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Abstract

In this paper, the author generalizes the concept of thinness introduced by Kingman and
Robertson (1968) to study the convexity of the range of a multimeasure. It is proved that
every thin multimeasure taking values in a Fréchet space has convex range, and that, for a
suitable measurable space, if a multimeasure is non-atomic, then the weak closure of its range
is convex.

Subject classification (Amer. Math. Soc. (MOS) 1970): primary 28 A 25, 28 A 45, 46 G 99,
54 C 60; secondary 46 A 05, 46 G 10.

1. Introduction

Let (S, .#) be a measurable space (that is, a set S in which is defined a o-algebra
A of subsets) and let X be a locally convex space. A map M from .# to the
family of all non-empty subsets of X is called a multimeasure (or set-valued
measure) from # to X if for every sequence of disjoint sets 4,€.# (i=1,2,...)
with J®2, 4; = A, the series 32, M(A;) converges (in the sense of Kluvdnek and
Knowles (1975), p. 3) to M(4).

The purpose of this paper is to study the range of a multimeasure M, that is, the
set

RIM) = U{M(A4): AdeA).

For the case of point-valued measures, Lyapunov (1940) has proved that the range

of a measure m from .# to R is convex (and compact) if m is non-atomic. This

result has been generalized by Kingman and Robertson (1968) and by Knowles

(1975) for measures taking values in a locally convex space. In this paper we shall

generalize the concept of “thinness” introduced by Kingman and Robertson

(1968), p. 348, and apply it to observe the convexity of the range of a multimeasure.
442

https://doi.org/10.1017/51446788700011964 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700011964

] The range of a multimeasure 443

Our main results are Theorem 2 and Theorem 3. The former states that every
thin multimeasure taking values in a Fréchet space has convex range; in the latter
we prove that if .# is M-essentially countably generated and if M is non-atomic,
then the weak closure of R(M) is convex. These results will be presented in Section 3.
Section 2 contains definitions and preliminary results which we shall need in
Section 3.

I should like to express my gratitude to Professor A. P. Robertson for suggesting
this problem and for many helpful discussions. I am also grateful to the referee for
his helpful suggestions leading to the presentation of this paper.

2. Definitions and preliminaries

Henceforth (S, .#) is a measurable space, X is a Hausdorff locally convex space
with (topological) dual X’ and M is a multimeasure from .# to X, except where
otherwise specified.

A (point-valued) measure m from .# to X is called a selector for M if m(A4) e M(4)
for every Ae.#. We denote by (M) the set of all selector measures of M.

DEFINITION 1. A multimeasure M is said to be perfect if

M(A) = {m(A): meF (M)}
for every Ac A.

It is clear that if M is a perfect multimeasure, then for every sequence of measures
meL(M)(i=1,2,...) and every sequence of disjoint sets 4,e4 (i=1,2,...)
with |J2,4; =4, there exists an meF (M) such that X2, m(4;) = m(4).
Conversely we have the following lemma the proof of which is trivial.

LeMMA 1. Let 3¥ be a family of measures from # to X with the property that for
every sequence of measures m;es¥ (i =1,2,...) and every sequence of disjoint sets
Ae M (i=1,2,..) with U2, A; = A, there exists an me 3 such that the series
X2 . mA) converges to m(A). Then the set-valued map M: M — X defined by
M(E) = {m(E): mes#}, for every Ec.#, is a perfect multimeasure.

For other results on the perfectness of a multimeasure, we refer to Costé (1975,
1976) and Tolstonogov (1975).

Now let us introduce the concept of atomicity for a multimeasure. Recall that
a set Ac.# is called an atom of A if A#D and Ec.#, E<A imply E= O or
E=4.
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DEFINITION 2. A set A €.4 is called an atom of M if M(A)#{0} and Ec.#, E< A
imply M(E) = {0} or M(A\ E) = {0}. The multimeasure M is said to be non-atomic
if it has no atoms.

Clearly if 4 is an atom of # and if M(A4)# {0}, then A is an atom of M. Also, if
A is an atom of M, then it is an atom for any me (M) with m(4)#0.

For convenience of terminology we say that a family 5 of measures fills out
M if M(A) = {m(4): me H#?} for every A c.#. The following lemma is immediate.

LEMMA 2. Let M: M — X be a perfect multimeasure. If (M) contains a subset ¥
consisting of non-atomic measures such that 3 fills out M, then M is non-atomic.

A set E€.# is said to be M-null if M(En F) = {0} for every FE.#. Now let .4,
be a sub-o-algebra of #, that is, #,<.#. We say that A is M-essentially equal to
M, if for each Ae.#, there exists Be.#, such that 4 A B=(4\B)u(B\4) is
M-null. If, in addition, .#; is countably generated, then we say that .4 is M-
essentially countably generated.

LEMMA 3. Let M: # — X be a multimeasure. If M is M-essentially countably
generated and if M is non-atomic, then every me (M) is non-atomic.

ProoF. Let .#, be a countably generated o-algebra of subsets of S such that
M= M and A is M-essentially equal to #,. Let me S (M) and suppose that m
possesses an atom A €.#. Then there exists Be.#, such that 4 A B is M-null.
It follows that B is an atom of my, the restriction of m to .#,. Hence, by Kluvdnek
(1973), Lemma 1, there exists an atom D of .#, such that D< B and m(D) = m(B).

Thus M(D)# {0} and it is easily verified that D is an atom of M. This completes the
proof.

LEMMA 4. Let X, Y be locally convex spaces. Let M: M — X be a perfect multi-
measure and ¢: X-> Y a continuous linear map. Suppose that M is M-essentially
countably generated and M is non-atomic. Then the multimeasure poM: M — Y is
non-atomic.

Proor. Certainly oM is a multimeasure from .# to Y. Moreover, for every
A€M, we have

(poM)(A) = {(pom)(4): me L (M)}.
By Lemma 3, each measure me (M) is non-atomic. Hence each measure pom

is non-atomic by Kluvanek (1973), Lemma 2. Therefore ¢ oM is non-atomic by
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Lemma 2. This completes the proof.
Now let m: .# - X be a measure. For any 4 €4, we write
R(m,A) = {m(AnB): BEA}.

Let I be an index set directed by the relation <. A net {B;: ieI} of sets in .# is
said to be m-Cauchy (respectively m-convergent to B € A} if for every neighbourhood
U of 0 in X, there exists iyl such that R(m,B; A B;)< U for every i,j€l with
ip<i and i, < (respectively R(m, B; A BY< U for every i€l with iy<i).

We say that a measure m: .# - X is closed if M is m-complete, that is, every
m-Cauchy net of sets in .# is m-convergent to an element of .#. It is known that
if X is metrizable, then every measure from .# to X is closed (Kluvanek (1973),
Lemma 9).

We close this section by recalling the notion of integral of a function with respect
to a vector measure. Let m: .#— X be a measure. A measurable real-valued
function f on S is said to be m-scalarly integrable if it is integrable with respect to
every measure x’om, x'€ X'. Then, for any Ee€.#, we denote by [ fdm the linear

form on X’ defined by
<x’, f fdm> - f Fd(x' om),
E E

for every x’ € X', The function fis said to be m-integrable if it is m-scalarly integrable
and [pfdme X for every Ec.#. According to Kluvianek and Knowles (1975),
Lemma 1, p. 26, if the space X is sequentially complete, then every bounded
measurable real-valued function on S is m-integrable for any measure m: 4 — X.

An m-scalarly integrable function f is said to be m-null on E if | 4 fdm = 0 for
every A<E, Ae A,

3. The range of a perfect multimeasure

Let 5 be a family of measures from .# to X. We denote by A47(5#) the collection
of all sets E€.# that are m-null for every mes#. For a single measure m, we
write A (m) instead of A ({m}). Thus

N () = N{AN (m): meH}.

Now let J# be as above and let Ec.#. We define # (57, E) to be the set of all
real-valued bounded measurable functions f on S such that [z fdm = 0 for every
me ¥ and fis not m-null on E if E¢.A(m).
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DEFINITION 3. A family J# of measures from .# to X is called thin (that is, .#-
thin) if the set #(H#, E) is non-empty for every Ec .4\ A (). A multimeasure
M: # X is said to be thin if (M) contains a thin family s# that fills out M.

Thus, any thin multimeasure is perfect. If X = R® and if M is a point-valued
measure, M = (u,), where the measures p, possess a control measure v with
corresponding density functions f,, then M is thin if and only if the set
{fa:n=1,2,...} is thin in the sense of Kingman and Robertson (1968), p. 348.
In particular, if X = R” and if v is non-atomic, then M is thin (Kingman and
Robertson (1968), Lemma 2).

The following example shows that there are thin multimeasures other than point-
valued measures.

ExampLE 1. Let T = [0, 1] and let % be a o-algebra of subsets of 7. Also let v be
a finite positive measure on % and define 5%, to be the set of all non-negative
measures p on % such that p<w. It is easily verified that for every sequence of
measures pu; €, (i =1,2,...) and every sequence of non-negative %-measurable
functions f; on T (i = 1,2, ...) with 32, fi(#)<1 for each t€T, there exists u €}
such that

[ 0
5 [ fidui= [ (E5) e
i=1, 1 T \i=1

Now let ¥ = [0, 1], #Z the o-algebra of Borel sets of Y and A the Lebesgue measure
on %. Then let S=Tx Y with the c-algebra A = #®HB. For each peH,, we
define a measure m,: # >R as follows

i) = | | dda= [ Mtrautey e,

where A' denotes the set of all y€ Y such that (¢, y) € 4. We prove that the family
H = {m,: pe it} satisfies the conditions of Lemma 1. In fact, let (1), i = 1,2, ...,
be a sequence of members of 5 and let (4,), i = 1,2, ..., be a sequence of disjoint

sets in A with {J2, 4; = A. Then, by the property of #, mentioned above, there
exists pu €, such that

£ [ 2yt = [ (Erxca)auto = [ 3arauco.

That is, ¥2,m,(4;)=m/[(A4). Therefore, by Lemma 1, the set-valued map
M: A R defined by M(4) = {m(4): meH} is a perfect multimeasure.
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We now verify that M is a thin multimeasure. Let Ec.# \ A (5#); we define a
function f : S—>R as follows

S, y) =y~ (MEHN- fE'u dMu) if (t,y)eE and MEH#O,

S,y =0 otherwise.

Then the function fis bounded, .#-measurable and, for every €T,

f £, dA) =O.
E‘

It follows that, for every ues#,

ffEf dm, = L, fE‘f (1, ) dX(y) du(r) = 0.

It can also be seen that for every meJs#, the function f is not m-null on E if
E¢.A"(m). Thus, the family 7 is (.#-)thin and therefore M is a thin multimeasure.

Note that in Example 1 the set-valued map M,: R defined by
My(A4) = {u(4): peAy},

A e, is a perfect multimeasure. Moreover, if % is embedded in .# by the injection
A->Ax Y, then M, is exactly the restriction of M to %.

More generally we have the following theorem whose proof is similar to the
argument presented in Example 1. :

THEOREM 1. Suppose that X is sequentially complete. Let M: # — X be a multi-
measure such that (M) contains a family S that fills out M and has the property
that for every sequence (m;) of members of 3 and every sequence (f;) of non-
negative measurable functions on S with X2, f; <1, there is an me # satisfying

Then there exist a space Sy, a o-algebra M, of subsets of S and a thin multimeasure
M,: M~ X such that M can be embedded in M4, in such a way that M is the
restriction of My to M.

REMARK 1. It is reasonable to ask if there is any relationship between the thinness
of #(M) and the perfectness of M. But to our knowledge, this question remains
open. We were unable to construct a non-perfect multimeasure M for which (M)
is thin; the problem being our inability to determiue all members of #(M). We have
confined ourselves, in this paper, to the study of perfect multimeasures whose use is
common in mathematical economics and control theory.
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LEMMA 5. Let M: # — X be a thin multimeasure and let A€ M. Then the set-
valued map M ,: M > X defined by M (B) = M(AnB), Be.#, is a thin multi-
measure.

ProoF. Certainly M, is a multimeasure. Suppose that & (M) contains a thin
family 5 that fills out M. For each mes#, we define the measure m, by
m(B)=m(AnB), Be.#. Then let £, = {m : mes#}. It can be shown easily
that the family 5%, is thin and fills out M. This completes the proof.

Following Kluvinek and Knowles (1975), p. 82, we call a measure m: 4 > X
a Lyapunov measure if the sets R(m, A) are convex and weakly compact in X for all
AeMA. If these sets are merely convex, we will say that m is a convex measure.

LEMMA 6. Let X be a Fréchet space and let 5¥ be a thin family of measures from
M to X. Then for any my, m, € #, the measures my and (my, m,) are Lyapunov.

Proor. Note first that, since X is metrizable, the measures m; and (m,, m,) are
closed. Now let Ec.# \ A (m,); then Ee.#\ A (). Hence, by the thinness of 57,
there is a bounded measurable function f on S such that (i) [z fdm = 0 for every
me s, and (ii) f is not m-null on E if E¢A"(m). Therefore, by Kluvanek and
Knowles (1975), Theorem 1, p. 82, the measure m, is Lyapunov.

To prove that the measure (m,, m,) is Lyapunov, we note that if E€.# and if
fis a bounded measurable function on S, then

[ rdomm = ({_ram, f fam,).

Now let Ec.#\ AN ((my,my)). Then either E¢.A(my) or E¢.A(my) and hence
E¢./ (o). Thus, a function fsatisfying the conditions (i) and (ii) mentioned above
exists and we have

f fd(my,my) =0.
E

Moreover, since E¢. A" (m;) (j =1 or 2), the function f is not m;null on E; hence
[ is not (my, my)-null on E. Therefore, again by Kluvdnek and Knowles (1975),
Theorem 1, p. 82, the measure (m,, m,) is Lyapunov. This completes the proof.

LeMMA 7. Let M: M - X be a perfect multimeasure. Suppose that (M) contains
a family 5 consisting of convex measures such that 3¢ fills out M and for any
my, my € 3¢, the measure (my, my) is convex. Then the range of M,

R(M) = U{M(4): Ae.A),

is convex.
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ProOF. Let x;,x,eR(M) and O<A<1. Then there exist A;, d,€.# and
my, my € 3 such that x, = m,(4,) and x, = my(A4,). Since the measures my, m; and
(my,my) are convex, there exist By, B,, By # with B,< A;\ Ay, B;=A4,\4, and
By< 4, n A4, such that

my(By) = Amy(d;\ Ap),
my(By) = (1—A) my(4,\ Ay),
(my(By), mo(By)) = A(my(A4; 0 Ap), ma( A4, 0 Ay)).
Let us put B, = 4,0 4,\B; and B = B;uB,u B,u B,. We choose any my€ L (M)
and define the measure m by, for every A €.#,
m(A) = my(A (B, U By))+my(A 0 (ByU B,))+mg(A\ B).

Then it is clear that me#(M) and m(B) = Ax;+(1 — A) x,. This completes the
proof.

THEOREM 2. Let X be a Fréchet space and let M: M — X be a thin multimeasure.
Then

(i) R(M_) = U{M(4nB): Be M} is convex for every Ac M ;

(ii) if for every Ac M, M(A) contains 0, then M(A) is convex for all Ac A

PRrooF. (i) By Lemma 5, the multimeasure M, is thin. Let 5, be a thin family
of measures that fills out M. Then, by Lemma 6, for any m,, m, € 5, the measures
my and (my, my) are Lyapunov. Therefore R(M ) is convex by Lemma 7. To prove
(i) let 4e.#. For any Be.#, since 0e M(4\B), we have M(AnB)< M(A).
Therefore

M(A)=U{M(AnB): Be A} = R(M,),

which is convex by (i). This completes the proof.

The following lemma generalizes Lemma 5 of Kluvanek (1973).

LEMMA 8. Let M: A - X be a perfect multimeasure. Suppose that (M) contains
a family S such that # fills out M and for every me# and every x'€ X', the
measure x' om is non-atomic. Then the weak closure of R(M) comczdes with co R(M)
(the closed convex hull of R(M)).

PROOF. Let xeco R(M) and let

V={yeX:|{(3xD|<l, i=12,..,n}
15
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be a weak neighbourhood of 0 in X. We prove that x+ ¥ meets R(M). For each
mesf, define the measure p,,: 4 ->R" by

My = (x’lom, ...,x;bom).

Then each p,, is a non-atomic scalar measure. Let % = {u,,: meHf}; it is easily
verified that the family J# satisfies the conditions of Lemma 1. Therefore the
set-valued map M;: A4 —R™ defined by

My(d) = (u(A): peityy (Ach),

is a perfect multimeasure. Moreover, since each measure p€3#, is non-atomic

(hence convex), it follows from Lemma 7 that the set R(Mp) = | {My(4): Ac.#}
is convex.

Now since xeCoR(M), there exists yecoR(M) such that y—xeV. Let
y=232,Amy4;), where m;e’, A;eM, 0O<M<l for j=1,2,..,p and
221 A; = 1. Since for every j=1,2,...,p, Pm(A4;) € R(M,) which is convex, there
exist mes¥ and 4 .4 such that

B) = 52334,

That is, forevery i=1,2,...,n,

o m(d)) = BN miA )

= (X5 ¥)-
Hence, for every i = 1,2,...,n,

[<xl m(A)—x)| = |<{xfy—xD)< 1.

This shows that m(4)ex+ V and completes the proof.

REMARK 2. The result of Lemma 8 had been proved by Tolstonogov (1975),
Theorem 6, under different conditions. In fact, Tolstonogov assumed that for each
A .M there exists a weakly compact set Q in X such that M(4 n B)< Q for every
Be.#. In the following example we shall see that a multimeasure may satisfy the
conditions of Lemma 8 and yet it may not have the property required by
Tolstonogov.
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ExaMPLE 2. Let (S,.#) be a measurable space and let A be a family of finite
non-negative non-atomic measures on #. Let & be the linear space of all real-
valued bounded .#-measurable functions on S. For two functions f, g€ %, we say
that they are A-equivalent if [|f—g|dA = O for every Ae A. Then let X = %(A) be
the linear space of equivalence classes £, f€ #. We furnish X with the locally convex
topology 7(A) defined by the semi-norms p,(f) = f|f]dA, AeA.

Also, let Z,(A) denote the subset of X consisting of classes fwith 0<f<1, and
let o (A) be the subset of #(A) consisting of classes ¥4 where x, is the
characteristic function of A4, for A€.4.

We can choose the family A so that the set #'(A) is not 7(A)-complete (for
example, choose A to be the family of measures equivalent to a non-closed non-
atomic vector measure; see Kluvdnek and Knowles (1975), pp. 72 and 77, Example
2), and therefore #,(A) is not r(A)-complete.

Now for each fe Z/(A), define a map m,: M — X by mf4) = yaf, for every
Ae M. 1t is easily shown that each m; is a measure and that the family
H = {m;: f€B(A)} satisfies the conditions of Lemma 1. Therefore the set-valued
map M: A — X defined by M(A) = {m(A): me £} is a perfect multimeasure.

Moreover, for each x’' € X’ and each m; €, we prove that the measure x’ om;
is non-atomic. In fact, since the linear form x’ is 7(A)-continuous, there exist a
AeA, a number k>0 and a real-valued measure p on # such that |u|<kA and
(x', &> = [gdu for every g€ X (Kluvdnek and Knowles (1975), Theorem 1, p. 41).
It follows that for each 4 €.#,

o om)(4) = T = [ S
Thus | x" o m,| < kA and therefore the non-atomicity of x’ o m;, follows from that of A.

Finally, we note that the range of the multimeasure M is the whole set ZH(A)
which is convex but not r(A)-complete and therefore not weakly compact.

THEOREM 3. Let M: M — X be a perfect multimeasure. If M is M-essentially
countably generated and if M is non-atomic, then the weak closure of R(M) coincides
with o R(M).

Proor. This follows immediately from Lemmas 3, 4 and 8.
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