IVl Ears) + 261631172 1s) €™

Hence,

t
/ () Baersy + 02|Vt B
0

1 1 1
< 5@ = Dbl + 0 [Tu ) + [090Rscr < (1-5)e+ 2) .
This implies that

t
/ O3ty dx dr < palt),
o J

where for all non-negative time ¢, the function p, is defined by
(t)_l(Zt_l)(HOZ + 2v02 )+ t_l 2t+t+l 902
Pa =3 e un”U(?W) e || unHLZ(“P) 3 € ) || nHLZ('IP)'

A classical computation asserts that for all positive time ¢, the function p,(t) is an in-
creasing one with minimum value equal to zero and reached as time vanishes. Hence,
the energy estimate (3.7)) reads:

t
(3.8) ||uﬂ(t)||%2('ﬂ‘3) + O‘ZHV”nH%Z(’uﬁ) + 2’// (”V”nnil(ﬂﬁ) + QZHA”n”%Z('MS)) dr
0
< N6l + 200 ().
Summing up estimate (3.8)) together with estimate (3.8]), we deduce that the maximal

solution of the ODE is global. That is, T, = +oc. Otherwise, if T} is finite, the
right-hand side of estimation (B.8]) will be so and u,, would have a life span strictly
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larger than T}, which is in contradiction with maximality. Estimates above imply
that 6, is bounded in L> (R, L*(T*)) N L*(R.,H'(T*)) and u, is bounded in

L (R, L*(T%)) N L*(Ry, H'(T%)) NL>® (R, H'(T°)) NL*(R., HX(T?)).

In particular, the facts that the operator I — o? A is bounded from H?(T?) into L*(T?)
and that u, belongs to L>° (R, H'(T?)) NL*(R,, H*(T?)) imply that v, is bounded
in L>°(R,, H~'(T%)) N L*(R,,L*(T%)). Using the approximating system, Sobolev

embedding, and product laws, we infer that for any fixed time T > 0, %9,1 is bounded

in L*([0,T],H~'(T%)). At this point, we note that for a fixed positive time, the
diffusion term A#,, belongs to L?( H~'([0, T], T?)) and the convective one satisfies
| div Ot g1 < [|0alln [ltn | g2
1/2 1/2

S N1Onllere Mot 2" leenll

where we used respectively Sobolev product laws and interpolation inequality. Thus,

T T
v O,uylg < nllgn |Unllm [[Unl|L2
/||d Bt </ 10,125 Neallis [l
0 0
< ||9nHi2T(H1) ||”nHLfT>°(H1) H”nHL?"(LZ)'

Here, we note that the maximal regularity associated to the temperature derivative is
imposed by its diffusion process.
For the time derivative of the velocity, on one hand, v, belongs to L? (IR{\L, LZ(T3)) ,

so Av, belongs to L* (R, H~*(T?)), the temperature 6, belongs to L* (IR, H'(T?))
and

|| div(u, @ w)||g—2 < || div(u, & wy) |3
< Httn @ tp | gg-112
< uall ez [t -
So it follows that
T
vt © ) < il ol
Hence, %vn is bounded in L*( [0, T], H*(T?)) .
On the other hand, the operator (I — o?A)~! is bounded from H~2(T?) into

L2(T?), so

= H(I—azA)_I%vn

[
—Uu
dr "l ) 2(1%)

<o Zu
ol = }
= de "l B2
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Hence, for any fixed time T > 0,

%un is bounded in L? ( [0, T7, L2(1F3)) .

To pass to the limit in the approximating system, we use a compactness method based
on the Arzela—Ascoli theorem. We first note that, for any times s and ¢,

t
/ |0t || 2 A7

< [t = 5" 1 Osunll 2, 12y

llun(t) — up(s)|| 12 <

< M|t — 5|2,

where M is a positive real number. So the approximate velocity (u,) is equicontin-
1/2 (IRLL, LZ(T3)) . Likewise, the temperature (6,,) is

loc

equicontinuous and it belongs to C/> (Ry, HH(T)) . Let Ry = [J,y10, Tp], where
T, is an increasing sequence such that lim,_, o, T, = +0o. Using compactness of
the Sobolev embedding of H*' (T?) into H*(T®) whenever s; > s,, we deduce that for
any time ¢ € [0, Ty], the set E; (t) = {u,(t),n € N} is relatively compact in H~'(T?)
and the set E,(t) = {0,(t),n € N} is relatively compact in H~2(T?). By the Arzela—
Ascoli theorem, we infer that (u,)uen is relatively compact in C( [0, To], H~(T?))

uous and belongs to the space C

and (6,,)nen is relatively compact in C ([0, To], H*(T%)) . So there exists two extrac-
tion maps o and 1y from N to N such that

Upy(n) — Blp  strongly in C( [0, TO],H*I(W))

and )
Ouo(n) — Bo strongly in C( [0, To], H*(T7))..

Recalling that sequences (u4,)nen and (6,)aen are respectively bounded in the space
L>°(R,, H'(T?)) and the space L*° (R, L*(T?)) , we use an interpolation argument
to deduce that, for any real number € > 0,

Ugy(m) — Blp  strongly in C( [0, TO],H1*5(1F3))

and )
Oyo(ny — b strongly in C( [0, To],H*E(T3)) .

This is the initial step of an induction process that leads in its step number p to
construction of a sequence of velocity fields (7;),en, temperature fields (9p) pen and
a sequence of increasing maps from N to N, (¢,),en and (¢,)pen such that for all
p € Nand any real number € > 0,

Ugyopio-mopy(m) — fp  stronglyin C([0, T,], H'~*(T°))

and
Oupyorsio---oty(n) — 91, strongly in C( [0, Tp],H*E(T3)) )
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Then, at this point in the proof, there exists a unique velocity field
ue L®(Ry, H(T)) NC(Ry, H' (7))

and a unique temperature § € L (R, L*(T?)) N C(R,, H*(T?)), defined for all
p € Nby
(u,0)(x,t) = (i1,0)(x,t), for (t,x) € [0, T,] x .

Using the Cantor diagonal extraction process [17], letting ®(n) = @gop;0- - -0p,(n)
and ¥ (n) = 1pg o ¢y o - - - 0 1, (n), it follows that

(3.9) lim ug(, = @ strongly in the space C( [0, Tp],H1*5(1F3))
n—o00

and

(3.10) ILm Ovn) = ] strongly in the space C( [0, T,], H_E(TS)) .
n o0

This is due to the fact that, for a given integer p, when n tends to infinity we are
able to consider n > p. So it follows that (ve(,)) and (fy(n) are subsequences
of (thph0,0--00,(n))n ANA (O ypy00,0---00,(m) ) TESPectively. In particular, by taking a test
function supported in [0, T,] x T°, we use the above limits to deduce that

(3.11) lim vgy =7 inD'(R* x T°)
n— o0

and

(3.12) lim Oy =60 inD'(R* x T°).
n—oo

It remains to take the limit in D’(R;* x T°) as n goes to +00 of the approximate
system. The linear terms follow immediately from (BII)-(3.12). As usual, the chal-
lenging term is the nonlinear one. At this step, we note that the strong convergence
is compulsory for taking the limit. In the beginning, let us prove that

(3.13) lim = w'n’ inD'(R X T).
To do so, consider a distribution g supported in |0, T[ x T°. We have
g”ip(n)“é(n) - g”i“j = (”ip(n) - “i)g“é(n) - (”é(m - “j)g“ip(n)-
To estimate the first term of the right-hand side, we note that
iy — g0 I, -1y

< C||”i1><n) - ui”Lw([O,TP],Hl*S(?P)) X ||g”<11>(n)||L2(]R{+,H2('IF3))'
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The same holds for the (ué(n) —ul )gufp(n) and we deduce that

lim gufb(n)ué(n) =gu'u’ inL*(Ry, H*?75(T%)).

n—+oo

This holds for any integer p and any test function g. Thanks to a density argument,
(B:13) is proved.
Now, let us prove that
lim ],,(u;u{;) = inD'(R* xT3).
n—+00o
First, note that

]n(u;ui — vyl = ]n(u;ui — uiuj) +(J, — Id)uiuj.

The first term of the right-hand side is not problematic thanks to the application of
the truncation operator J,,. However, the second one presents some difficulties since
frequencies are not bounded; it will be dealt with as

|(Jn — Id)ui”jHLZ(IR(+,H3/2—5(T3)) < ”ﬁH“||Loo(1Ra+,Hl(1r3)) ||”HL2(IR(+,H2(T3))'

So we can take the limit in the velocity convective term. Likewise for the temperature
advection, we have

(3.14) gﬁ\p(,,)ufb(n) —g(‘)ui = Oy — 9)gufb(n) + (ufp(n) - ui)ge.
The following estimate holds:

||(9\If(n) - mg”&m) ||L2(]R+‘H*1/2*5(T3))

< CHefpm) - GHLW([O,TP],H*?(TP)) x ngib(n)HL2(1R+,H1(".I'3))'

Since, as n goes to infinity, Oy, converges to # in L™ ( [0,T,],H ¢ (T3)) and since
uip(n) belongs to L? (]Rq, H! (T3)) ,

nglpoo 1(Bwiny — O)gUip(m | 2w, mr—12-- (1) = 0.
Applying Sobolev product rules and the decreasing Sobolev chain spaces, we have
I — “i)39||L2(RﬁH7%75(,113)) < Cllstynyi — [l o.1,0.00 ) 180N 2, -
This guarantees the convergence of the second term of the right-hand side of (3.14)

in D(R,* x T°).
As above, we go further by rewriting

Ju(Onl)) — 0’ = J, (0,140 — u') + (], — 1d)0u/
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and noting that

1(Jn — Id)e”i||L2(R+,H*1/2*5('Jl‘3)) < ul| ooy 20y 102, i o))

So the limit (u, 0) satisfies system (L.2)—(L.6) in the weak sense, i.e., in D’ (R, * x T°).
The assertions

u € C([o, T1,HY) N L([0, T], H?)

and
¢ € C([0,T],L*) N L*([0,T],H")

follow from the fact that each term of the sequence (u,, 8,,) satisfies the energy es-
timates (3.6) and (B.8), and (u,, 0,) converges almost everywhere to (u, ), since it
converges strongly to this limit according to (3.9) and (B.10).

To prove the energy inequality, we again use equations (3.9) and (3.I0) to infer
that 6,(t) converges weakly in L*(T*) towards 6(t) and u,(t) converges weakly in
H'(T?) towards u(t). Hence

10(6)]|7 < liminf,_,o0||0,(2)||%
and
[u(®)]|7> + (| Vu(®)||7: <liminf, oo ([Jua(D)||7: + o[V (0)]]7:) -

On the other hand (6,) converges weakly to 6 in L*([0,T],H'(T?)) and (u,)
converges weakly to u in L*( [0, T], H*(T?)) , so for all non-negative time ¢, we have

t t
/||V9(T)H%2d7§1iminfn_>oo/ IV6,(7)|| 1 dr
0 0
and
t t
[ 9l + Al dr < limingy s [ (V00 + 02 Aui ) dr
0 0

Taking the lower limit as n goes to infinity in the energy inequality yields the
energy inequality (7).

To prove that the solution (u, 0) is continuous, we take the scalar product of equa-
tion by u and the scalar product of equation (L.2) by 6 to infer that 4 ||u(t)||2, (%)
and £|6(1)]|?, 15, both belong to L'[0, T]. Hence, ||u(t)|1?, s, and [|0(t)|3. s, be-
long to C[0, T]. Taking the scalar product of equations (I.3) and (I.2)) by a suitable
test function, we deduce that the functions t ~» u(t) and t ~~ () are weakly con-
tinuous. This leads to the fact that both u and 6 are strongly continuous. The proof
of the existence result is finished.
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4 Continuous Dependence of Weak Solutions on the Initial Data
and Uniqueness

Let T be a strictly positive time, and let (u, ) and (i, f) be two weak solutions of
the system (Bg,) on the time interval [0, T] associated respectively to the initial data
(u°,0°) and (Ho,go). Weletdu = u—u,6v=v—700=60—0anddp = p — p.
Taking differences in related (Bq,) systems, classical computations lead to the one
denoted (0Bq,) and given by

(4.1) 0,00 — kASO +0u-VO+7-V50 =0 inR, x T3,
(4.2) 016V — VAV + 6u - Vu+1-Vou= —Vép +d0es inR, x T,
(4.3) ov =ou—a’*Adu in,R, x T°
(4.4) divéiv=divéu=0 inR,x,T?
(4.5) (51, 50)(0) = (u° —7°,0° —8°) inT>.

According to the proof of the existence result, the temperature time derivative %59
belongs to the space £7( [0, T], H~'(T?)), and both temperatures ¢ and § and their
difference 66 belong to the space £7( [0, T], H'(T?)) . Also, the filtered velocity field
time derivative %61/ belongs to the space £*( [0, T], H~*(T?)) and the velocity field

du belongs to the space L2 ( [0, T1, H*(T?)) . Hence, taking the appropriate duality ac-
tion, we have, in the framework of divergence-free vector fields and equations (4.1)—
([@.2), for almost every time ¢ in [0, T],

d
<E§97 56> H—l(j[?) + KIHV(SQH?‘Z(T}) + <§U * V@, 60>H—1<’1[‘3) - O
<15v S Il + 02 A )
dr H-2(T3) L2(T13) L2(T13)
+<(Slzl . Vu, (;M>H72(-“~3) = <50, (SM>H71(1|-3).

Applying the Lions—Magenes lemma concerning the derivatives of functions with
values in Banach spaces (¢f. [22, Chap. 3, p. 169]), we obtain

d d
< =00, 59> oo = 100
and

d _d 2 2 2
<a6v, 5u> s = a0l + 07 [ V8l

It follows that

d
(4.6) 1301y + K1V 00 + (G- V0, 80) 51115 = 0

d
(4.7) %( 1ull2r2y + @2V Ul Ty ) + v (IVOul|Z2ay + 07 [[AGV|| o3y

+ <(5M . VI/[, 5M>H72(~[|~3) = <567 (51/l>1_'171(~"~3).
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We sum equations (4.6) and (4.7) to obtain
d
E(HMH%Z(W + 02|V oul| sy + 1661/ 2215))
+ V(HV(SuHiZ(TP) + a2||A5V||i2(wr3)) + HHVMH%Z("P)

<(59 5u> 1(T3) —<51/l Vu 5u> 2(T3) _<5u VG 60> 1(T3) -
Qs Q Q

Let us estimate Q;, Q, and Q3. To do so, we recall the following Sobolev inequalities:
for all ¥ € H'(T3), it holds that

1/2 1/2
(4.8) 19y < cll9ll e 190,
and
(4.9) 19N ocrsy < 1|9 g grsy-

e For Q; we use the Cauchy—Schwartz inequality twice to obtain
Qi < [|Gullsery [ Vull 2o 0w ocrs)-
Sobolev inequalities (£8)—(@.9) imply that
Qi < clldullte, I8ullicr .
Using the Young product inequality, we obtain
(4.10) (0u - Vu, u)pr sy < cU|0ul| ) + 1V OullFaep) lull g rs) -

e For Q, as for the preceding item, we use the Cauchy—Schwartz inequality twice to

obtain
(Ou-V0,00) g1y < |[0ul| sy | VOl 2wy [|00]] s rs).-

Then inequalities (£8)—(Z3) and the Sobolev norm definition imply that
1/2 1/2
(01 V0,00) 515y < clloull o5, 190l ) VOl ) 1160 g

1/2 1/2
< cl|oull e, V0l 20, V0 2y V80| 2rs)-

Using twice the Young product inequality, we obtain
(0u 0,605y < elldull Loy 1V0ull 200, 1901|120y V00 12

< clloullcry [IVoull 2 VO L) + gllvwllfzam

< C(H(s””%mw) + ||V5”H%2(1r3)) ||V9||%2(1r3) + §||V59||%2(1r3)-
Finally,

(411) <(51/l V@ 6€> 1(T3) < C(||6u||L2 (1) +||V6u||L2 T3) )Hv9HL2 r3)+ HV66HL2 (T3)
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e For Q; we use respectively the Cauchy—Schwartz inequality and Young’s inequality
to obtain

(4.12) (00, 8u) g5y < [10ullZ2 gy + [100[F2p3)-
Summing up estimations (£.10), (£.11]), and (£12]), we infer that
@13) 0l + 95l + 190130 + vCoul, + [Vul) + 5195013,
< CA+[IVOIE + llullgn) x (loullZ: + [[Voullz. +186]2:).
Dropping the dissipative positive term from the left-hand side of (£13]) and putting
g(t) = C(IVOE + [lullm + 1),

we deduce that
d
(4.14) E(Il&lllfz + [|Voul|. +1160]112) < g@)([|6ullf + [|[Voull. +[160]17).

This differential inequality is of Gronwall type where § € L?( [0, T],H'(T*)) and
u € L>=([0, T], H'(T%)) . Gronwall’s lemma applied to inequality (4.14) leads to

t
([oullz + I VOllZ + [|66112)() < (10|72 + [ Voul |72 + [166°]17:) x eXP/O 8(s) ds.

Hence, the continuous dependence of the weak solution on the initial data in any
bounded interval of time [0, T] follows. In particular, the solution is unique.

5 Convergence Results

As a result of the preceding sections, we dispose of a family of solutions (u,, 6,) that
depends on the parameter « and that is continuously dependent on the initial data
(u°,6°).

In this section, we are dealing with convergence results as the parameter « goes to
zero (o — 0%). Hence, we can suppose that there exists a fixed value of « denoted ay,
such that 0 < o < ay. Consequently, taking o = v in the right-hand side, the
energy estimates (I.7) reads, for all r € [0, T],

(5.1) ||”a(t)||%2(’11‘3) + O‘ZHV%(””%Z('P) + ||9rw(t)||%2('n‘3)
t
+ 2/ V( ||V“a(t)||%2(1r3) + QZHA“a(l‘)H%Z(Wrs)) + “Hea(T)”%Z(wrS) dr
0

< HMOH%Z("IP) + aéIIWOIIizars) + ||90Hi2(1r3) +2p0,(T),
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where p,,(T) is defined by

1
Pay(T) = 5(62T — D[’ F20s) + a5V |22 15))

1 1
" ( <T - E) et TH 2> 16122 s

Here, as u, 6 and v are families of solution that depend on the parameter o, we
changed the notation to u, 6, and v, instead of u,  and v. When o« — 0%, we
obtain the following uniform bounds, which are independent of the parameter c.
Namely, we have:

both of @ and u are uniformly bounded in the space L* ( [0, T],H' ("11"3))

and
v is uniformly bounded in the space L* ( [0, T7, L2(7F3)) .

Hence, applying the Banach—Alaoglu theorem (see [15} Section 3.15, p. 68]) in the
framework of Hilbert spaces allows us to extract subsequences (i, )k, (Vo )k and
(00, )k of U, v, and 6, respectively such that

(B, w) — (0,11)  weaklyin L* ([0, T], H'(T%))
as ax — 0% (or equivalently as k — +00) and
Vo, — i weakly in LZ( [0, T],L2(1F3))

as ax — 0% (or equivalently as k — +00).

Let us now establish uniform estimates to the time derivatives of 6,, and u,, in
the appropriate spaces. At this step, we note that our target is to derive estimations
that are independent of the parameter . Hence, it is clear that estimations derived
in the proof of the existence result do not apply because of their dependence on a.
For a fixed positive time, since §,, is uniformly bounded independently of « in the
space L* ([0, T1, H'(T?)), the diffusion term Af,, belongs to L*( H~'([0, T],T?)).
The advection will be dealt with as

T T
/ ” diveakuaklli‘[%ﬂ S / ||9C‘¥kuak||i[*1/z dr
0 0

T
< [l s
0

2 2
< NOallzee 2y Mo Iz ey
where we used the Sobolev norm definition, product laws and classical computation.

Since u,, and 6,, are subsequences of u, and 6,, the energy estimate (5.I) applies
also for u,, and 6,,, and we have

1
||9akH%;C(L2) ||“ak||%2T(Hl) < E(””OHiZ(wrs) + agHvuOH%Z(“ﬁ) + HQOH%Z(W) +2p0,(T)) -
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So it follows that

T

. 1

/ | div Ot || -2 < E(HMOH%Z(P) + g [V [Faray + 160°1F2r3) + 20 (T)) -
0

The above temperature diffusion and convection estimations lead to

S Kla
L2(H—3/2)

|

where K is a real positive constant. Let us now turn to the time derivative of the
velocity field u,,. Applying the operator (I —a*A) ™! to the equation (.3), we obtain

(5.2) iuak =vAu, — I — ozzA)*l(uak Vg, — (I — ozzA)AVpak

dt

+(I—a*A) 06 inR, x T,
For a fixed positive time, since u,, is uniformly bounded independently of « in the
space L*( [0, T], H'(T?)), the dissipation Au,, belongs to L*( H~'([0, T1,T%)) . For
the remaining terms, we recall that operator (I — o*A)~! is bounded from H~2(T?)

into L?(T?). Moreover, a direct frequency space computation implies that its norm is
uniformly bounded independently of the parameter « and satisfies

(5.3) 11— ?A) 7| < 1.
Since 6, is time square integrable with value in H', then
H(I — OZZA)_10€3||L2(H3) S Kzl,

where K’ is a real positive constant. The convection will be estimated as

T T
/ 1T = 02A) " div(un, ® )5 < / | div(ito, © o)y
0 0

T
< / (| div(tta, @ tia)||7—s2
0
< ||uak||%,79°(L2) H”aknig.(Hl)v

where we used respectively the inequality (53)), the Sobolev norm definition and
product laws. Finally the energy estimate (5.I) implies that

T
/ ”(I — O{ZA)_l diV(uak Y uak)”iz
0

< (||“0||i2(wr3) + oz(2)||Vu0||iz(T3) + HQOH%Z(W) + zﬂao(T)) .

1
2v
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Using the preceding bounds of both the temperature and the convection terms, and
recalling equation (L), we infer that

I = @A) ™'Vpl -y <K'

So equation (5.2) implies that

<K.
LZ(H-Y)

2

Using the Arzela—Ascoli theorem and the Cantor diagonal extraction process, we can
extract subsequences of u,,,, 0,,, which we relabel also by u,,, 8,,, such that u,, — i
and 6,,, — @ strongly in C([0,T],H (1)) foralle > 0as ax — 0*. Following the
lines of the proof of the existence result, we can extract further subsequences that we
relabel again u,,, vo, and 0, and show that as ay, — 0%, i and 6 are solutions in the
weak sense of the system (Bg). In fact, we use weak convergence to take the limit in
the linear part and obtain for almost every time ¢ of [0, T], any test solenoidal vector
field A, and any test scalar function Z,

(Vak — ﬁ, A)LZ — 0

and 5
(0o, —0,2)2 = 0

as k — 400, or equivalently as a, — 07. Mainly, u,, (¢) converges to ii(t) and 6, (t)
converges to 0(t) weakly in L? and uniformly in [0, T]. Moreover,

t
/ (Vo — 1, AN) 2 dT — 0,
0

and .
/ (0o, — 0,2) 2 dT — 0.
0

Likewise for the existence part, to handle the nonlinear terms, as a first step, we prove
that as ay — 0™ (or equivalently k — +00) that

Jim iy ) = i in DR T)
and . ‘ .

kgﬂnoc Ug, 10y, = #07 inD'(R" x ).
After that, we establish that

: i j _ i : ’ * 3
kEIJrnoo Jeug, (U, gy = Wi in DR x T7)

and _
. i i I
kErJrnoo ]kuq)l(k)efpl(k) =40/ inD'(R* x T°).
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Finally, we infer, for any divergence-free test vector field A and any test scalar function
= belonging both of them to C' ([0, T], C§®), that

t t
(é,E)+/(9,AE)dT+/(u-VG,E)deo
0 0

t t t
(a,A)-i-/(ﬁ,AA)dT+/(u-Vu,A)dT+/(963,A)dT:0.
0 0 0

As for the energy estimate, we note that every weak solution fulfills the energy es-
timates (7)), so we deduce the energy estimates (L)) by taking the lower limit as
+
ap — 0",
To prove that u,, converges to i strongly in L*([0, T], L?), we note that
e, — till 20,71, < Nty — oo 0,7y, 1t — il 20,79,
< Ny, = itlleqo,ry.i-1y ltar — 9l 2qg0.17,11)
< Nutay, = il o,y Ulta 2o, .60y + Nl o7 6m))-
We use the energy estimate (L.8) to bound ||1i||;2(o. 1) 41y in addition to the uni-

form bound of u,, in L*([0, T],H'). Hence, the fact that u,, — 1 strongly in
C( [0, T],H_E(W)) forall e > 0as ay — 0" accomplishes the job. The same proof

applies to show that 6, converges to 0 strongly in L([0, T], L?).
To show that v, — i strongly in L*([0, T], H™!), we note that

T
”Vak - uak”]z}([O,T],H*l) - a4/ (Z |k‘72 |Auak|2>

0 “ker
T
—at [ (kP )
0 “ker

= MH“MH%Z([O,T],HI)'
The fact that u,, belongs to L*([0, T], H') implies the aim.
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