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Abstract

A finite measure supported by the unit sphere S"~! in R” and absolutely continuous with respect to the
natural measure on S"~! is entirely determined by the restriction of its Fourier transform to a sphere of
radius r if and only 27r is not a zero of any Bessel function J,,(,-2)2 With d a nonnegative integer.
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1. Introduction

Hedenmalm and Montes-Rodriguez asked in [4] the following: given I a smooth curve
in R? and A a subset of R?, when is it possible to recover uniquely a finite measure v
supported by I' and absolutely continuous with respect to the arc length measure on I'
from the restriction to A of its Fourier transform v on R?? Equivalently, when does
Fv(d) =0 for all 1€ A imply v =07? If this is the case, they call (I', A) a Heisenberg
uniqueness pair.

Then, among other results on Heisenberg uniqueness, Lev and Sjo6lin established
independently that if T" is the unit circle S! and A is a circle of radius r, T,A)is a
Heisenberg uniqueness pair if and only if r is not a zero of any Bessel function J,
(n € Nyg) (see [5, Theorem 1(i), p. 135] and [6, Theorem 1(i), p. 126]).

The definition of Heisenberg uniqueness pairs can easily be extended to all R”
(n>2):

DermniTion 1.1. Let X be a C! submanifold of R” (n > 2), us the natural measure on X
and A a subset of R". The pair (X, A) is a Heisenberg uniqueness pair if, for every
finite measure v on X which is absolutely continuous with respect to s, ¥ v(4) = 0 for
all 4 € A implies v = 0, where ¥ v is the Fourier transform of v on R":

Fv(x) = f e dy(n)
)
for all x e R".
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We have obtained the following criterion for the Heisenberg uniqueness of pairs of
spheres.

ProrosITION 1.2. Let S"~' be the sphere with centre 0 and radius 1 in R" and A a
sphere of radius r. The pair (S"', A) is a Heisenberg uniqueness pair if and only if
Jd+(n_2)/2(27ﬂ") # 0 for all d € N,

Since we must do without the group structure available on the unit circle, our proof
is not as short as the one in dimension two. So, before giving it in Section 3, we recall
in Section 2 some useful facts.

2. Preliminaries

If (X,A) is a Heisenberg uniqueness pair in R”, it follows from elementary
properties of the Fourier transform that (X, A + b) is also a Heisenberg uniqueness
pair for any b € R".

By the theorem of Radon—-Nykodym, a measure v is absolutely continuous with
respect to a measure y if and only if v has a density function f with respect to y, that
is, v = f - u. Moreover, if v is finite, then f is integrable with respect to p.

We write do for the natural measure on S"~'. A spherical harmonic of degree
on S"! (1 € Nyo) is the restriction to $"~! of a polynomial on R" which is harmonic
and homogeneous of degree . We write SH;(S"!) for the vector space of spherical
harmonics of degree / and d; its dimension. Two spherical harmonics of different
degrees are orthogonal with respect to the usual scalar product on L*(S"!, do).

Let (E, ..., th) be an orthonormal basis of SH;(S"~"). For all Z, € S*!, we put

d
Z(&m =) EXOENm).
j=1

The function i — Z;(Z, 1) is the zonal with pole { of degree | and is independent of the
choice of the Eﬂ Given f € L'(S"™!, dor), we define I1,f by

0= [ z.mson dotn

for all £€S™!; II;f is a spherical harmonic of degree [ and, in the case f is in
L*(S™!, do), it is the orthogonal projection of f on SH;(S"~"). The series

+00
Z 10, f
1=0
is called the Fourier—Laplace series of f (see [2] for more on spherical harmonics).
It is a classical result [7, p. 45] that the Fourier—Laplace series of an integrable

function f on $" ! is (C, §)-summable in mean to f when § > (n — 2)/2.
Given ¢ > 0, a series )59 b, of complex numbers is (C, 6)-summable to B € C if

m -1
lim (m [+ 6)(m + 6) b= B.
m—+o0o = 6 6
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where

k+o6) (0+1)(6+2)---(6+k)
( S ) - k! '
In particular, a series is (C, 0)-summable to B if and only if it converges to B.
Moreover, if it is (C, 6)-summable to B, it is (C, ¢’)-summable to B for all 6’ > § [3,
pp- 96-100].

Finally, with the above notation we have, for any ¢ > 0 and d € Ny,

. m—d+6\(m+ 6"
lim =1.
m—+0o ) )
Indeed, this means that the series }},,5o b, where by =1 and b,, = 0if m # d, is (C, 9)-
summable to 1.

3. Proof

By the first remark in Section 2, we see that it will suffice to establish the proposition
with A a sphere of radius r centred in 0: A =S (0, r).

We begin by assuming that J4,,—2),2(2nr) # 0 for all d € N(. We take a function f
integrable on $"~! such that

[ s dot =0

for all x € S(0, 7). We must show that f =0 almost everywhere on S"~!. We choose
0 > (n—2)/2 and calculate for x € S(0, r):

&((m =1+ 6\ (m+ 6\ :
S L)
10 e 1
(N0 (= 1+ 6\(m + 6\
[ e—””“"(z (’" 5 )(’"; ) Hlﬂn)) dor()

=0

- fs e da(n)‘

. m -1 S S -1
fs;l €—2mx~17(z (m S + )(m;' ) H[f(n) - f(U)) dO’(U)’

=0

‘ m —I+6 5 -1
< f o277 Z(’" 5 )(’”; ) Hzf(n)—f(n)‘ do()
Sn—l =0 l
o (m—1+6 6\
- [ Z(’" * )("” ) Hzf(n)—f(n)' dor()
S| VAL 5

and this last integral tends to O for m — +oo by our choice of . Hence,

) L (m—l+6)(m+6
lim
m—-+oo

-1
5 ) ) fs LGy do() = 0 (3.1)

=0
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uniformly in x € S(0,r). Now, by [1, Lemma 9.10.2, p. 464], for any spherical
harmonic Y} of degree &,

f e 2Ny () do(n) = 271t "D Ty ooy p 2D Yi(O),
SI!*]
where >0 and £ € S"~!. Writing x = r£ with & € $""! in (3.1), we get

) M im =1+ 6\ (m + 6\ d —(n—
m ( 5 )( 5 ) 27l 1" I ey Q)L £ () = 0
0

uniformly in & € S Therefore, fixing d € N,

" (m—1+6 8\ 27l Jii 222 —
lim S’I(Z (’" + )(’”* ) oot m)Hzf(f))de(f) dor(@) = 0

m—+co
1:0 0 0

or

O (m =1+ 6\ (m + 6\ 27 Ty 22 (2 —
im_ > (’" o )(’”; ) Ukl ”’)( | @ da(§))=0.

(3.2)

m—teo 4

But
fs O f () do(€) =0

if [ #d. So, (3.2) reduces to

-1
. m—d+6\(m+§6 d —(n—
m ( ) )( 5 ) 2722 gy ey p QD) 115 = 0

or, in view of the last remark in Section 2, to
2 D2 4 2y 2 Q)T 113 = 0.

From our choice of r, we deduce that |1, f |I§ =0, hence Il f =0, and this is true for
any d € N,g. The Fourier—Laplace series of f is therefore identically zero, so (C, d)-
summable in mean to zero: ||f]|; = 0, that is, f = 0 almost everywhere on S"~!.

Assume now that there exists d € Nxq such that Jg.(,—2)2(2nr) = 0. Choose as f
integrable on $"~! a nonzero spherical harmonic of degree d. Then

f 1 e 2% £() dor(n) = 27 r PR 4 ey 2 ) f(E), (3.3)
sn-
that is,
f e f(p) dor(p) = 0
Sn—l
forall x=ré€ S0, r). O
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Remark 3.1. The proposition is the exact generalization to n > 2 of the mentioned
result of Lev and Sjolin, the supplementary 27 in our statement coming solely from a
different normalization of the Fourier transform.

Remark 3.2. Equality (3.3) shows that if A is the zero set of a homogeneous harmonic
polynomial on R”, then (S"!, A) is not a Heisenberg uniqueness pair. This is the case,
for example, in R” with the union of the hyperplanes x; =0, x, =0, ..., x, =0, and in
R3 with the cone

(1]
(2]

(3]
(4]

(5]
(6]

[7]

x2 y2 Z2 Z2

a bt a2 b
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