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Abstract

In Lyons, Pemantle and Peres (1995), a martingale change of measure method was
developed in order to give an alternative proof of the Kesten—Stigum L log L theorem for
single-type branching processes. Later, this method was extended to prove the L log L
theorem for multiple- and general multiple-type branching processes in Biggins and
Kyprianou (2004), Kurtz et al. (1997), and Lyons (1997). In this paper we extend this
method to a class of superdiffusions and establish a Kesten—Stigum L log L type theorem
for superdiffusions. One of our main tools is a spine decomposition of superdiffusions,
which is a modification of the one in Englander and Kyprianou (2004).
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1. Introduction and main result

Suppose that {Z,,, n > 1} is a Galton—Watson branching process with each particle having
probability p,, of giving birth to n children. Let L stand for a random variable with this offspring
distribution. Let m := )" | np, be the mean number of children per particle. Then Z, /m"
is a nonnegative martingale. Let W be the limit of Z,,/m" as n — oo. Kesten and Stigum [8]
proved that if 1 < m < oo (that is, in the supercritical case) then W is nondegenerate (i.e. not
almost surely zero) if and only if

o
E(Llogt L) = annlogn < 00.

n=1

This result is usually referred to as the Kesten—Stigum L log L theorem. In [1], Asmussen and
Hering generalized this result to the case of branching Markov processes under some conditions.

Lyons et al. [14] developed a martingale change of measure method in order to give an
alternative proof of the Kesten—Stigum L log L theorem for single-type branching processes.
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Later, this method was extended to prove the L log L theorem for multiple- and general multiple-
type branching processes in [2], [12], and [13].

In this paper we will extend this method to a class of superdiffusions and establish an L log L
criterion for superdiffusions. To state our main result, we need to introduce the setup we are
going to work with first.

Let a;j, i,j = 1,...,d, be bounded functions in C'(R¢) such that all their first partial
derivatives are bounded. We assume that the matrix (a;;) is symmetric and satisfies

0 <alv]* < Zaijvivj forall x € R? and v € RY
i

for some positive constant a. Let b;, i =1, ..., d, be bounded Borel functions on R4,
We will use (Y, IT,, x € RY) to denote a diffusion process on R? corresponding to the
operator

L=4V-aV+b-V.

In this paper we will always assume that 8 is a bounded Borel function on R¢ and that D
is a bounded domain in R?. We will use (YP, I, x € D) to denote the process obtained by
killing Y upon exiting from D, that is,

D Y, ift <,
Y. = ]
0 ifr>r,

where T = inf{t > 0: Y, ¢ D} is the first exit time of D and 9 is a cemetery point. Any
function f on D is automatically extended to D U {9} by setting f(3d) = 0. For convenience,
we use the following convention throughout this paper. For any probability measure P, we also
use P to denote the expectation with respect to P. When there is only one probability measure
involved, we sometimes also use E to denote the expectation with respect to that measure.

We will use {P;};>0 to denote the following Feynman—Kac semigroup:

t
P, f(x) = I, (exp{/ ,B(YSD)ds}f(YtD)), x e D.
0

It is well known that the semigroup { P;};>( is strongly continuous in L?(D) and, for any ¢ > 0,
Py has a bounded, continuous, and strictly positive density p(z, x, y).
Let {P,},>0 be the dual semigroup of { P;};>¢ defined by

P = /D pty. ) f()dy,  x €D,

It is well known that {P,},>0 is also strongly continuous on L2(D)

Let A and A be the generators of the semigroups { P, };>0 and {P, }t=0 on L%(D), respectively.
We can formally write A as L|p + B, where L|p is the restriction of L to D with Dirichlet
boundary condition. Leto (A) and o (A) respectively denote the spectrum of A and A. Ttfollows
from Jentzsch’s theorem [16, Theorem V.6.6, p. 337] and the strong continuity of {P;};>¢ and
{Pz}z>0 that the common value A1 = supRe(c(A)) = supRe(o (X)) is an eigenvalue of
multiplicity 1 for both A and A, and that an eigenfunction ¢ of A associated with A; can be
chosen to be strictly positive almost everywhere (a.e.) on D and an eigenfunction q) of é
associated with A; can be chosen to be strictly positive a.e. on D. We assume that ¢ and ¢
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are strictly positive a.e. on D. By [9, Proposition 2.3] we know that ¢ and 5 are bounded and
continuous on D, and they are in fact strictly positive everywhere on D. We choose ¢ and 5
so that [, ¢ (x)p(x) dx = 1.

Throughout this paper, we make the following assumptions.

Assumption 1.1. A; > 0.

Assumption 1.2. The semigroups {P:};=0 and {P;};>0 are intrinsic ultracontractive, that is,
forany t > 0, there exists a constant ¢; > 0 such that

pt, x,y) < c¢p(X)d(y) forall (x,y) € D x D.

Assumption 1.2 is a very weak regularity assumption on D. It follows from [9] and [10] that
Assumption 1.2 is satisfied when D is a bounded Lipshitz domain. For other, more general,
examples of domain D for which Assumption 1.2 is satisfied, we refer the reader to [10] and
the references therein.

Let &; = o(YxD ,8 <1t). Forany x € D, we define a probability measure Hf by the
martingale change of measure:

_ P {_/Wx— Y d}
6 90 exp A (A1 — B(Xy))ds .

dr?
dri,

The process (Y2, Hf) is an ergodic Markov process and its transition density is given by

PPt x,y) = %p(nx,yw(y).

The function ¢>¢> is the unique invariant density for the process ( Yp, 1'[¢)
By our choices for ¢ and ¢, f p® (x)¢(x) dx = 1. Thus, it follows from [9, Theorem 2.8]
that
exp{—Ait}p(t, x,y)
d(x)P(y)

for some positive constants ¢ and v, which is equivalent to

— 1| <ce™, x €D,

¢
PPt x, ) _1‘ < eV
(NP (y)

xeD

Thus, for any f € L3_°(D), we have

sup
xeD

/DP"’(t,x,y)f(y)dy—fDqﬁ(y)tg(y)f(y)dy' Sce_"’/Dcﬁ(y)a(y)f(y)dy-

Consequently, we have

-1
lim sup sup ( fD ¢<y)$<y>f<y)dy)

=00, cp fEL¥(D)

PP, x, y) f(y)dy — /D ¢(y)$(y)f(y)dy‘
= 0’
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which is equivalent to

p
lim 227G 0Ny uniformly for f € L®(D), and x € D. (1.1)
=0 [ (P f(y)dy

For any finite Borel measure 1 on D, we define a probability measure Hi A8 follows:

¢ (x)
n? =[ dx)—=211¢.
on = e

Note that, for any A € &,

INT
¢ D
,,(A) = ——1II <¢(Y )GXP{—f (A1 — B(Y, ))dS} 1A)~
on (o) T 0 '
The superdiffusion X we are going to study is a (Y, ¥ (A) — BA)-superprocess, which is
a measure-valued Markov process with underlying spatial motion Y, branching rate dz, and
branching mechanism (1) — BA, where

Wix,2) = / € — 14 (. dr)
0

for some o -finite kernel n from (R, i)’(Rd)) to (Ry, B(R4)), that is, n(x, dr) is a o-finite
measure on R for each fixed x, and n(-, A) is a measurable function for each Borel set
A C Ry. In this paper we will always assume that sup,.p fooo(r ArHn(x,dr) < co. Note
that this assumption implies that, for fixed A > 0, ¥ (-, A) is bounded on D.

Let (Y, I, ) denote a diffusion with generator L, birth time r, and starting point x. For any
u € Mp(D), the family of all finite Borel measures on D, we will use (X, P, ;) to denote a
(Y, ¥ (1) — BA)-superprocess with starting time r such that P, ,, (X, = n) = 1. We will simply
denote (X, Py ;) as (X, P,). Let X*? be the exit measure from [0, ) x D, and let "2 be the
union of (0, t) x D and {t} x D.

Define ¢': [0,¢] x D — [0, o0o) for each fixed r > 0, such that ¢/ (u, x) = ¢(x) for
(u, x) € [0, t] x D and ¢’ (u, x) = O for (u, x) € [0, ¢] x dD. In particular, we extend ¢ to D
by setting it to be 0 on the boundary. Then

{M,(¢) := exp{—rt}g', X"P), t > 0) (1.2)

is a P, -martingale with respect to ¥; := o(X>P, s < t) (see Lemma 2.1, below) and
P.(M:(¢)) = (¢, ), t > 0. Itis easy to check that {M;(¢), + > 0} is a multiplicative
functional of X*?.

To state our main result, we first define a new kernel n?(x, dr) from (D, B(D)) to
(R4, B(R4)) such that, for any nonnegative measurable function f on R,

/OO frn?(x,dr) = /Oo Fro)n(x, dr), xeD.
0 0

The following theorem is the main result of the paper.

Theorem 1.1. Suppose that (X;) is a (Y, ¥ (X) — BA)-superdiffusion starting from time 0 and
with initial value . Set

o0
1(y) :=/ rlogrn¢(y,dr).
1
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1. IffD ¢7(y)l(y) dy < oo then My () is nondegenerate under P,, for any u € M (D).
2. IffD g(y)l(y) dy = oo then M (@) is degenerate for any u € Mg (D).

The proof of this theorem is accomplished by combining the ideas from [14] with the
‘spine decomposition’ of [5]. The new feature here is that we consider a different branching
mechanism. The new branching mechanism considered here is essential. With this branching
mechanism, we can establish a strong (that is, almost-sure) version of the spine decomposition,
as opposed to the weak (that is, in distribution) version in [5]. The reason is that the branching
mechanism we consider here results in discrete immigration points, as opposed to the quadratic
branching case where immigration is continuous in time.

In the next section we first give a spine decomposition of the superdiffusion X under a
martingale change of measure with the help of Poisson point processes. Then, in Section 3 we
use this decomposition to give a proof of Theorem 1.1.

2. Decomposition of superdiffusions under the martingale change of measure

Let ; = o (X*P, s < t). We define a probability measure Fu by the martingale change of
measure:
dp, 1
—| =M.
P, |y (¢, 1)

The purpose of this section is to give a spine decomposition of X under ﬁﬂ.

The most important step in proving Theorem 1.1 is a decomposition of X under ﬁu. We
could decompose X under P, as the sum of two independent measure-valued processes. The
first process is a copy of X under P,,. The second process is, roughly speaking, obtained by
taking an ‘immortal particle’ that moves according to the law of ¥ under IT; and spins off
pieces of mass that continue to evolve according to the dynamics of X.

To give a rigorous description of this decomposition of X under ﬁu, let us first recall some
results on Poisson point processes. Let (S, §) be a measurable space. We will use M to denote
the family of o -finite counting measures on (S, §) and B (M) to denote the smallest o-field on
M with respect to which all v € M +— v(B) € Z+ U {oo}, B € 8, are measurable. For any
o-finite measure N on 4, we call an (M, B(M))-valued random variable § a Poisson random
measure with intensity N if

w

(a) foreach B € 8 with N (B) < 00, £(B) has a Poisson distribution with parameter N (B);
(b) for By, ..., B, € 4 disjoint, the variables £(By), ..., £(B,) are independent.

Suppose that N is a o-finite measure on (0,00) x S, if e = (e(t), t > 0) is a process
taking values in § U {T'}, where T is an isolated additional point and ¢(0) = Y, such that the
random counting measure £ = ), 8(,e()) i a Poisson random measure on (0, 0o) x S with
intensity N, then e is called a Poisson point process with compensator N. If, for every t > 0,
N((0,t] x S) < oo then e can also be expressed as e = (((o7, ei),Ai =1,...,Np), t =0),
where ¢; = e(0;) and N; is a Poisson process with instant intensity N (dz x §). The following
proposition follows easily from [15, Proposition 19.5].

Proposition 2.1. Suppose that e = (e(r), t > 0) is a Poisson point process with compen-
sator N. Let f be a nonnegative Borel function on (S U {Y}) x [0, co) with f(Y,t) = 0 for

https://doi.org/10.1239/jap/1245676101 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1245676101

484 R.-L.LIU ET AL.

allt > 0. If [ [5 11— e/ @) |N(ds, dx) < oo forall t > O then
t
E(exp{— > f(e(s),s)}) =exp{—/ /(1 —e_f("’s))N(ds,dx)}.
0<s<t 0Js

Moreover; iffooo Js f(s, x)N(ds, dx) < oo then

E(/oo/f(x,s)N(ds,dx)) :/00/ f(x,s)ﬁ(ds,dx). 2.1)
0 S 0 S

To give a formula for the one-dimensional distribution of the exit measure process under P s
we recall some results from [4] first.
According to [4], for any nonnegative bounded continuous function f: 3"? — R, we have

Pru(exp(=f, X"P)) = exp(=U" (/). ). ), 2.2)
where U’(f) denotes the unique nonnegative solution to
aU (s, x)
————==LU+ BU(s,x) — Yy (U(s, x)), xeD,se(,1),
as (2.3)
U=f ond"P.

More precisely, U’ ( f) satisfies the following integral equation:

AT
U'(f)(r,x) + Hr,x/ [ (U (s, Ys) — BYHU(f)(s, Yy)lds
=TIl fANT, Ying), r<t,xebD, 2.4)

where 7, = inf{t > r: X, ¢ D}. Since Y is a time-homogeneous process, we find that X’
under P, ;, has the same distribution as X t=r.D ynder P,. The first moment of (f, X t.Dy ig
given by

(AT,
P (f. X"P) =T,x (f(t A Tp, Ymr,)GXp{/ .B(Ys)ds})- (2.5)
r
Lemma 2.1. {M;(¢), t > 0} is a P,,-martingale with respect to F;.

Proof. 1t follows from the first moment formula (2.5) that

t
Pr,x<¢tv X[’D> = TII, x <¢(Yt) CXP{/ ﬂ(YS)dS}, r< fr)
=P, ¢d(x) forr<t,xeD.

It is obvious that P, , (¢’, X"'P) = 0 for x € 3D. By the special Markov property of X and the
invariance of ¢ under exp{—A 17} Py,

P,(M(¢) | F5) = exp{—A15}Pys.p(exp{—A1(t — )N, Xt’D))
= exp{—A1s}{exp{—A1(t — $)}Pi_s ¢, X*P|p)
= exp{_kls}«bS’ Xs,D)
= M(¢) fors <t,

where X5P|p is the restriction of the measure X*? on {s} x D.
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Now we give a formula for the one-dimensional distribution of X under FI;M.

Theorem 2.1. Suppose that w is a finite measure on D and that g € C ;‘ (3"P). Then
P, (exp(—g, X"P)) = P, (exp(—g, X"P))

INT
X ng (exp{—/ ¥ (Ys, U (g)(s, Ys)) ds}), (2.6)
0

where U'(g) is the unique solution of (2.3) or;, equivalently, (2.4) with f replaced by g.

Proof. This theorem can be proved using the same argument as that given in [5] to obtain
Theorem 5 therein, with some obvious modifications. We omit the details.

From (2.6) we can see that the superprocess (X''?, Fu) can be decomposed into two inde-
pendent parts in the sense of distributions. The first part is a copy of the original superprocess
and the second part is an immigration process. To explain the second part more precisely, we
need to mtroduce another measure-valued process (X ). Now we construct the measure-valued
process (Xt) as follows.

(a) Suppose that ¥ = (Y,, t > 0) is defined on some probability space (2, P, 4) and that
= (Y;, t > 0) has the same law as (Y, l'I ) Here Y serves as the spine or the immortal
partlcle which visits every part of D for large times since it is an ergodic diffusion.

(b) Suppose thatm = {m,, t > 0} is a point process taking values in (0, c0) U{Y'} such that,
conditional on o (Y;, t > 0), m is a Poisson point process with intensity rn(Y;, dr). Now
(0, o0) is the ‘space of mass’ and m; = Y simply means that there is no immigration at ¢.
We suppose that {m,, t > 0} is also defined on (2, P, 4). Set D, = {t: m,;(w) # T}.
Note that D, is almost surely (a.s.) countable. The process m describes the immigration
mechanism: along the path of ¥, at the moment 7 € Dy, a particle with mass m; is
immigrated into the system at the position Y;.

(c) Once the particles are in the system, they begin to move and branch according to a
(Y, ¥ (L) — BA)-superprocess independently.

Weuse (X7, 1 > o) todenote the measure-valued process generated by the mass immigrated
at time o and posmon Y Conditional on {Y,, my, t >0}, {X°, 0 € Dy} are independent
(Y, ¥ — BA)-superprocesses. The birth time of X is o and the initial value of X is mq 05 . Set

xXtD — Z Xa,(t,D),
0€(0,1]NDy,

where, for each o € Dy, X™ /(:D) is the exit measure of the superprocess X from [0, 1) x D.
The Laplace functional of XD is described in the following proposition.

Proposition 2.2. The Laplace functional of X2 under Pugis

t
qu <eXP{—f ¥ (¥, UN(9) (s, 9)) dS}).
0
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Proof. Forany g € C;(B“D), using (2.2), we have

P,.4(exp{—(g, X"P)}) =PM’¢(PM,¢<exp{— > (e X"’(’*D))} ‘ Y.o, m))

oe(0,t]1ND,,

PW/)( [1 exp{—m.,U’(gx?g,o)})

(01N D

=PM,¢<PM,¢<eXp{— Z mgU[(g)(fg,(r)} ‘ 17))
o€l0,t1ND,,

Using Proposition 2.1, we obtain
Py, (exp{—(g, X"")})

t o0
= Hgﬂexp{—/ / (1 —exp{—rU’(g)(YS,s)})rn(YS,dr)ds}

=11} (exp{ waS,U(g)(s Y))ds}>

Without loss of generality, we suppose that (X;, > 0; P, ¢) is a superdiffusion defined on
(2, P, ), equivalent to (X;, t > 0; P,,) and 1ndgpendent of X. Proposition 2.2 says that we
have the following decomposition of X’-? under P,: forany t > 0,

(X"P,P,) = (X"P +X"P P, 4) indistribution, (2.7)

where X"P is the exit measure of X from [0, t) x D. Since (X, t > 0; ﬁu) is generated
from the time-homogeneous Markov _process (X;, t = 0;P,) via a nonnegative martingale
multiplicative functional, (X;, t > 0; PM) is also a time- homogeneous Markov process (see[17,
Section 62]). From the construction of (Xt D >0 P..¢) we see Ul that (X’ Dt >0 Pu.s)
is a time-homogeneous Markov process. For a rigorous proof of (X’ Dt > O P,.4) being
a time-homogeneous Markov process, we refer the reader to [6]. Although [6] dealt with the
representation of the superprocess conditioned to stay alive forever, we can check that the
arguments there work in our case. Therefore, (2.7) implies that

(X"P,1>0;P,) = (X"P+X"P t>0;P,4) indistribution.

3. Proof of Theorem 1.1

To prove Theorem 1.1, we need some preparations. The following elementary result is taken
from [3].

Lemma 3.1. ([3, Exercise 1.3.8].) Let Y > Owith E(Y) < 00, and let 0 < a < E(Y). Then

E(Y) — a)?
Py >y > EW) —a”
E(Y2)
Proposition 3.1. Set h(x) = Ps (Moo (¢)) /@ (x).
1. h is nonnegative and invariant for the process (Y °, l‘[f).

2. Either M is nondegenerate under P, for all w € Mp(D) or Mo is degenerate under
P, for all w € Mg (D).
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Proof. 1. Since ¢' (-, u) = ¢(-) for each u € [0, t] and ¢ is identically 0 on 3 D, we have,
by the special Markov property of X,

h(x) = % Ps, (slgrgo(eXp{—kl(t + 5)}o', X’“*D)>
_ exp{—Ait} ) s e
_exp{—A;1}
- é(x) Ps, (Px:.0(Mx))
exp{—At} oD
=2 ps ((he)', X©
i Do (9 X0
— t
_ explizhn <exp{/ ,B(Yg)ds}(htp)(Yt), t < r)
() A

INT
= Ll'Ix (eXp{/ B - M)(n)ds}(h@(Y,D)), xeD.
¢ (x) 0

By the definition of Hf we obtain h(x) = Hf (h(YtD )). So, h is an invariant function of the
process (Y2, l'[f). The nonnegativity of / is obvious.

2. Since & is nonnegative and invariant, if there exists an xo € D suchthat/(xg) = 0,thenh =0
on D. Since P, (Mo (¢)) = (he, ), we then have P, (Mo (¢)) = 0 for any u € Mp(D). If
h > 0on D then P, (My(¢)) > O for any u € Mp (D).

Using Prochsition 3.1, we see that, to prove Theorem 1.1, we only need to consider the
case u(dx) = ¢(x)dx. So, in the remaining part of this paper we will always suppose that
pu(dx) = ¢(x)dx.

Lemma 3.2. Let (m,, t > 0) be the Poisson point process constructed in Section 2. Define
09 =0, oi=inf{sei)m:s>0i71,ms¢()~’s)> 1}, N =My, i=1,2,....
1If [, 8()I(y) dy < 00 then

> exp{—histmp(Yy) < 00 Py -as.

SE€EDy,
If [, $)I(y) dy = oo then

lim sup exp{—kloi}nid)(?gi) =00 Pyg-as.

i—00

Proof. Since ¢ is bounded from above, o; is strictly increasing with respect to i. We first
prove that if [, ¢(y){(y) dy < oo then

Z exp{—A1s)msp(¥y) <00 Py g-as.
SEDy,
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For any ¢ > 0, we write the sum above as

> expl—risimse (¥y)

SEDy,
= > expl—hishmd (V) Ly 7o, ey T D eXDI—18)msd (Vo) 1 47 ymers)
s€Dp s€Dy
')
= Z exp{_)\-ls}ms¢(Y3) 1{¢()7S)msfess} + Zexp{_)hlgi}ni¢(Ygi) l{rli¢(7o,-)>exp{€m}}
seDy, i=1
=141l (31)

By (2.1) we have

Y Pupio (Vo) > expleci) = Y P (Pupio (Vo) > expleoi) | o(Y)))

i=1 i=l1
0(17)>>

o0
=Puy <Pua¢ <Z Ly, = expeoilo (7))
¢ o o0
=1II / (/ rn(Y, ,dr)) ds).
"’”( 0 \Jpwytes

i=1

Recall that, under Hg w Y starts at the invariant measure ¢ (x)u(dx) = qb(x)g(x) dx. So we
have

S - 00 - 00

D Pus(id (Vo) > expleoi}) =/ dS/ dy¢(»)e(y) rn(y, dr)

i=1 0 D $O) e

N 00 In(ré(y))/e
= [ swimay [ man [ ds
D d(»~! 0

_e! / FOI(y) dy.
D

By the assumption that |’ D 5 (»)I(y) dy < oo and the Borel-Cantelli lemma, we obtain
P#,qg(m(p(’fm) > exp{eo;} infinitely often) =0 forall ¢ > 0,

which implies that
II <oo Pyg-as. (3.2)

Meanwhile, for e < Aq,

Pugl = Pm( > expl=risimsp (Vo) 1{ms<egs¢(;s)l})

SEDm

00 P¥) e
= ngf dzexp{—)\lt}/ o (Y)r’n(Yy, dr)
0 0
oo 1
< ||¢||OOH$M/O drexp{—xlr}/o (Y, dr)

oo o0
+ Hﬁuf dr exp{—(A1 — e)t}f rn(Y;, dr),
0 1
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where for the second term of the last inequality we used the fact thatr < ¢ (¥;)~'e®’ implies that
r¢(Y;) < e®’. By the assumption that sup, . fooo(r Ar¥n(x, dr) < oo we have Puol < oo,

which implies that
I <oo Py g4-as.

(3.3)

Combining (3.1), (3.2), and (3.3), we see that Zsei)m exp{—)»ls}ms¢>()75) < 00, Py ¢ -as.

Next we prove that if [}, ¢(y)I(y) dy = oo then

lim sup exp{—)qal-}n,-¢(l70i) =00 P,g4-as.

i—00
It suffices to prove that, for any K > 0,

limsupexp{—A10;}1i¢ (Yo,) > K Py g-as.

i—00
Set Ko := 1V (max,ep ¢(x)). Then, for K > Ky,
K inf -1
;2D¢(x)
Note that, for any 7' € (0, c0), conditional on a(IN’),

ti:o; € (0, TLni > Kop(Yo,) ' explirioi}}

1s a Poisson random variable with parameter fo dr de)(Yt) explin) rn(Y[, dr) a.s.

(Y P,..4) has the same distribution as (Y, Hﬁdb) we have

o0
P,W/ dt/ N rn(Yy, dr)
0 Ko (Y)~'exp(rr}

T - 00
=/ dt/ dyed (»)p(y) ra(y, dr)
0 D K¢ (y)~!exp{rir}

< 005

thus,

/dt/ ~ rn(Y;,dr) <00 P,g-as.
0 Ko (Y)~lexp{rit}

Consequently, we have
Hizo; € (0,TIin > K¢(Yy) "exp{rioi}} < oo P,g-as.

So, to prove (3.4), we need to prove that

00 00 -
/ dt/ 5 rn(Y;,dr) =00 Py 4-as.,
0 K¢ (Y1)~ ! exp{riz}

which is equivalent to

/ dt/ rn(Y;,dr) = o0 Hﬁﬂ—a.s.
0 K¢(Y)~!exp{rit)
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For this purpose, we first prove that

o0 o0
g, ( / dr / rn(Y,, dr)) = 0. (3.6)
0 KoY~ explir)

Applying Fubini’s theorem, we obtain

o0 o0
g, ( f dr / ra(Y;, dr))
0 KoY~ exp{rit}

_ / $()F() dy / dr / rn(y. dr)
D 0 K¢ (y)~exp{rit}

~ o] (/A1) In(ré(y)/K)
- / $(NF() dy / r(y, dr) f ar
D Ko(y)~! 0

1 - e’}
/\—/ d(Md(y) dy/ (In[r¢(y)] — In K)rn(y, dr)
1JD -1

Ko (y)

v

1 - ¢
)\_/ oMo (y) dy(/ rin[ré (y)In(y, dr) —A>
1Jp Ko (y)~!

1 ~ 00 A ~
N / () dy / Finrn® (y, dr) — 2 / 5P () dy
1Jp K A Jp

for some positive constant A, where in the inequality we used the facts that K¢ (y)~! > 1 for
any y € D and sup,.cp, [ rn(y, dr) < oc. Since

/ g(y)dy/ rlnrn¢(y,dr) = 0
D 1
and
~ K ~
/Dqs(y)dyf1 rinrn?(y,dr) < KlogKfD¢(y>n<y,[||¢||gol,oo)>dy < oo,

we obtain ~
f«%(y)dy/ rinrn®(y,dr) = oo,
D K

and, therefore, (3.6) holds.
By (1.1), there exists a constant ¢ > 0 such that, for any r > ¢ and any f € LSFO(D),

1 ~ ~
: /D SMFO)F () dy < /D PPt ) f)dy <2 /D 6(IFONF(o)dy,  xeD.

3.7
For T > ¢, we define

T e’} T - e’}
sT=/ dr/ (Yo dr), A =/ dr/ ¢<y>dy/ rn®(y. dr).
0 Ko (Y)~!exp{ryt} c D K exp{rit}

Our goal is to prove (3.5), which is equivalent to

x 0
Eoo :=/ dt/ rn(Y;,dr) =oco I -as.
0 K¢ (Yo~ expir)
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Since {£5, = o0} is an invariant event, by the ergodic property of ¥ under Hg w it is enough to

prove that
M, (oo = 00) > 0. (3.8)
Note that
ST —/ dlf ¢>(y)d)’/ rn?(y,dr) > Ar (3.9)
K exp{r1t}
and

Jim_ MY &7 > Ax

:/ dt/ ¢(y)dy/ rn?(y, dr)
K exp{rt}

:/ a(y) dy/‘OO (—(logr —logK) — c)rn")(y,dr)
D A

K exp{ric}
= ¢ [ Gonma
= 00, (3.10)
where C is a positive constant. By Lemma 3.1,
n? 2
nﬁM(ST >0 Sr) %. (3.11)
ouST

If we can prove that there exists a constant C > 0such that, forall T > c,

ng e’
MyB1)” & (3.12)
ang (€2

then by (3.11) we would obtain
¢ IR (4 Pl
g, (ér = 5103 67) > C,
and, therefore,
b u(Eoo = 3T1G &7) > TG (67 > 3103 &7) = C > 0.

Since lim7_ o I1 WET = 00 (see (3.10)), the above 1nequahty implies (3.8). Now we only
need to prove (3.12). For this purpose, we first estimate n’ i (ET)

g &7 = n;f#/ dt/ rn(Y,,dr)/ ds/ un(Yy, du)
KoY~ explin) K (Y~ explhis)
=211 / dt/ rn(Yt,dr)f ds/ un(Yy, du)
Ko (Y)~lexp{rit} K¢ (Ys)~exp{ris}
(t+c)AT 00
—21'I¢ f dt/ rn(Y,,dr)/ ds/ un(Yy, du)
KoY~ explinr) K (Yo~ expihis)

T o]
+2ng#/ dt/ rn(Y,, dr) ds/ un(Yy, du)
0 K¢(Y)~!exp{rit} (t+0)AT K (Yy)~! exp{ris)

=1 +1v,
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where
T 00 (t+c)AT 00
1l :zniﬂf dt/ rn(Y,,dr)/ ds/ un(Yy, du)
0 K (Yo~ expirir} ' KoYy~ exp{is)
and
T 00 T 00
IV = znguf dtf rn(Y;, dr) dsf un(Yy, du)
0 Ko (Y)~!exp{rit} (t+c)AT Ko (Ys)~!exp{i;s}

T - 00
= 2/ dt/ ¢(y)¢>(y)dy/ rn(y,dr)
0 D

K¢ (y)~!exp{rir}

T 00
X/ ds/ P¢(S—l,y,2)d2/ un(z, du).
(t+c)AT D K¢ ()~ ! exp{ris})

By our assumption on the kernel n we have || floo rn(-, dr)||eo < 00. Since K inf,cp <j)(x)_1 >
1, we have
o < CyTy &r

for some positive constant C; which does not depend on 7. Using (3.7) and the definition of
n?, we obtain

T 00
/ dS/ P¢(S —1,9,2) dZ/ un(z, du)
@+onT I K¢~ explris)

T 00
2/ ds/ ¢ ()P (2) dz/ un(z, du)
(t+c)AT D K¢ (z)~ " exp{Ais)

T - [e%e)
<2 f ds /D 3(2)dz /0 (6 () Lig ook expiiog) 1 dut)

T - [e%e)
=2/ ds/ ¢(z)dzf rn?(z, dr)
c D kexp{ris}

=2Ar.

IA

Then, using (39), we have
1V < 4'ATII¢ ET = 4(II¢ ST)2
dn (78 .

Combining the above estimates for //I and IV, we find that there exists a C» > 0 independent
of T such that, for 7 > ¢,

MY, (E3) < 4N, 607 + CING & < (G &r)2.

Then we have (3.12) with C=1 / C2, and the proof of the theorem is now complete.

Definition 3.1. Suppose that (2, #, P) is a probability space, that {¥;, t > 0} is a filtration
on (2, ¥), and that § is a sub-o-field of . A real-valued process U; on (€2, ¥, P) is called
aP(- | $)-martingale with respect to {¥;, t > 0} if

(1) itis adapted to {F; VvV G, t > 0};
(ii) foranyt > 0,E(|U;| | §) < oo; and
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(iii) foranyt > s,
EWU; | F Vv §) =Us as.

We say that U; on (2, ¥, P) is a P(- | §)-submartingale or a P(- | §)-supermartingale with
respect to {F;, t > 0} if, in addition to (i) and (ii), for any ¢ > s,

EU | %V §) = Uy as.

or, respectively,
EWU | #5v§) =Us as.

The following result is a folklore. Since we could not find a reference for this result, we
provide a proof for completeness.

Lemma 3.3. Suppose that (2, ¥, P) is a probability space, that {¥;, t > 0} is a filtration
on (2, F), and that § is a o-field of ¥. If U; is a P(- | §)-submartingale with respect to
{F:, t = 0} satisfying
supE(|Us| | §) < o0 a.s., (3.13)
>0
then there exists a finite random variable Uy, such that U; converges a.s. to Uxo.

Proof. By Definition 3.1, U; is a submartingale with respect to {¥; vV §, ¢t > 0}. Let
Q, = {sup,>oE(|U;| | $) < n}. Assumption (3.13) implies that P(2,) 1 1. Note that, for
each fixed n, 1q, U; is a submartingale with respect to {F; V ¢, t > 0} with

supE(lg, |Ui]) = SugE(E(lszn U 1 §)
>

t>0

=supE(lg, E(U/| | §))

t>0
< E(supE(U;] | §): @)
t>0
< Q.

The martingale convergence theorem says that there exists a finite random variable Uy, defined
on €2, such that U; converges to Uy, on 2, as t — oo. Therefore, there exists a finite Uy, On
the whole space €2 such that U; converges to Uy a.s.

The next result is basically [3, Theorem 4.3.3].

Lemma 3.4. Suppose that (2, F) is a measurable space and that (¥;):>0 is a filtration on
(2, F) with F; + F. If P and Q are two probability measures on (2, ¥) such that, for some
nonnegative P-martingale Z; with respect to (¥1)>0,

dQ

== Zl~
dp

Fi

Then the limit Zo, := limsup,_, o, Z; exists and is finite a.s. under P. Furthermore, for any
FekF,

Q(F) =/ Zoo dP + Q(F N {Zso = 00)).
F
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and, consequently,
PZo=0)=1 = QZx=00)=1,

/.Zoosz'/ZQdP = Q(Zs <o0)=1.
Q Q

Proof of Theorem I 1. We first prove thatif || D ¢>( Y)I(y)dy < oothen Mo is nondegenerate
under P,,. Since M, (¢) is a positive supermartmgale under Pw M;(¢) converges to some
nonnegative random variable My (¢p) € (0, oo] under P By Lemma 3.4, we only need to

prove that ~
Pu(Moo(¢) < 00) = 1. (3.14)
By (2.7), (X"P P/L) has the same law as (X*-? +. XD p 1.¢), where X'D is the first exit
measure of the superprocess X from (0, t) x D and XtD = Zae(o,t]ﬁ o, X7 o.(t.D)  Define
W)=Y (¢ X7CD)exp(—hpt}.
o€(0,/1NDy,
Then,
(M (), t > 0; i;u) = (M;(¢) + Wi (¢), t > 0; P, 4) indistribution, (3.15)

where {M;(¢), t > 0} is copy of thg martingale defined in (1.2) and is independent of W;(¢).
Let § be the o-field generated by {Y;, m,, t > 0}. Then, conditional on §, (X7, t > o; P, )
has the same distribution as (X;_,, t > o; Pmag ) and the (X7, t > o; P, o) are independent
for o € D,,. Then we have

W)= Y. expl—hoIM (), (3.16)

0e(0,t]NDy,

where, for each o € Dy, M/ (¢) is a copy of the martingale defined by (1 2) with u = mUSY
and, conditional on §, the {M 7(¢), 0 € Dy} are independent. Here ‘2’ denotes equality in
distribution. To prove (3.14), by (3.15), it suffices to show that

PM’¢<t£ngo[M’(¢) + Wi(@)] < oo) =1.

Since (M;(¢), t > 0) is a nonnegative martingale under the probability P, 4, it converges
P, ¢-a.s. to a finite random variable My, (¢) ast — 0o. So we only need to prove that

P (tl_i)ngo W, (¢) < oo) —1. (3.17)

Define #, := § Vv o (X*0~B); 6 € [0,1]1N Dy, s € [0,1]). Then (W;(¢)) is a P, 4(- | §)-
nonnegative submartingale with respect to (#;). By (3.16) and Lemma 3.2,

SupPy, o (Wi(¢) | §)=sup Y exp{—rishmegp(¥y)
=0 20 se0, 1ND

< > expl—rishmg(¥y)

SEDm,

<o Pyg-as.
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Then, by Lemma 3.3, W;(¢) converges P, 4-a.s. to Weo(¢p) as t — oo and Py o (Weo(¢p) <
00) = 1; therefore, (3.17) holds. N

Now we turn to the proof of the second part of the theorem. Assume that | p®WMI(y)dy =
00. We are going to prove that Moo (¢) := lim;— o M;(¢) is degenerate with respect to P,.

By [7, Proposition 2], 1/M,(¢) is a supermartingale under P,,, and, thus, 1/(M,(¢)+ W, (¢))
is a nonnegative supermartingale under P, 4. Recall that M,(¢) is a nonnegative martingale
under P, 4. Then the limits lim;_, oo M;(¢) and 1/1im;_, oo (M;(¢) + W;(¢)) exist and are
finite P, ¢-a.s. Therefore, lim;_.oc W;(¢) exists in [0, o] P, ¢-a.s. Recall the definition of
(ni,oi, i =1,2,...)in Lemma 3.2, and note that lim;_, o, 0; = 00. By Lemma 3.2,

lim sup W;(¢) > lim sup Wy, (¢) > lim sup exp{—klai}nicﬁ(?gi) =00 Py g-as.

=00 i—00 i—00

So we have
11—1>Igo Wi(¢) =00 P, g-as.

By (3.19), _
Py (Mx(p) = 00) = 1.
It follows from Lemma 3.4 that P, (M = 0) = 1.

Remark 3.1. The argument of this paper actually works for general superprocesses. Our main
result remains valid for any general (Y, 1 (A) — BA)-superprocess with Y being a reasonable
Markov process such that Assumptions 1.1 and 1.2 are satisfied. For examples of discontinuous
Markov processes satisfying Assumption 1.2, we refer the reader to [11] and the references
therein.
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