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On the double Laplace transform of the truncated variation
of a Brownian motion with drift

Rafal Marcin Lochowski

ABSTRACT

The aim of this paper is to find a formula for the double Laplace transform of the truncated
variation of a Brownian motion with drift. In order to find the double Laplace transform, we
also prove some identities for the Brownian motion with drift, which may be of independent
interest.

1. Introduction

Let X = (X¢)te[asp) be a real-valued stochastic process with cadlag trajectories. In general, the
total path variation of X, defined as

TV (X, [a;b]) = sup sup Z | Xt — Xt 4,

o aSto<t1<..<tn<b T

may be (and in many most important cases is) almost surely infinite. However, in the
neighborhood of every cadlag path we may easily find a function, the total variation of which
is finite.

Let f : [a;b] — R be a cadlag function and let ¢ > 0. The natural question arises, what is
the smallest possible value (or infimum) of the total variations of functions g : [a; ] — R from
the ball {g : [|f — gl < 3¢}, Where ||f — gllc = SUDge(ai0) [£(8) — g(s)|- The bound from
below reads as

TV (g,[a;b]) = TV(f, [a;0]),

where

TVE(f, [a;b]) := sup Zmax{lf fltica)| = ¢, 0} (1)

n a<t0<t1< <tn<b

and follows immediately from the inequality

|9(t:) = g(ti—1)| = max{[f(t:) — f(ti-1)| = ¢, 0}

holding for any t;_1,¢; € [a;b] and any function g : [a;b] — R from the ball {g : || f—g|s < c}.
In fact, in [3], it was proven that we have the equality

inf{TV (g, [a;b]) : |f = glleo < 3¢} = TVE(S, [a3b]). (2)

REMARK 1.1. Since we deal with cadlag functions, a more natural setting of our problem
would be the investigation of

inf{TV (g, [a;b]) : g — cadlag,dp(f,g) < %0}7
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where dp denotes the Skorohod metric. Since the total variation does not depend on the
(continuous and strictly increasing) change of the variable ¢ and the function f¢ minimizing
TV (g, [a; b]) appears to be a cadlag one, solutions of both problems coincide.

The bound (1) is called truncated variation. Moreover, for any ¢ < sup, e, 1£(8) — f(u)l,
there exists a unique cadlag function f¢: [a;b] — R such that ||f — f°||« < 3¢ and, for any
s € (a;b],

TV(f¢,la; s]) = TV(f, [a; 5]).

The function f€¢ is a cadlag function with jumps possible only at the points where the function
f has jumps and it may be represented in the following form:

fe(s) = f(a) + UTVE(f;as s]) — DTVC(f; [a; 5]),

where

UTV*(f,a; b]) := sup sup > max{f(t;) — f(ti-1) — 0}, (3)

n a<to<t1<..<tn<b 7

DTVE(f,[a;b]) :==sup sup Z max{f(t;i—1) — f(t;) — ¢, 0} (4)

n alto<t1<...<t,<b o

are called upward and downward truncated variations of the function f respectively (see the
next section and, for more general results concerning regulated functions, see [4, Theorem 4]).
We also have

TVE(f, a;b]) = UTVE(F, [a; b)) + DTVE(f, [as b]). (5)

Properties of the truncated variation and two other related quantities (upward and downward
truncated variations) of trajectories of stochastic processes are up to some degree known
(see [2, 5, 6]). In particular, in [7], an exact representation of the truncated variation of
a (shifted) standard Brownian motion B in terms of its local times was given and in [2]
there were calculated double Laplace transforms of UTV¢(W, [0; S]) and DTV (W, [0;S]) for
W; = B; + ut being a standard Brownian motion with drift x4 and [0;S] being a random
interval, the length of which is exponentially distributed and independent from the underlying
Brownian motion B.

REMARK 1.2. In [2], the functionals UTV(-, [a;b]) and DTV (-, [a;b]) were defined with
slightly different formulas, but it is easy to see that both definitions coincide.

This also gives the full characterization of the distributions of UTV¢(W,[0;T]) and
DTVe(W,[0;T]) for deterministic time T. However, since the variables UTV (W, [0;T]) and
DTV<(W,[0;T]) are dependent, these results do not provide us with the full characterization
of the distribution of TV¢(W,[0;T]) and the dependence structure between UTV (W, [0;T])
and DTV(W, [0;T)).

The aim of this paper is to find a formula for the Laplace transform of TV¢(W,[0;S]). In
order to find this double Laplace transform, we will also prove some identities for the Brownian
motion with drift, which may be of independent interest.

The paper is organized as follows. In the next section we introduce some necessary definitions,
notation and results. In the last section we deal with the Laplace transform of the truncated
variation of a standard Brownian motion with drift, its moments and the covariance between
the upward and downward truncated variations of the Brownian motion with drift.
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2. Truncated variation, upward truncated variation and downward truncated variation of
a cadlag function, their optimality and other properties

2.1. Definitions and notation

Let —00 < a < b < +o00 and let f : [a;b] — R be a cadlag function. For ¢ > 0, applying the
convention inf ) = oo, we define two stopping times

Thf inf{s € lab]: sup £(t) — f(s) > }

t€la;s]

T5f = inf{s € [a;b] : f(s) — inf f(t) > c}.
te(a;s)

Assume TF f > T§ f, that is, the first time f is at the distance greater than or equal to c above
its running minimum, appears before the first time f is at the distance greater than or equal to
¢ below its running maximum, or both events do not occur (both times are infinite). Note that
in the case Th f < T f, we may simply consider the function —f. Now we define sequences
(TG 1)720s (Th 1)7e 1, in the following way: Th | = a, Tj7, =15 f and, for £ =0,1,2,...,

wi{s e Mgt s J0)- 1) >cf T3, <

tE[TE 439
o0 if T, = b,

c
Th =

inf{s € [Th ;0] - f(s)— inf f(t) > c} it Th <b,

tE[TBYk;s]
00 ifTh, >0

C —
TG kg1 =

REMARK 2.1. Note that there exists such K < oo that T x = oo or T, ;o = 0. Otherwise
we would obtain two infinite sequences (si)72;,(Sk)52, such that a < 51 < 51 < 52 <
Sy < ... < band f(Sg) — f(sg) > ic. But this is a contradiction, since f is cadlag and
(F(s))2qs (f(Sk))52, have a common limit.

Now let us define two sequences of non-decreasing functions mg : [T ;. _1; 75 ,) N [a;b] — R
and My : [T5,5Th ;) N a;b] — R for such k that T, | < oo and Tf7,; < oo, respectively,
with the formulas

mi(s) = inf f(t), Mig(s) = sup f().

tE[Th _y39] tETE 58]

Next we define two finite sequences of real numbers (mf) and (M) for such k that Tp , _; <
oo and 17, < oo, respectively, with the formulas

C=mi(TH,—) = inf t
my, = my( U,k ) te[Tgyij;lT{}’k)ﬁ[a;b]f( ),
My = Mg(Tp . —) = sup f(@).

tE[TG 1,3 Th 4, )Nlasb]
Finally, let us define the function f¢: [a;b] — R with the formulas

mé + ¢/2 if se [a;TfJ’O);
Fo(s) =S Mg(s) —c/2  if s € [T, Th ) k=0,1,2,...;
mi . (s)+¢/2 ifs€[Th i TE ) k=0,1,2,....

REMARK 2.2. Note that due to Remark 2.1, b belongs to one of the intervals [177 ;75 ;)
or [Th ;T jy1) for some k& = 0,1,2,... and the function f¢ is defined for every s € [a;b].
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The subtraction (respectively addition) of the term c/2 from M (s) (respectively to mg_ (s))
joins pieces of the graph of the function f¢ so that it becomes continuous (in the case when f
is continuous).

REMARK 2.3. One may think about the function f¢ as the most ‘lazy’ function possible,
which changes its value only if it is necessary for the relation || f — f¢|lco < ¢/2 to hold.

The function f°¢ has finite total variation since it is non-decreasing on the intervals
(15 1 TH 1) Nla; b],k = 0,1,2, ... and non-increasing on the intervals [T ;77 ;.. ,) Na; bl k =
0,1,2,... and, since f€ has finite total variation, we know that there exist two non-decreasing
functions f§ and f§ : [a;b] — [0;4+00) such that f°(t) = f°(a) + f5(t) — f5(t) for s € [a;b].
Setting ff(s) = fH(s) = 0 for s € [a; 177 ),

k—1
D oAM= m§ = e} + Mii(s) —mi —c it s € [T5,5Th );
i=0

Z{Mic —mgi —c} if s € [Tﬁ,k?Tﬁ,k+1)
i=0

and

k—1
Z{Mf —mi —c} if s € [T5,:TH )
i=0

k—1
Z{Mzc —miy —ch+ Mg —mi(s)—c ifs€ [TB,k;Tﬁ,k+1)7
i=0

we have
fe(s) = f(a) + [ (s) = fp(s) for s € [a;b].
2.2. Important result

In the case Thf < 1Y f, we may apply the definitions from the previous subsection to the

function —f and simply define ¢ = —(—f)°, 15 = —(—f)f and f§ = —(—f)%. In this way

the mappings f — f¢, f— f§ and f — ff, are defined for any cadlag function f : [a;b] — R.
We have the following result (cf. [3, Corollary 3.8 and Theorem 4.1]).

THEOREM 2.1. The function f° is optimal, that is, if g : [a;b] — R is such that || f — gllcc <
¢/2 and has finite total variation, then, for every s € [a;b),

TV (g, [a;s]) = TV(f [a; s]).
It is unique in such a sense that if for every s € [a;b] the opposite inequality holds:
TV (g,[a;s]) <TV(f*, [a;s])

and ¢ < Sup; ,e(qp [f(s) — f(u)], then g = f¢. Moreover, for any s € (a;b], the following
equalities hold:

UTVE(f, [a;s]) = fir(s), (6)
DTVE(f, [a; s]) = [H(s), (7)
TV(f,lass]) = fi:(s) + [ (s). (8
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3. The Laplace transform of truncated variation process of Brownian motion with drift
stopped at exponential time

Let B, t > 0, be a standard Brownian motion, ¢ > 0, p € R and W, = B; + ut be a
standard Brownian motion with the drift u. For typographical reasons, instead of W; we will
sometimes write W (t). In this section we will calculate the double Laplace transform of the
truncated variation process of W, that is, the Laplace transform of the process TV¢(W, s) :=
TVE(W,[0;5s]),s = 0, stopped at (independent from W) exponentially distributed time S.

3.1. The Laplace transform

We begin with some auxiliary observations. First let us notice that by Theorem 2.1, on the
set {THW > T5W 1, applying the definition of sequences (17 )72 and (15 )2, (cf. §2.1)
to the function f = W, for s > 0 we obtain

0 if s € [0; T );

k—1 k-1
Z{Mf —mi —c}+ Z{Mf —mi, —c}
i=0 i=0

TVE(W,s) =4 +Mg(s) —m§ —c if s € [T 4 Tp 1 );
k k—1
D oAME —m§ =+ > AMP —miy, — ¢}
i=0 =0
+ Mg —m§,(s) —c if s € [Th 3 TG 41)

(although Tk Th s, were defined for a function with a domain being the compact interval
[a; b], the extension of their definition to a function defined on a half-line is straightforward).
By the continuity of Brownian paths, on the set {THW > T5W}, we have

W(Tg ) =mi +e, W(ThH ) = M —c

and hence

0 if s € [0;T5);

k—1 k—1

S M —W(TE )+ D> AW(TH,) —ms, .y}

i=0 i=0

TV(W,s) =4 +Mg(s) — W(T5,,) if s € (T8, TS );

k k—1

Z{Mic —W(T§ )} + Z{W(Tfm) —miq}

i=0 i=0

+W(TH 1) —miq(s) if s € [Th i TG ki1)-

Now let us define two sequences of stopping times (Tf] 605 (TB )72 in the following way:
Tgo=TEW and, for k=0,1,2,...,

Tf,,k:inf{s>7~’§,k: sup Wt—Ws>c},

tE[’f&k;s]

Tﬁ,k+1 = inf{s > Tf),k Ws—  inf W, > c}.
tE[TB,k;s]

Notice that on the set {THW > TpW}, the sequences (T77,)7l, (T x)izo and (T 4)7%0

(Th k)% coincide.

https://doi.org/10.1112/51461157016000127 Published online by Cambridge University Press


https://doi.org/10.1112/S1461157016000127

286 R. M. LOCHOWSKI

Now, for any 0 < a < b < 400, we define two auxiliary functions

Ula;b] = sup Wy — W,
a<t<b
Dla;b) =W, — inf W,

a<t<h

and, for s > 0, we define two quantities

US(W,s) = UITE . A s; TS . A s|+ DITS  As;TS .4 As|,
U,i D, D, U,i+1

=0 =0
DY (W,s)=> D[Tf,; AsiTG Asl+ Y UlTG0 AsiTh o Asl.
=0 i=0

Notice that on the set {THW > T5W}, we have
TVE(W,s) =U(W,s).

Similarly, if ToW < T§(W), then we change in the definitions of the sequences (T[j 6)i and
(TB,k)Zio W for —W and obtain

TV(W,s) =U(—W,s).

What will be important to us is the fact that the conditional distribution of U¢(W,s) given
TEW = T5(W), L(USW, s)|ITEW = T5(W)), is the same as the distribution of U%(W, s).
This follows from the strong Markov property and the independence of the increments of a
Brownian motion.

Now let S be an exponential random variable, independent from W, with density ve™"*. By
Mrpyemw,s) (M), we denote the moment generating function of TV¢(W, S), that is,

Mryew,s)(A) = Elexp(A - TV(W, 5))].
We have the following equation:

Myveaw.s)(N) = Elexp(h - US(W, S)|S > T80, TEW = TEW] x P(S > Tf0, TW > TEW)
+Elexp(A - U“(=W, 9))|S = Tr o, THW < Ty W]
x P(S = T o, TpW < TgW)
+ P(min{T5W, T, W} > S). (9)

By the lack of memory of the exponential distribution, the strong Markov property and the
independence of the increments of a Brownian motion, we have

Elexp(A - US(W, 9))|S > T§,, ToW > T5W]
=Eexp(\- US(W, S +T§,))
= Elexp(\- US(W, S + T¢50)); S < Tp o — Tt,]
+Elexp(A - US(W, S+ T:)); S = Th o — Tt o]
= Efexp(A - U[T5,0; S + T5,01); 8 < Th o — Tt o
+Elexp{\ - U[T6,0; Th o] + A+ D(W, S+ T550) 1 S = T o — T o]
= Efexp(A - U[T5,0;S + Tir01); 8 < Th o — T
+Elexp(A - U[T5,0; Tho]); S = T o — T olEexp(A - DY(W, S +Thg)).  (10)
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Notice that in all the calculations above, except the first line, the starting value of T§ vo=01s
irrelevant: we need only to know the recursive definitions of TD’O, Tle, ...; thus, we may set

T&O = 0 and we have
Elexp(A-U(W, S+ T50)): S < Th o — Tiio) = E[exp <>\ - sup Wt> ;S < TBW] (11)
0<t<S

and

ElexpA-UlTG0;TH0); S 2 ThH o — Th ol :E{exp()\- sup WO;S}TBW]. (12)
’ ’ ’ ’ 0<t<TEW

Similarly,
Eexp(A- D(W, S +T5 )
= Elexp(A - DY(W, S + TB,O)); S < T5,1 - TB,O]
+Eexp(A- D[T§ o;T6,11; S = Tty — T o)Elexp(A - US(W, S + T 1)), (13)

from which we get
Elexp(A - DY(W, S +T5¢)); S < TG, —TH ol =E [exp (—)\ - dof Wt> ;S < TgW} (14)
and

E|exp(h- DITH. i 8,05 > T~ T =B|exp(-A-_jnt Wi )is > 7w ], (15

Now, substituting in (10) the expression (13) for Eexp(\ - D(W,S + T} )), and using
(11)—(12) and (14)—(15), we get
Elexp(A - US(W, S))IS > Té.o, TYW > T5W]
_ E[exp(A - SUDPp<i<s Wy); S < TEW]
1 —El[exp(X - SUD< i< T W Wi); S = TEW|E[exp(—A - infocicTyw Wi); S = TEW]
N Elexp(A - supggicrew Wi); S 2 THW]E[exp(—A - infocics We); § < T W]
1 — Elexp(\ - supggicrgw We); S = THWIE[exp(=A - infocecrsw We); S = TEW]
(16)

Using results of [8], we will be able to calculate all quantities appearing in (16).

To calculate Elexp(A - supgcics We); S < THW], we will use formulas appearing in
8, p. 236]. Denote 7(x) = inf{t > 0 : supy¢,<; Ws = x}. We have the equality (note that in
the notation of [8], S is denoted by ¢ with parameter 8 = v, T§W is denoted by T and c is
denoted by a)

]P’( supSWt >z,5 < TBW) =P(r(x) < S <THW) =P(r(z) < S < TRW)
0<t<
T(x) K TpW,r(x) < S) = P(r(z) < THW < 5)
- ( 0,))[1 — Eexp(~uTHW)]
= Xp( Ou(v)a)[1 — e " V() /0,(v)],

where we define

0,(v) = p? +2vcoth(ev/p? +2v) — p
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and

Vi) = VA2
v) = .
. sinh(e/p? + 2v)

Thus, for A such that ®(\) < 6,(v),

Ou(v) — e " Vu(v)
0,(v) =X\ '

E[exp()\~ sup Wt);S < TBW] =

0<t<S

Further, by the definition of THW, we have supygi<rew Wi = Wrgw + ¢. By this and by the
independence of S from THW, we calculate

E [exp <)\ - sup Wt> ;S > TBW} =E [exp ()\ - sup Wt> exp(—ny)W)]
0<t<TEW 0<t<TEW
=E[exp(A - (Wrgw +¢) —vTHW)]

= e*Elexp(\ - Wrew —vTHW)].
Now, utilizing the main result of [8], that is, equation (1.1), we have

e Vuv)

Ac c _
e E[exp()\ . WTBW — VTDW)] = W

Similarly, using symmetry, for A such that $(\) < 0_,(v),

0_.(v) — et V,(v)

- i . c _
E[exp( A Oglrtliswt),S<TUW:|

O_,(v)— A
and )
etV (v

—\- i -9 > TC = 7

E {exp( A ogtglzt:{}WWt) 1S > TUW} . 0)

Substituting the above formulas into (16) and simplifying, for A such that R(\) <
min{6,(v),0_,(v)}, we obtain

Elexp(X - U“(W, S))|S = T(0, ToW = To W]
_ 0u() = e " Vu(@))/(0u(v) = A) + (7" V(1) /(0 (v) = M) ((0—pu(v) — e*Viu(1)/(0—n(v) = A))
1= (0. (v) = e7#Vu(1)) /(0 (v) = N))((O-p(v) — eV (v))/(0-u(v) — X))
0_,(v) + eV, (v) — A
X2 4 20 + 20 — 2M0_ . (v)

=1+

(17)

To obtain the formula for Elexp(A-U¢(=W, S))|S > T o, THW < Tz W], we need only change
p into —p in the formula for Elexp(X\ - U¢(W, S))[S = T§ o, THW > TEW].
To calculate the probabilities appearing in the expression (9) for Mpy«w,g)(A), that is,

P(S = T, TEW = TEW) = P(S = TEW, ToW > TEW)

and
P(S > 15,0, TpW < TEW) =P(S =2 TpW, T W < TEW),

we will use results of [2]. Since S is independent from (THW,T5W), we have
P(S > TGW, TpW > TgW) = Ee 0% Iipe wore wy,
P(S > TEW, TEW < TEW) = Ee 2" Iige yore wry.-
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Using the formula just below formula (19) in [2], with y = 0, we get
Ee " ToW Iipewsrewy = (1= Ly " (v; ¢))Ee BV,
where (cf. [2, last but one formula on p. 389]) we have

“w, o A EE+2v etcf,(v) u? + 2v
LV (o) = V22 v }

2v sinh(cy/p2 + 2v) N sinh(cy/pu? 4 2v)2
VL(V) c
= D) (0 (1) — V,(v).
Thus,
e
PW>%W%W<MWM(LWW%wm@—n@OG‘“”
2v Ou(v)
and similarly
pe
P(s > T T > Tw) = (1= Yo (e, ) - v, 0) ) )
—p

Now, by (9), (17) and calculations above, we have

Mpyemw,s) (M)

O0_,(v) +e #V,(v) — A
_ (4 M l P(S > TEW, TSW > TEW
(+)\>\2+2u+2>\u2)\9_u(u) (82 TgW, TpW > T W)

0#(”)+6MCV#(V)7)‘ c c c
> W W W
+(1+>\)\2+2u—2)\u—2)\9u(u) PS> ToW, T5W < TgW)

+1-P(S > TSW, TEW > TEW) — P(S > TSW, TSW < TEW)

_ O—u(v) +e " Vu(v) — A e Vu(v) e Vu(’/)z Vu(v)
=1t )\)\2 + 20+ 2Mp — 200, (v) ¢ 2v b-nlv) +e v )0_,(v)
0u(V) + " Vi) = A (e Vu) e V@) \ Vu(v)
+ /\)\2 +2v — 2Ap — 2X00,(v) ¢ 2v bu(v) e v ) 0,(v)

Thus, we have obtained the following result.

THEOREM 3.1. Let W be a standard Wiener process with drift p and S be an exponential
random variable with density ve™""I;,>0y, independent from W. For any complex \ such that
R(A) < min{6,(v),0_,.(v)}, one has

Elexp(A - TVA(W, 5))]

L GOl B A CO R <€M RAQ) 0 () + e VM(V)z) V,(v)
v

A2+ 20 42\ — 200, (v) 2v 2v

eﬂ(y) + e#CVM(V) - A —pc VH(V) — e VM(V)2
A2+ 20 — 22— 2X00,(v) ¢ 2v Oulv) +e 2v

=
ES
—

S

+A

3.2. Examples of applications of formula (18)

3.2.1. The first two moments of the truncated variation process of the Brownian motion
with drift stopped at exponential time. Differentiating formula (18), we obtain

0 \%
BTV (W) = | gpMrvens )] =2 costtn), (19)
A=0
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which agrees with the relation
TVHW,S) =UTV¢W,S) + DTV¢(W,S) (20)

and formulas already obtained in [2]

e —pue

EUTVE(W, §) = SVuW)  gppyeay, g) = Ve (21)

2v 2v

Similarly, we calculate
2 o
ETV¢(W,S5)" = WMTVC(W,S)()‘)
A=0

V. (v .

= Y (7, 1)+ comh ()t () + 7n). (22)

REMARK 3.1. Inverting formulas (19) and (22), similarly as was done with formula (21)
in [2, §4.1], we may calculate the first and the second moments of TV¢(W,T'), where T > 0 is
deterministic. To invert (22), one may use formulas from [1, p. 642].

3.2.2. Covariance of the upward and downward truncated variation processes of the
Brownian motion with drift stopped at exponential time. Using (20), (22) and (21) as well as
results of [2, §4.3], we are able to calculate the covariance of UTV¢(W, S) and DTV (W, S).
Indeed, we have

1
E(UTV(W,S) - DTVE(W, S)) = 5 (ETV(W, S)2 —RUTV¢(W,S)? — EDTVE(W, S)?)
Vv )?
_ 23
7 (23

where we have used (22), the following formula (cf. [2, §4.3]):

EUTVE(W, S)? :J EUTVE(W,t)>P(S € dt)
0

VJ e VTRUTVE(W, t)? dt
0
etV (v)(p? + 2v — v(1 — cosh(2cy/p? + 2v)))
2020, (v) sinh?(ey/p2 + 2v)
eV ()0(v)
202

and the symmetric formula

eV, (1)0u(v)

EDTVE(W, S)? = 5,7

Now we have
Cov(UTVC(W, S), DTVE(W,S))
=EUTV¢(W,S) - DTV¢(W,S)) —EUTV(W,S) - EDTV¢(W,S)

Viv)? etV (v) e Vu(v)
202 v 2u
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VM(V)Q
42

B pu?+2u
4v2(sinh(cy/p? + 2v))?
Thus, we can observe that the correlation between UTV¢(W, S) and DTV (W, S) is positive.

This is due to the fact that the magnitudes of UTV¢(W,S) and DTV¢(W,S) are highly
dependent on the value of S.

> 0.

3.2.3. Covariance of UTV and DTV of the Brownian motion with drift. Performing similar
calculations to those in [2, §4.1], we may simply obtain formulas for the covariance between
UTve(W,T) and DTV¢(W,T), where T is deterministic Indeed, denoting by L£,(g) the
inverse of the Laplace transform of the function g(v fo e VL f(t)dt, that is, the function

f(t), we get
L) =122,

174

£ (sinhZ?Z\;_;:Tﬁbz)) =L (sinhQ(c(V ;(/;Qfliz/ 2))>

_ e—ﬂzt/2£—1 ( 2v )
Y \sinh?(cv2r)

and, by the second formula in [1, p. 642],

£—1( 2v ) _ 42 [(2 + k)e~(2et2ke)®/(41) D <26 + 2kc>
v 2 D) | 3
sinh”(cv2v V2mt2T(2) k! Vit

Z kJrl) 73t672(k+1)2c2/t
t7/2 ’

where D3 denotes the parabolic cylinder function of order 3.
Now, by (23) and the Borel convolution theorem, we obtain

E(UTV(W,T) - DTV(W,T))

_ ot < 2v 4 p >
"\ 208 sinh?(e\/2v + p2)

1JT(Tt) Ll( 2v + p >dt
2 Jo 2 " \sinh?(c\/2v + p2)

oo

1 2.2
4(k+1 -3t
1)2J’ (T t)2 ( t’r)/zc e ;L2t/2 Q(k-‘rl)zcz/t it. (25)

Finally, by (25) and [2, formula (28)] (notice that in [2, formula (28)] and in [2, formula (27)]
the term p2t shall be changed into u%t/2),

Cov(UTVE(W, T), DTVE(W, T))

o0 T 2.2
_ 2c Z(k + 1)2J (T . t)24(k + 17)/26 — 3t6*u2t/272(/€+1)2c2/t dt
t
0

oo AT 2 9 2
—21<ZJ et +t22c et/ (aenet /) dt) : (26)
™ 0

k=0
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Numerical experiments show that formula (26) gives negative numbers, but the strict proof
of this fact is not known to the author.

REMARK 3.2. Inverting formula (24), using the second formula in [1, p. 642] and the just
calculated covariance, it is possible to obtain a formula for Var UTV¢(W,T) and hence for
Cor(UTVC(W,T), DTV¢(W,T)). However, numerical experiments show that the obtained
formulas are rather unstable for small values of ¢. On the other hand, results of [5] give
the exact value of Cor(UTV¢(W,T), DTV¢(W,T)) as ¢ — 0+, namely,

lim Cor(UTV(W,T), DTV¢(W,T)) = —1.

c—0+
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