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ON ALGEBRAS GENERATED BY
COMPOSITION OPERATORS

J. A. CIMA AND W. R. WOGEN

1. Introduction and definitions. Let A be the open unit disk in the
complex plane and let.# be the group of automorphisms of A onto A, define by

K = {qb TA—> Alg(z) = af—_—_—%z- where |a| = 1, |\] < 1}.
The Banach spaces H? = H?(A), 1 £ p < o0, are the Hardy spaces of func-
tions analytic in A with their integral » means bounded,

sup (—2—1;f|f(rei0)]”d0) =M< .

The Banach space H”(A) = H” consists of the bounded analytic functions
on A. If X is a Banach space and & (X) is the space of all bounded linear
operators on X, then a vector x € X is said to be a cyclic vector for an algebra
o C P (X) if the closure of the set

(T(x): T €L}

is all of X. We recall that if X is a Banach space and .2/ is a weakly closed
algebra of operators on X then.?/ is called reflexive if 7 € % (X) and T leaves
invariant the common invariant subspaces of .27 implies 7" € .&7.

The principal result of this paper is concerned with the set

L=1{C€cBH):¢cL}

consisting of composition operators on the Hardy spaces H?, 1 < p < 0.
Let .o/ (L) denote the weakly closed subalgebra of & (H?) generated by L. We
show that every non-constant vector f € H? is a cyclic vector for &7 (L). We
also show that this result is sharp in the sense that the theorem fails if .% is
replaced by any abelian subgroup of .. It is a straightforward consequence
of this result, using a technique of S. Fisher [1], that the linear span of .% is
uniformly dense in the disk algebra (the Banach space of functions continuous
on A, and analytic in A).

A second result shows that if .27 (L) is the weakly closed algebra of % (H?)
generated by the set L then .o (L) is reflexive.
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2. The principal result. It is well-known (cf. [5]) that a function f is in
H? (1 £ p < ) if there exists a harmonic function #, #(z) = 0, such that

| f2)P = u(z)

for all z € A. It is then clear that for each ¢ € £ the composition operator on
H?,

C¢(f) =fo¢v

is linear and into H?. An easy computation (see [6, p. 7]) yields the estimate

1+ 160\
chs“ < ('1' — |¢(0)]) .

THEOREM 1. Let f € H?, 1 £ p < o0, with f non-constant. Then
F&) ={C(f):¢ €}
has dense span in HP?.
The proof of Theorem 1 will require two lemmas.
LemMA 1. Iff € H?, 1 < p < 0 and ¢(z) = (z — N\)/(1 — X2), then

DM(Co(f ))wmo = 2 A1 — B I(=N) Ry
where A; > 0,7 =1,2,3,...,n.

LEmMmA 2. Iff € H?,1 £ p < o0 and f is non-constant, then given n > 0 there
isa ¢ €& sothat

D*(foe)|,—0o #0.

Proof of Theorem 1. Assume the validity of Lemma’s 1 and 2. We consider
first 1 < p < co. By the Hahn-Banach Theorem it suffces to show that if
Y € (H?)* and ¢ (Csf) = 0 for all ¢ € £ then ¢ = 0. Hence, assume there is
ag € H* (1/p 4+ 1/q = 1), such that

_ L f e ds _
v() =5 ) EEGE T =0

for every ¢ € . Suppose the Fourier expansions of g and f are given by
HOED I
n=0

e~ 3w lsl = 1.
Choose ¢ € .% to be a rotation, ¢(z) = az, |a| = 1. We have assumed

0=5 f. l_lgTz>f<az>d§

https://doi.org/10.4153/CJM-1974-117-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1974-117-2

1236 J. A. CIMA AND W. R. WOGEN

for all |a| = 1. On the other hand the Hausdorff-Young inequalities imply that
1 — dz X 1o
271_1' lzl=1 g(z)f(az) z - 7;) a/nbna

and the series converges absolutely. Let z = re®, » < 1 and note that
2@ =5 [ e g
271 Jo

= > abg"
n=0
is in H*. By Abel’s theorem

lim p(re®) = 0

r>1

a.e. on |z| = 1. Hence a,b, = 0 forn = 0,1, 2,3, ... . It follows that b, = 0
for all # such that a, # 0. We apply Lemma 2. Given #, there is a ¢ ¢ &
with D" (Cy f )|.=0 # 0. Thus we have

F((@) = 2 A

with 4, # 0. Replacing f by C,f in the above argument we see that b, = 0,
n=20,1,2,... . Thus g = 0 (and so ¢ is the zero functional).
Now for p = 1 and ¢ € (H")* we know there is a g € L® such that

s =5 | s

all f € H' A similar proof shows that if g(¢) >~ T b.e™ then b, = 0
forn =0,1,2,3,... . Hence g(¢) € Hy* and so

¥(f) = {£(0)2(0)} =0

for all f € H.
We proceed now to the proofs of Lemma’s 1 and 2.

Proof of Lemma 1. First note that if ¢(z) = (z — \)/(1 — Xz) then

1) Do) = k!(l(l— _MXIZ))QP -

if £ > 0 and thus
(2) DFp(z)|.m0 = k! (1 — [N[2)(X)*
and also

B) fH@E)]em0 = fH(=N).
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We will show that D"(C, f ) has the following form:

@ DG = 3 aftos

where d; is a sum of terms of the form
(5) aleM) (¢®)'2. .. (™)™,

with ¢ > 0 and

(6) Z /Lll = n,

i=1
@ S i, =kF
i=1

Clearly D(Csf ) = (f 0 ¢) (¢') and D*(Csf) = (f" 0¢) (¢')2+ (f' 0 ¢)
(¢'") are of the desired form. We proceed by induction.
Suppose that D*(Cs f ) has the desired form. Since

D (foe¢) = DD"(fo¢))
it suffices to consider the form of

DI(f® 0 6) (D). .. (6™)*]
where the [, satisfy (6) and (7). The derivative is

(f ®+D 0 ¢) (D) 1H1 (§D) P2, (M)
(f® 0 @)l ($0)1=1($2) 1+ .. ($)h 4 ...
(F® 0 8) (D)4 .. . 1,(6®) =1 (4D,

For the first term,

n

14D +2+. ..+, =1+ > ih=n+1

=1

and LW+ 1) +b+...+L=14+Y""l;=kF + 1 so that (6) and (7)
hold. For the jth term (2 = j =< #n)

ht...+0-DU0a—-D+iG+D)+. .+ aul,=n+1

A1

and
l1+...+(lj—1—1)+(lj+1)+...+ln=k

so that (6) and (7) again hold. Thus D"t1(C, f) has the desired form.
Now from (2),

a(@) .. (¢)"]e=0 = ar(l — NDFQR)?,

where

k
ax = a H (j!)lj >0
=1
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and

n

s=2, G—=Dlj=n—F

=1
dx| ;0 is a sum of such terms, so it has the form b;(1 — |\|2)*(X)**. Thus from
(4)

n

D(f o ¢)|smo= 2 bl — N)R)"*FE(—N).

k=1

Proof of Lemma 2. Consider ¢(z) = (z — N\)/(1 — Xz). The lemma is true
for n = 1. In fact

D(fod)|emo =f" (=M1 —[N?) # 0

for some A, since f is not constant. Suppose that the lemma holds for #. We
may assume that D*f |,_o # 0. (If D"f|,—o = 0, we can replace f by f o ¢,
where ¢; € £ is chosen so that D"(f o ¢1)|.—0 # 0. Here we need the fact
that % is a semigroup.)

Suppose that the lemma fails for » 4 1. Then

0=D""(f0¢)|mo= 12::1 b;(1 — [N2)I(R)™F (=)
+ by (1 — [)\[2)"“]”"“(—)\),

Hence,

FH(=A) = — Z By(1 — [\ Ry /()

identically for all N\, |A\| < 1. In particular f"*1(0) = 0, so

-

fn+1(_)\) —le(O) ; B,(1 — |>\|2)j—(n+1)(x)n+l—jf 1()\)

\ )
_ Bl = TR (=N
3 :

Let N — 0. The left side approaches —f**+2(0). The first term on the right side
approaches zero. However,

fim B,(1 — ) 277(=2)
A0 A
fails to exist. This contradiction completes the proof of the lemma.

Let.% be the linear span of the functions in .%.

LeEMMA 3. The uniform closure of ¥ contains the constant functions.
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Proof of Lemma 3. If § > 0, then on A — {z||z — €| < 6},

i0
.z —re 0
lim — —50. — —€
11 —re "z

and the convergence is uniform. Now let # be a positive integer and for
E=0,1,2,...,n — 1 define ¢, ,(2) = ¢, (2) as follows:

rn() = —" ( z — re"t ) _ mhki
7.k 1 _ re—akz ’ k n .

We claim that the means

15 4.6

n k=1

are uniformly close to one on A if # is sufficiently large and if 7 is sufficiently
close to one. For if ¢ > 0 is given choose N so that forn = N, 2/n < ¢/2. Then
choose 6 > 0 so small that the sets

By = {z]]z — e®| < )

are disjointfork = 0, 1,...,n — 1. We can now choose 7 so large (» < 1) that
¢, x(z) — 1] < ¢/2

forz € A — By. Forz € A — U%_1 B;, we have

n

kz:;;zl‘%.k(z)—l <> i’li(_z_)__—_l%<

k=1 n

[SeR: N

If z € B, for some j, then

> lpue -1 sy en@ ot 2

k=i

—

S

As a corollary to Theorem 1 we obtain the following result about . as a
subset of the disk algebra (the algebra of functions continuous on A and
analytic in A).

COROLLARY. .¥ s uniformly dense in the disk algebra.

Proof. We imitate the proof of S. Fisher [1]. Let f be in the disk algebra and
set f,(z) = f(tz) for0 < ¢t < 1,z € A.. % is a dense subset of H? by Theorem 1.
Hence, there is a sequence {¢,} in % tending to f in H? and consequently
{¢,} tends to f uniformly on compacta. If ¢ > 0 is given we can find a ¢ € .¥
and a 0 < ¢ < 1 such that

If=vdl = If=Fll+ 1 fe =¥l <e
We show ¢, € 57 . From the definitions of ¥ and v, it is sufficient to show that
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PAS 57, where ¢(z) = (z — N\)/(1 — Xz). But if A = re?, then

_tz—)\_t(l—r2){z—)\t} r(L—2%
¢’(Z)_1—-th_ 1—7t 1 — Xz 1—72 ¢

The first term is in.% and the latter in.% by Lemma 3.

3. Composition operators. We restrict ourselves in this section to the
Hilbert space H2. Recall from Section 1 that L = {C, : ¢ € £} is a subset of
B(H?) and that.&/ (L) is the weakly closed algebra generated by L. Theorem 1
has some consequences concerning invariant subspaces and the reflexiveness

of &7 (L).

COROLLARY. The only subspaces of H* (more generally H?, 1 < p < o0)
which are invariant under every Cy in L are {0}, C and H>.

THEOREM 2..%7 (L) is reflexive.

Proof. Let us recall first a theorem of Radjavi-Rosenthal [4]. They have
shown that if &7 is a weakly closed algebra with a totally ordered invariant
subspace lattice and containing a maximal abelian self-adjoint algebra, then
& is reflexive. Our corollary shows that the lattice of %7 (L) is totally ordered.
Consider then Cy, where ¢ (2) = az, |a| = 1 and a is irrational mod 2x. It is
easy to see that Cy is a unitary operator with cyclic vector with (simple) pure
point spectrum. (Any f(z) = > C,g" in H? with C, # 0 forn =0,1,2,...
is a cyclic vector, and for each %, a" is a simple eigenvalue with eigenvector 2".)
Also Cy* = C, where 7(z) = az. Thus &7 (Cy,Cp*) C &/ (L), and 7 (Cy, Cy*)
is maximal abelian since Cy is normal and cyclic (cf., e.g., [7, §5, Theorem 5]).
The Radjavi-Rosenthal theorem now applies to complete the proof.

Let Hy? denote the functions in H? vanishing at z = 0, and let P denote the
orthogonal projection of H? onto H¢®> = H? © C.

COROLLARY. P (L) gy = X (H¢?).

Proof. Since &7 (L) is reflexive, it follows that & (L)* = {T* : T € .o (L)}
is reflexive. Further, the invariant subspaces of .7 (L)* are {0}, H,?, and H2.
Thus it is easy to see that ./ (L)*|g,: = & (H,?) so that

B (H?) = (A (L)*|nex)* = P (L)

Finally, we note that Theorem 1 fails if £ is replaced by an abelian subgroup
L' of £. In fact if ¢ € £, Nordgren [3] has shown that C, has nonconstant
eigenfunctions. Suppose M, is an eigenspace for C, and f € M,, f nonconstant.
If ¢ commutes with ¢ then Cy commutes with C4 and it follows that M, is in-
variant under Cy. Thus f(¢’) < M,. Some examples of abelian subgroups are

2 —

@) {qb(z) =1= ;\‘ZI —1<< 1} ={¢ €ZL|o(1) =1, ¢(—1) = —1}.
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More generally given pi, gz with |pi| = |uo] = 1, g1 5 po
{6 € L)) = m, $(u2) = po}

is an abelian subgroup. Also
(i) {¢€LG) =azlal =1} = {¢ € Z[6(0) = 0}
is abelian. More generally, given u, |u| < 1,

(¢ € Llo(n) = u

is abelian.
We pose the following question: For which closed (nonabelian) subgroups
of & does Theorem 1 hold?
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