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A WALK ON THE WILD SIDE:
NOTIONS OF MAXIMALITY IN FIRST-ORDER THEORIES

MICHELE BAILETTI

ABSTRACT. In the classification of complete first-order theories, many dividing
lines have been defined in order to understand the complexity and the behav-
ior of some classes of theories. In this paper, using the concept of patterns
of consistency and inconsistency, we describe a general framework to study
dividing lines and we introduce a notion of maximal complexity by requesting
the presence of all the exhibitable patterns of definable sets. Weakening this
notion, we define new properties (Positive Maximality and the PM®) hierar-
chy) and prove some results about them. In particular, we show that pME+1D)
theories are not k-dependent. Moreover, we provide an example of a PM but
NSOP4 theory (showing that SOP and the SOP,, hierarchy, for n > 4, can not
be described by positive patterns) and, for each 1 < k < w, an example of a
PM®) but NPM*+1) theory (showing that the newly defined hierarchy does
not collapse).
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1. INTRODUCTION

Classification theory is a line of research in model theory, started essentially by
Shelah, in which we define and study dividing lines that differentiate classes of
theories in order to understand their complexity and behavior. One of the first
dividing lines, introduced by Shelah, is stability (See Definition , defined as a
generalization of Morley’s notion of totally transcendental theories. Stable theories
can be characterized by the absence of a local combinatorial property on definable
sets (Order Property, See Definition (1)). As shown by Shelah, the presence
of this local property (the theory is said to be unstable in this case) implies bad
structural behaviors of the theory. For instance

Theorem (Shelah,[20]). If T is unstable and \ > |T| + Ro, then T has exactly 2*
non-isomorphic models of size \.
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On the other hand, the assumption of stability provides methods and tools to
analyze and understand this class of theories. The rich framework provided by sta-
bility led researchers to try to extend these methodologies outside stability, defining
more and more dividing lines and giving structure to the universe of first-order the-
ories.

Two prototypical examples of unstable theories, dense linear orders without end-
points and the theory of the random graph, led to the definition of two incomparable
extensions of the class of stable theories whose intersection characterizes it: NIP
and NSOP (See Definition and Fact 2.2). In order to study the existence of
saturated elementary extensions of models of first-order theories, Shelah (in [21])
isolated a class of theories, extending stability, called simple theories (omitting the
tree property, see Definition (4)). Simple theories were then intensely stud-
ied by Hrushovski, Chatzidakis, Pillay, B. Kim et al (See, e.g., [0 11l 14, 13} 2]),
showing that, with the assumption of omitting the tree property, many typically
stability-theoretic tools behave correctly and are useful in this enlarged framework.
A plethora of dividing lines has been defined, along with great developments re-
garding the classes of theories that are characterized by them, making classification
theory a rich and exciting line of research in model theory.

Many of these dividing lines are defined, similarly to stability, by the absence
of specific configurations of definable sets. In this paper, abstracting the essential
and combinatorial nature of these properties, we introduce the concept of patterns
of consistency and inconsistency (See Definition in order to give a general
framework for talking about dividing lines. This concept was first defined by Shelah
in [23] (Definition 5.17) with a different notation and more recently appeared in
[15] (Definition 6.2) in a fashion similar to ours.

Patterns essentially describe abstract configurations of finite collections of sets
by asserting conditions about the emptiness (or not) of their intersections. A for-
mula exhibits a pattern in a theory if there are parameters in a model of the theory
such that the sets defined by the formula and the parameters satisfy the conditions
described by the pattern (See Definition . In this sense, we can capture the
combinatorial properties that define dividing lines by exhibition of patterns (a sim-
ilar approach to ours can be found in [§]). In Section [3| we define all the notions
relative to patterns and describe this general framework for dividing lines.

On the wild side of every previously considered dividing line, two notions of
maximal complexity for a complete first-order theory have been defined: Cooper’s
property 1 (See [7]) and “an extreme condition of the form of unstability” called
Straight Mazimality (SM) defined by Shelah ([24]). In Section[d] we show that these
two notions are equivalent and fit in the framework of exhibition of patterns. Indeed,
these two properties are characterized by the existence of a formula exhibiting all
the exhibitable (see Definition patterns. We kept a name similar to Shelah’s
for this property (Straight up Mazimality).

One of the main approaches in classification theory, as we described above, is
to extend nice properties and tools on the tame side of some dividing line to a
wider class of theories. Here we reverse the approach and start from the worst
(in some sense) combinatorial property that a complete first-order theory can have
and study how theories behave when we weaken this bad property. Using this
methodology, in Section [5| we define weakenings of SM by requesting the presence
of a formula exhibiting a smaller collection of patterns, guided by the examples
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of previously defined properties of formulas. For instance, both OP and IP do not
require any inconsistency conditions. We thus define Consistency Maximality (CM,
see Definition by requiring the existence of a formula realizing all the patterns
without inconsistency conditions. We show that CM is equivalent to IP (even at
the level of formulas), giving a different perspective to this well-known property.
Other dividing lines, such as TP, TP; and TPy (See Definition (4),(5),(6)),
can be characterized by realizing patterns in which the negation of the formula is
not involved. Using this observation, we define a collection of patterns (positive
patterns, see Definition|5.1)) and a weaker version of SM, called Positive Mazimality
(PM, see Definition requesting the existence of a formula exhibiting all the
positive patterns. In particular, all the properties that can be characterized by
realization of positive patterns are implied by PM. Since our characterization of
SOP uses patterns that are not positive, a natural question is the following;:

Question. Is there a positive mazximal NSOP theory?

In Section [5} we answer positively to the above question by finding an example
of a NSOPy (See Definition [2.1}(7,)) positive maximal theory (See Example [5.7).
In particular, this shows that neither SOP nor SOP,, for n > 4 (See Definition
(7)) can be characterized through positive patterns. We point out that, in [10]
(Lemma 7.3), Kaplan, Ramsey and Simon proved a characterization of SOP3 which
can be obtained by exhibition of positive patterns.

In Section [6 by putting restraints on the size of the inconsistency conditions in
positive patterns, we define a collection of properties (PM(k ))1<k<w (See Definition
, weaker than PM but still strong enough to imply all the classical positive
dividing lines. We show that, at the level of theories, pMF+D implies pPM®*)
(See Proposition and we give NSOP,, PM®) and NPM®**+1) examples showing
that the above implication is strict (See Example . We show that PM®* is
equivalent to the realization (in some sense) of every finite k-hypergraph and can
be witnessed by a (generic ordered k-hypergraph)-indexed generalized indiscernible.
The k-independence property (IPy) is a higher-arity version of IP introduced by
Shelah. In [3], Chernikov, Palacin and Takeuchi showed the equivalence of NIPy
with the collapse of the above kind of generalized indiscernibles. This led the way
for showing the following result.

Theorem (See . For every 0 < k < w, if T is PM**V  then T has 1P},

The notions of maximality introduced in this paper as essentially given by binary
properties. The above result shows, in particular, that the binary notion of positive
maximality implies all the k-ary versions of IP (at each step of the way). We also
point out that there are examples of simple IPj theories, and thus PM*+1) is not
equivalent to IPy.

Many questions arise about these notions of maximality, the behavior of classes
of theories defined by them and their relations with previously defined dividing
lines. For instance, which of the standard examples of SOP3 but NSOP theories
are PM (or PM®) for some 1 < k < w)? Is there a SOP3 but NSOP and NPM(?
theory? If not, we would have that NSOP N NPM® = NSOPj; this would imply
the collapse of the SOP,, hierarchy inside NTPs.
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2. PRELIMINARIES

Unless otherwise stated, in what follows T' is a complete first-order L-theory,
U = T is a monster model. Whenever we state the existence of some tuples, we
mean tuples of elements from U and every set is a small (of cardinality less then the
saturation of U) subset of U. Frequently we work with partitioned formulas o(x;y)
in which the free variables are divided into object variables and parameters variables
(the variables x and y respectively). Moreover, whenever we write z,y, z, ... for
variables we mean tuples of variables (not necessarily singletons) and, as a notation,
we write U*,UY,UZ?, ... for the set of tuples of elements of U that can be plugged in
for x,y, z, ... respectively. By convention, particularly when dealing with the class
of finite models of a theory in a relational language, we allow the empty structure.
This simplifies the proof that a class of finite structures is a Fraissé class (see
Examples and . We note that the results are easily seen to still be true
even when we exclude the empty structure.

2.1. Dividing lines. We recall the definition of some of the properties defining
dividing lines in the universe of first-order theories. Most of these properties were
introduced by Shelah in [19] and [22]. For the definitions and a bird’s-eye view of
the universe we refer to [4].

Definition 2.1. A partitioned formula ¢(z;y) has
(1) the order property (OP) if there are tuples (a;b;);<. such that

Fplaib;) <= i<j
(2) the independence property (IP) if there are tuples (a;)i<., and (br)ce such
that
Eo(ai;br) <= i€l
(3) the strict-order property (SOP) if there are tuples (b;);<. such that
= Fu(p(x;0)) N —p(;bi)) <= i<

(4) the k-tree property (k-TP) if there exist tuples (b,),ecw<~ such that
e paths are consistent: for all f € w, we have that {¢(z;by;) @ @ <w}
is consistent, and
e levels are k-inconsistent: for all n € w<, {p(x;b,~;) : i < w} is
k-inconsistent (i.e. every subset of size k is inconsistent).
It has the tree property (TP) if it has k-TP for some 1 < k < w
(5) the tree property of the first kind (TPy) if there are tuples (b;)en <« such
that
e paths are consistent: for all f € w“, we have that {¢(z;by;) @ @ < w}
is consistent, and
e incomparable elements are inconsistent: for all incomparable n, u €
w<, we have that {¢(z;by), p(x;b,)} is inconsistent.
(6) the k-tree property of the second kind (k-TPsy) if there are tuples (b)) j<.,
such that _
e paths are consistent: for every f € w*, we have that {¢(z; b{(z)) i<
w} is consistent, and
e rows are k-inconsistent: for each i < w, {@(x;b!) : j < w} is k-
inconsistent.
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It has the tree property of the second kind (TP3) if it has k-TPs for some
1<k<w.

(7n) n-strong order property (SOP,,) for some n > 3, if |x| = |y| and there are
(@)i<w such that for all i < j, we have ¢(a;;a;) and the set

{o(z1;22), (@25 23), s P(Tn—1,Tn), (0, 1) }
is inconsistent.
A complete first-order theory T is

e stable if no formula has OP in T. It is said to be unstable otherwise.

e simple if no formula has TP in T.

e Np if no formula has p in T, where p € {IP,SOP, TP, TPy, SOP,,}; other-
wise, we say that T has p. For instance, T' is NIP if no formula has IP in
T'; if there is a formula with IP in 7', we say that T has IP.

The reader can find a diagram of known relations and implications between these
properties below.

Fact 2.2. The following relations hold for properties of complete first-order theo-
ries.

e Stable = NIP N NSOP.
e Simple = NTP; N NTPs.

IP «+— TP2

|

Proof. For the proofs of the above we refer to [, [5], [12] and [19]. O

2.2. Generalized indiscernibles. We review the basic definitions and notions
around generalized indiscernibles, introduced by Shelah in [19] and developed by
Scow in [I8] [17].

Definition 2.3. Fix a language £’, £'-structures I and J and tuples b; = f(i),
¢j = g(j) of some fixed length ¢ for some f: I — U* and g: J — U".

(1) We say that (b;);er is an I-indexed generalized indiscernible (or just I-
indiscernible) if for all n < w and for all i = ig,...,i,_1 and j = Jo, ..., fn_1
from I, we have

aftpz: (i) = aftpz: (7) = tp,(b) = tp.(b;)

(2) We say that (b;)ies is based on (c;)je s if for any finite set of formulas 3, for
any n < w and any tuple 7= ig---in—1 from I there is a tuple J = Jo-dn_1
from J with qftp, (¢) = aftp,/(7), such that

tps(b7) = tpx(cj)

(3) We say that I has the modeling property if given any (c¢;);c; there exists an

I-indiscernible (b;);ecr based on (¢;)iey.

Fact 2.4 (Stretching indiscernibles, see [18]). Let I be an L’-structure, (b;)icr
I-indiscernible. Then, for any £’-structure J with age(J) C age(I), we can find
J-indiscernible (c¢;);es based on (b;)cr.
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In her thesis ([I8]), Scow showed a profound connection between Ramsey classes
(See, e.g., [18], Definition 3.2.6) and the modeling property for generalized indis-
cernibles.

Fact 2.5. Let I be a structure in a finite relational language and I = age(I). Then
K is a Ramsey class if and only if I has the modeling property.

Fact 2.6. Let k > 2. Applying the “main theorem” in [16], we have that the class
of finite ordered k-hypergraphs is a Ramsey class. By Fact the generic ordered
k-hypergraph has the modeling property.

3. PATTERNS OF CONSISTENCY AND INCONSISTENCY

In this section, we want to describe a general framework for talking about com-
binatorial properties defining dividing lines. We start with a visual representation
of some of the properties of formulas defined in Definition [2.1

The order property (OP) for a formula ¢(x;y) can be represented as follows:
there are (b;);<, from UY such that, for each i < w we have

dx

b biy1

-7
PR
P
,
s

where the dashed lines represent =y and the solid lines represent . Similarly, the
independence property (IP) can be visualized as follows: there are (b;);<,, from UY
such that for every X C w (circled elements below):

A new element of complexity is added for describing the strict-order property
(SOP): there is (b;)i<w from UY such that for all i < w we have

dx
N\
bo bi  bit1
AN
ﬁElfL'

We see that the these properties are realized by satisfying consistency (3z) or
inconsistency (—3z) requests on positive (solid line i.e. ) or negative (dashed line
i.e. myp) instances of the formula ¢(x;y) on subsets of the set of parameters. We are
now ready to define patterns as pairs (C,Z) where C and Z will be sets of conditions
of the form (X, X 7); the conceptual correspondence should be

C<+— I Xte—sop
7 +— -3z X7 — g

Definition 3.1. Fix n < w. An n-pattern (of consistency and inconsistency) is a
pair (C,Z) where C,Z C P(n) x P(n)\ {(0,0)}.

A pair (X, X7) in C (resp. in Z) is called a consistency (resp. inconsistency)
condition, or just condition, of the pattern (C,Z).
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Definition 3.2. Let ¢(z;y) be a partitioned formula, let n < w and let (C,Z) be
a n-pattern. We say that o(x;y) exhibits (or realizes) the pattern (C,Z) (in T) if
there is B = (b;);<n from UY such that

(i) For all A= (AT, A™) € C the partial ¢-type
pA(2) = {p(z:b:) i€ ATFU{~p(a;b;) © je AT}
is consistent, and
(ii) for all Z = (Z*,Z7) € Z, the partial p-type
pz(x) = {p(x:bi) : i€ ZT}U{—p(z;b;) + j€Z7}
is inconsistent.
In the next proposition we show how to characterize some of the dividing lines
using exhibition of patterns.
Proposition 3.3. Let p(x;y) be a partitioned formula. Then
(1) @(x;y) has OP if and only if, for all n < w, the formula ¢(x;y) exhibits
the n-pattern (Cn,Z,) where
Crn ={{i,i+1,....,.n—1}{0,..,i —1}) : i <n}
I, =10
(2) @(x;y) has IP if and only if, for all n < w, the formula p(x;y) exhibits the
n-pattern (Cpn,ZI,) where
Ch ={(X,n\X) : XCn}
I,=10
(3) @(z;y) has SOP if and only if, for all n < w, the formula p(x;y) exhibits
the n-pattern (Cn,Z,) where
Co ={({i+1},{i}) : i<n-—1}
., ={({i},{i+1}) : i<n-—-1}
(4) For 1 <k <w, p(x;y) has k-TP if and only if, for all n < w, the formula
o(x;y) exhibits the n<"-pattern (Cp,ZL,) where
Cn = {( path;,0) : ien"}
T, = {{i0y -y tk-1},0) : do,...,ix—1 children of the same node}
where {path; : i € n™} is the collection of all the paths in the tree n<™.
(5) @(z;y) has TPy if and only if, for all n < w, the formula ¢(x;y) exhibits
the n<"-pattern (C,,Z,) where
Cn = {( path;,0) : ien”™}
T, ={({i,j},0) : 4,5 are incomparable elements in the tree n<"}
with a similar notation as above.
(6) Forl<k<uw, o(x;y) has k-TPs if and only if, for all n < w, the formula
o(z;y) exhibits the n%-pattern (Cp,T,) where
Cn = {( path;,0) : i €n”}
T, = {({io, -y ik—1}1,0) : dg,...,ix—1 are on the same row }
Here, by a path in n?, we mean a function f: n — n i.e. a choice of one
element per row in the array n2.
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Proof. The characterization is clear. We get the usual definitions of the properties
using compactness. O

The above proposition shows that exhibition of patterns gives a general frame-
work for talking about dividing lines in first-order theories. There are some ex-
ceptions. For instance, it is not clear whether the SOP,, hierarchy, for n > 4,
can be characterized using pattern exhibition. There exists a characterization of
SOP;3 ([10], Lemma 7.3) that can be described through patterns. We also want to
point out that, in the above proposition, SOP is the only property that is described
using both consistency and inconsistency condition on both positive and negative
instances of the formula.

Definition 3.4. We say that an n-pattern (C,Z) is exhibitable if there is a theory
T and a formula ¢(x;y) such that ¢ exhibits (C,Z) in T.

There are “syntactical reasons” that make a pattern not exhibitable; with the
next definition we want to exclude those reasons from the picture.

Definition 3.5. Fix n < w. A reasonable n-pattern (of consistency and inconsis-
tency) is an n-pattern such that
(i) For all (Z+,Z7) € T and for all (YT,Y ™) € C, we have that Z¢ Z Y¢ for
some € € {+, —}.
(i) For all (AT,A7)eC, ATNA- =0.
(iii) For all (ZT,Z7)€Z,ZtNZ =.

Remark 3.6. In the above definition, a failure of condition (iii) doesn’t really make
a pattern not exhibitable; however, an inconsistency condition (ZT, Z™) for which
Z+tNZ~ # P doesn’t add any meaningful request to the pattern and thus we avoid it.
We also want to point out that “reasonability” does not imply “exhibitability”. For
example, a pattern in which Z contains both ({0}, ) and (@, {0}) is not exhibitable.

Even assuming reasonability, deciding whether a pattern is exhibitable or not is
a complex problem. More precisely, let PSAT be the following decision problem:
given n < w and a reasonable n-pattern (C,7), is (C,Z) exhibitable?

Proposition 3.7. The decision problem PSAT is NP-complete.

The idea of the proof is to first provide a more concrete characterization of
exhibitability and then show how to reduce PSAT to SAT (the Boolean satisfiability
probelm) and vice-versa. The complete proof of the above will appear in the author’s
PhD thesis.

Definition 3.8. Fix n < w. A n-pattern (C,Z) is called condition complete, or just
complete, if each one of its conditions is of the form (X,n\ X).

Remark 3.9. Every complete pattern (C,Z) with C N Z = () is reasonable.

Remark 3.10. As a justification for the above nomenclature, consider that, given
any n-pattern (C,Z) and a formula ¢(x; y) exhibiting it with witnesses B = (b;)i<n,
each condition (X+, X7) is associated with a ¢-type over B:

Px+ x- (@) = {p(z;b:) = i€ XTIU {=p(x;b;) : je X}
that is asked to be consistent or inconsistent based on where the condition lies (in

C or in 7 respectively). Saying that a pattern is complete is saying that those types
corresponding to conditions are all complete p-types over B.
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Definition 3.11. A n-pattern (C,Z) is called fully complete if it is complete, C # ()
and every condition of the form (X, n \ X) is either in C or in Z but not both.

Proposition 3.12. Every fully complete pattern is exhibitable.

Proof. We actually show something stronger: there is a theory T and a formula ¢
such that, for every n < w and fully complete n-pattern, ¢ exhibits it.

Let T be the theory of infinite atomic Boolean algebras in the language £ =
{U,N, (—)¢,0,1}, work in a model B, let ¥(z;y) = At(x) Az < y and define

o(x;ywowr) = (Y(;y) Awo = w1) V (—p(w;5y) A wo # wr)
where At(x) is the formula saying that x is an atom. Fix n < w and a fully complete
n-pattern (C,Z). Enumerate C = {(A4;,n\ 4;) : j < k}. Since the pattern is fully
complete, C # ), so k > 1. Moreover, let ag, ..., ax_1 be k distinct atoms of B.
First, assume that (0,n) ¢ Z. Let ¢ any element of B and, for each i < n, define

bi:U{aj : j<k,i€A]’}

and ¢! = ¢} = ¢. We claim that (b;c0c});,, witness the exhibition of (C,Z) by
. Indeed, let j < k and consider the condition (A4;,n \ A;) € C. We have that
i € Aj if and only if a; < b; if and only if a; = At(z) Az < b; if and only if
aj E p(z;b;cdct). This holds for every j < k and thus any consistency condition is
satisfied. Let (Z,n\ Z) € Z. By assumption Z # (). Assume, toward contradiction,
that there is a € U?, such that |= ¢(a;b;cdcl) if and only if i € Z. Since Z # 0,
there is at least one ¢ such that a is an atom below b;. Thus there exists j < k such
that a = a;. But now i € Z if and only if = p(a;;b;cdc}) if and only if a; < b; if
and only if i € A;. Thus Z = A; and (Z,n\ Z) € C. Contradiction. Thus, in the
case that (0,n) ¢ Z, we are done.

Assume now that (,n) € Z. Fix two distinct elements of the model ¢, ¢’ and for
i<n,i¢ Ay, define

bi:U{aj : j<k7iEAj} andtakec?:c:c}
For i € Ag, define
bi:U{aj : ]<kaZ¢AJ} andtakec?:c#c’:cl

Let B = (bic%c})i<n. Fix (A;,n\ A;) € C and suppose j # 0. If i € n\ Ay, we have
a; = o(z;0;6) <= At(a;) A (a; <b;) <= a; <b, <= 1€ A4;\ A
If i € Ag, we have
0 - (hia) <> ~At(ay) v (g £ b)

<~ ajjébi <~ CLJSbf:(U aj)C: ﬂ (L; <~ iGAj
igA; igA;

Hence, if (4;,n\ A;) # (Ao, n\ Ao), a; = pﬁjm\AJ (x). Consider now (Ag,n \ Ao)
and fix an element b that is not an atom. Then, if ¢ € Ag, since b = —-At(x),
b @(x;biec’). If i ¢ Ag, then, since b = At(x), b = —p(x; biec). Thus, we showed
that each consistency condition is satisfied.

Fix now (Z,n\ Z) € Z. First assume that Z = (); we want to show that for any
a € B, there is i < n such that a = ¢(z;0;¢;). If a ¢ At(B), then a = —At(z) and
hence a = ¢(z;b;,cc’) for any i € Ag. If a € At(B) \ (@¢;)o<j<k, then a £ b; for
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i € Ap and hence a = o(x;bicd). If a = a; # ag, then a; = ¢(x;bicc) for i € A;
(Note that A; # () since (0,n) € Z). Hence p% ny () is inconsistent.
Assume Z # () and suppose that there is a € B such that

al=p(r;big) < ie€e”Z

If a is not one of the (a;);<k, then a = ¢(z;0;6;) <= i € Ap and hence Ay = Z.
Contradiction.

If a = a; for some 0 < j < k, then a = a; = ¢(z;b;¢;) < i € Aj and
hence A; = Z. Contradiction. If ¢ = ap, then if ¢ € Ay then ag = a £ b; and
hence a | p(x;b;ec’); on the other hand, if i ¢ Ay, then ag = a £ b; and hence
a = o(x;biec). Hence Z = Ag. Contradiction. Hence p?Zm\Z)(x) is inconsistent.

In conclusion, for every n < w, ¢ exhibits every fully complete n-pattern. (I

Remark 3.13. In the above proof we gave an example of a formula ¢ that, in a
theory T, exhibits, for every n < w, every fully complete n-pattern. In the next
proposition, we will show that any exhibitable pattern can be extended (in some
sense) to a fully complete pattern. Thus, the above proof gives an example of a
theory T and a formula ¢ such that for any n < w and any exhibitable n-pattern,
¢ exhibits it. This property is what, in the next section, we will call Straight up
Mazimality (similar to Shelah’s nomenclature from [24]); thus the theory of infinite
atomic Boolean algebras is an example of a straight up maximal theory.

Proposition 3.14. Fizn < w and let (C,Z) any exhibitable n-pattern. Then, there
exists a fully complete n-pattern (C',I') such that, if a formula exhibits (C',Z"), then
it exhibits (C,T).

Proof. Since (C,T) is exhibitable, there is a theory T, a formula ¢(x;y) and pa-
rameters B = (b;);<y, such that ¢ exhibits (C,Z) in T with B. As a convention for
this proof, a complete @-type over B is not necessarily consistent. Let Con(yp, B)
be the set of complete consistent p-types over B and, similarly, let Inc(p, B) be the
set of complete inconsistent ¢-types over B. To each complete ¢-type p, we can
associate a condition (X,,n \ X,) where X}, = {i <n : ¢(z;b;) € p}. Define

C"={(4p.,n\ 4p) : p € Con(p, B)}

' ={(Zp.,n\ Zp) : p € Inc(p,B)}

Suppose 9 (z;y) exhibits (C',Z') in T with B’ = (b})i<n.

Given (AT, A7) € C, since p(x;y) exhibits (C,Z) with B, we have that pﬁif’A,)(x)
is consistent and thus it is contained in some p € Con(p, B). Thus, there is
(A,n\ A) € C’ such that (AT, A7) C (4,n\ A). Since pfA’i’\A) (x) is consistent, it
must be that pﬁ;f”A,)(x) is consistent too.

Let (Z*,Z7) € T and assume, toward contradiction, that pfz/f’z,) (x) is realized

by some a € U”*. By the choice of ¢ and B, we have that pr’fz_)(x) is inconsistent;
thus, for any X C n such that (Z+,Z27) C (X,n\ X), we have that (X,n\ X) € Z'.
But now tp¥(a/B’) gives us a set X C n such that (Z+,Z7) C (X,n\ X) which is
in 7’ and the corresponding type has a realization. Contradiction. (]
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4. NOTIONS OF MAXIMALITY

In this section we define a notion of maximal complexity for first-order theories
by requesting the exhibition (by a single formula) of all the exhibitable patterns.

Definition 4.1. A formula ¢(x;y) is Straight up Mazimal (or just SM) if, for every
n < w and for every exhibitable n-pattern (C,Z), ¢(z;y) exhibits (C,Z). A theory
T is SM if there is a formula which is SM; otherwise we say that T' is NSM.

Other notions of maximality were previously defined by Shelah ([24]) and Cooper
([7). We will see how both of them agree with our notion of maximality and we
will give some examples of theories which present/omit this property.

4.1. Shelah’s maximality. In [24], Shelah defined “an extreme condition of the
form of unstability” called Straight Maximality.

Definition 4.2. A formula ¢(z;y) is Shelah-SM (Shelah’s Straight maximal) if for
every n < w and for every non-empty .% C 2" there are by, ..., b,_1 € UY such that:
Given f € 2™ f € % if and only if there is a € U” such that for every i < n,

Folashi) < f(i) =1.
We can characterize the above property using patterns.

Proposition 4.3. A formula ¢(x;y) is Shelah-SM if and only if p(x;y) exhibits
every fully complete pattern.

Proof. Assume ¢ is Shelah-SM, fix n < w and let (C,Z) a fully complete n-pattern.
Define .# = {char(X) : (X,n\ X) € C} C 2" where char(X): n — 2 is the
characteristic function of X C n. Since C # 0 (given that the pattern is fully
complete), we have that # is not empty. Let B = {bg, ...,b,—1} given by Shelah-
SM. Now, fix a condition (Y*,Y~) = (Y,n\Y) € C. This corresponds to a
function f:n — 2, f € Z, such that f(i) = 1 if and only if ¢ € Y. Hence there
is @ € U” such that E ¢(a;b;) if and only if f(i) = 1 if and only if ¢ € X; thus
a witness the consistency of pety, (z). Now, given a condition of inconsistency
(Z+,Z7) = (Z,n\ Z) € Z, if there was a € U” such that = ¢(a;b;) if and only
it i € Z if and only if char(Z)(i) = 1, we would have that char(Z) € .%; but it’s
not. Contradiction. Hence the type p§+_ 4 () is inconsistent. This shows that ¢
exhibits (C,Z). In conclusion (of the proof of this direction), ¢ exhibits every fully
complete pattern.

On the other hand, assume that ¢ exhibits every fully complete pattern. Given
n <w and ) # % C 2", define the n-pattern. (C,Z) as follows

C={(f7"{1), F71({0}) : feF}
I={(f""{1). /7 (o}) : fe2"\ 7}

Clearly this is a fully complete pattern. Along the lines of the proof of the previous
part, it’s clear that a witness B = {by, ...,b,—1} of the exhibition of (C,Z) by ¢ is
also a witness of ¢ being Shelah-SM. (]

Proposition 4.4. A formula is Shelah-SM if and only if it is SM.

Proof. Let p(x;y) be a SM formula i.e. it realizes every exhibitable pattern. Since
every fully complete pattern is exhibitable, ¢ exhibits every fully complete pattern.
Hence ¢ is Shelah-SM by Proposition [4.3
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On the other hand, assume that ¢(x;y) is Shelah-SM; then it realizes every
fully complete pattern. Given an exhibitable pattern (C,Z), by Proposition
there is a fully complete pattern (C’,Z’) such that, if a formula realizes (C’,Z’) then
it realizes (C,Z). Since ¢ realizes every fully complete pattern, it realizes every
exhibitable pattern. In conclusion, it is SM. O

4.2. Cooper’s maximality. In [7], Cooper defined a condition called 1, request-
ing the existence of a formula which defines, in some sense, all the possible Venn
diagrams. They then proved that this property implies every other property of this
kind. For more details about the background and the maximality property, we refer
to [1].

Definition 4.5 (Cooper, [7]). o A property of formulas is any sequence p =
(pi)icw of consistent quantifier free (q.f.) formulas of BA (the theory of
Boolean Algebras with the language £ = {0, 1, (—)¢,U,N}).

o If p(z,y) is a formula of a complete theory T and 9 (z) is a q.f. formula of
BA, we say that ¢(z,y) admits ¥(z) in T if

P(Mw) ': w(SO(M, (10), () SD(Mv a|z\—1))
for some M |= T and some ag, ...,a;|—1 € M? i.e. there is some model
of T and parameters such that, in the power set of the set of tuples of the
model (of the right length) viewed as a Boolean algebra, the p-definable
sets given by the parameters satisfy 1. Otherwise we say that ¢(x,y) omits
Y(z)in T.

e If p is a property of formulas, we say that a formula p(z,y) of a complete
theory T" admits p in T if there exists a strictly increasing sequence o € w*
such that o(z,y) admits p,;) in T for every i < w. Otherwise we say
that p(x,y) omits p in T. Moreover we say that T admits p if there exists
o(x,y) of T such that ¢(x,y) admits p in T. Otherwise T' omits p.

Cooper’s notion of maximality (property 1) is a property of formulas (as in
Definition 4.5) which implies all the other properties of formulas. In order to define
1, Cooper started with an enumeration of all the consistent q.f. formulas of BA,

say {¢; : i <w}, and defined
pi= [\ ¥

J<i
Finally, 1 is defined as the property of formulas (p;)i<e-
The next definition gives us a more explicit equivalent (at the level of theories)
version of property 1.

Definition 4.6 (Cooper, [7]). For each 0 < n < w we define the property 1) as
follows:

A formula ¢(z,y) admits 1™ in some complete theory T if for arbitrarily large
n < m < w there are (b;);<m in some model U¥ such that

(i) for any [ < m and for any X € P(m) with |X| =1 there is bx such that
U @, b:) = o, bx)

i€X
(ii) for any Y € P(m)
ﬂ o(U,b;) =0 if and only if |Y| > n
€Y
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In other words, ¢(x,y) admits 10 if and only if for arbitrarily large n < m < w
there are m ¢-definable sets such that the union of any | < m is still ¢-definable
but the intersection of any I < m of them is non-empty if and only if [ < n.

Fact 4.7 (Cooper, [7]). If T is a complete theory and 0 < n < w, the following
hold:
(1) If some formula ¢(z,%) of T admits 1) in T then some formula v (z, z) of
T admits 1) in 7T
(2) If some formula ¢(z,z) of T admits 1M in T, then some formula x(z,w)
of T admits 1 in T'.

Remark 4.8. The above fact shows that, at the level of theories, admitting the
property 1(™ implies admitting the property 1" which, in turn, implies admitting
the property 1. Moreover, since each 1() can be described as a property of formulas
and each property of formulas is implied by 1, we have that, at the level of theories,
each 1( is a different characterization of 1.

Definition 4.9. A complete theory T is Cooper mazximal if there is a formula which
admits 1 (equivalently 1) in T.

We are now ready to prove that Cooper’s maximality coincides with straight up
maximality.

Proposition 4.10. Let T be a complete theory. T is Cooper mazimal if and only
if T is SM.

Proof. Assume T is SM and let p(z;y) be the SM formula witnessing it.
Claim for each n < w there are (b;);<, such that
oU,b;) N, b;) =0 forali#j<n
for each X C n, there is bx such that
U, bx) = | U, b))
ieX
Equivalently, o(z;y) admits 1),
Proof of the Claim: Since p(z;y) is SM, it realizes every fully complete n-patterns

and these patterns can be described by pairs (C, I) where C,I C P(n) with CNI =
(). Let n < w and consider the following 2™-pattern:

C={1t{i} : i<n}
I=P2M\C
where 1 {i} = {X Cn : i € X}. Clearly INC = (). Let (bx)xcy be the parameters
given by SM with this pattern. First notice that o(U, by ) MU, by;y) = 0. Indeed,

suppose a |= ¢(x,bgy) A @(x,bgjy). Let A= {{k} Cn : al o(x,bgy)}. Since
A € I we have that the ¢-type of a over (bx)xcy, is inconsistent; contradiction.
Let X C n. We want to show that
U, bx) = | e, bgy)
i€X
Let a = ¢(x,by;y) for some i € X. Since P(n) \ X € I, it is inconsistent to be in
(U, bysy) but not in o(U, bx ); hence a € p(U,bx). If a = p(x,bx). Since {X} € I,
it is inconsistent to be in p(U, bx ) but not in all the p(x,by;)), hence there is i € X
such that a € p(U, b,y ). [ ]
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The claim shows that, if o(z;) is SM, then it admits 1(1). By Fact [4.7, there is
a formula admitting 1 and thus 7" is Cooper maximal.

Assume now that T' is Cooper maximal and let ¢(z;y) admitting 1. Since 1 is
the strongest property of formulas, it is enough to prove that SM can be described
as a property of formulas. Indeed SM is a property of formulas described by:

=N A C A (Nan (] e\a)£0)

n<m (¢,7) (Y+,Y-)eC ieY+ JEY ~
exhlbltable n-p

AN (e () (r\2)=0)

(Z2+,Z27)€T iez+ JjEZ~
This shows that, if T is Cooper maximal, then it is SM. (]

Remark 4.11. We want to point out that the above equivalence is only at the level
of theories. Indeed, while a formula admitting 1 is SM, if a formula is SM, it admits
1M and thus (by Fact there is a (possibly different) formula admitting 1.

4.3. Examples of SM theories.

Example 4.12 (Infinite atomic Boolean algebra). In Proposition we showed
that the theory T of infinite atomic Boolean algebras is SM by showing a formula
that exhibits every exhibitable pattern. We now prove again this result using
Cooper’s characterization of SM (See Fact and Proposition : It is enough
to find a formula with 1) i.e. a formula ¢(x;y) such that, for any n < w there are
(bi)i<n such that
o o(U;b;))Np(U;bj) =0 for all i < j < n, and
e for each X C n, there is bx such that
pUsbx) = | U b:)
ieX
Work in some model B. Let At(z) be the formula saying that = is an atom and
consider the formula
plryy) =At(z) ANz <y
Fix n < w and choose (b;);<, such that At(b;) and b; # b; for i < j < n. Now
@(x;b;) A p(x;b;) is inconsistent for ¢ < j < n. Moreover, if X C n, let bx :=
Uiex bi; then

p(B;bx) = J{bi : b <bx ni<n} =[] e(Bibi)

ieX
In conclusion ¢(x;y) has 1Y) and thus T is SM.

Non-example 4.13 (Atomless Boolean algebras). Consider the theory T of atom-
less Boolean algebras in the language £ = {U,N,—,0,1}. In [7], Cooper proved
that T' does not admit 1 and thus, by Proposition [4.10} it is not SM.

In the next section we will show that, in T, the formula ¢(x;y) =0 # x <y
exhibits every pattern (C,Z) in which, for every (X*, X)) € CUZ, X~ = 0
(see Definition [5.1] and Remark [5.3)). Thus, ¢(z;y) is an example of what, in the
next section, we will call a positive mazimal formula (PM formula, see Definition
. Although being PM, ¢(z;y) does not exhibit every exhibitable pattern. For
example, consider the 3-pattern (C,Z) defined by

C = {({0},0), {1}, D)}
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7 ={({0,1},0), ({0}, {2}), ({1},{2}), ({2}, {0, 1})}
This pattern describes three sets Ay, A1, Ay with the conditions that Ay # () # Ay,
ApN Ay =0 and Ay = Ag U A;. This pattern is clearly exhibitable (in any theory
with models of size at least 2, by the formula x = yo V& = y1). On the other hand,
it is easy to see that the formula p(z;y) = 0 # z < y does not exhibit it in 7. We

point out that this does not prove that 7' is not SM; it just shows that ¢(z;y) is
not SM.

Example 4.14 (Skolem arithmetic). Skolem arithmetic is the first-order theory of
the structure (N, -). First of all, we observe that we can define the number 1, the
divisibility relation and the set of prime numbers:

« Ouc(a) = Vy(z -y = ).

e zly=z(y=x-2)

e P(z) = =One(z) AVy(y|z — (One(y) Vy = x))
To show that this theory is SM we use Cooper’s characterization of SM showing
a formula ¢ (z;y) with 11, Define p(z;y) = P(z) A x|y and enumerate the prime
numbers P(N) = {p; : i < w}. Fix n < w and for each i < n let b; = p;. Now,
for i < j <n, p(N,b;) Np(N,b;) = {p;} N {p;} = 0. Moreover, given X C n, take
bx = [L;cx pi- We have

ieX i€ex
In conclusion, Skolem arithmetic is SM.
A similar argument shows that the first-order theory of (Z,+,-,0,1) is SM.

Since all the previous examples of SM theories are not w-categorical, we now
construct an w-categorical SM theory.

Example 4.15 (w-categorical SM theory). Consider the complete theory of the
two-sorted structure (2, CLOP(2¥)) in the language of Boolean algebras for the
second sort and a binary relational symbol interpreted as the membership relation
between a point of the Cantor space and one of its clopen sets.

In order to prove w-categoricity, we present this example as the complete theory
of a Fralssé limit of a class of finite models of a universal theory T}, coding the two
sorts with unary predicates. Consider the language £ = {S, B, R} U Lgs where
Lpa = {N,U,(-)%0,1} is the language of Boolean algebras, S and B are unary
predicates and R is a binary relation. For each Lpa term ¢(g) define an £L-formula
Ui (x,7) as follows:

e If ¢ is a variable y then ¢ (z,y) = R(z,y).
e if tis 1 then ¢y (z) is z = .
if t1(g),t2(g") are terms, then ¥4, ¢, (2, §7) = Ve, (2, 7) A Vs, (2, 7).
If t(y) = (t'())° then ¢y (z,y) = ~Yu (2, 7).
Since 0 and U are definable from the other symbols, we can assume that the term
t does not contain them.

Notice that, given an atomic ¥ € Lga, 9 is of the form t1(g) = t2(7’) for some
Lpa-terms.

Consider the following L-theory Tp:

(A1) S and B partition the universe.
(A2) RCSxB.
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(A3) B |ETga ie. B is a Boolean algebra.
(A"-"2) For Lpa-terms t;(7) and to(§7'), we have

(vyy' € B)(t1(y) = t2(¥') — (Vo € S)(¢r, (2,9) ¢ 1, (2,7)))
We claim that the class K := Mod<,,(Tp) (i-e. the class of finite models of Tp) is
a Fraissé class and the theory of its limit is SM. Intuitively, each structure in K
can be described as follows: we have a set S, a Boolean algebra B and a relation
R between the two disjoint subsets. The axiom scheme (A%"*?) makes sure that we
have a homomorphism of Boolean algebras
h: B — P(9)
b— R(S,b)

Thus, we have a realization of a homomorphic image of B as R-definable (over B)
subsets of S.

To show that K is a Fraissé class, we need to show that I has HP, JEP, AP
and it is uniformly locally finite i.e. there exists f: w — w that bounds the size
of structures in K with respect to the number of their generators. First of all,
since Tp is universal, we have that K is closed under substructures (i.e. £ has HP).
Moreover, since the structure (f,{0,1}) is an initial object in K (i.e. it embeds
uniquely in every structure in K), we have that JEP is implied by AP.

Consider the function f: w — w defined as f(n) = n+22". Now, given C < A €
K with C' = (Cyen); Cgen = {S0;---, S1—1,b0, ..., bpy—1} and | + k = n, it’s easy to see
that |C| < 1+ 22" < f(n). Thus K is uniformly locally finite. It remains to show
that IC has AP.

Lemma 4.16. Given A, A’ € K, there is an embedding A — A’ if and only if there
is an embedding of Boolean algebras B(A) — B(A’) and a surjective homomorphism
of Boolean algebras P(S(A")) — P(S(A)) such that the following commutes

B(A) —"2 P(S(A))

J{emb homT
B(A') = P(S(4))
where ha and har are the Boolean algebra homomorphisms given by b+ R(S,b).
Proof. Suppose we have an embedding A — A’. In particular we have a embedding
of Boolean algebras F': B(A) — B(A’) and an inclusion S(A4) C S(A’) such that
for every s € S(A), R(s,b) if and only if R(s,F(b)). By taking X — X N S(A4),
we have an surjective homomorphism of Boolean algebras P(S(A’)) — P(S(A)).
Therefore, given b € B(A), we have

ha'(F(b)) N S(A) = R(S(A), F(b)) N S(A) = R(S(A),b) = ha(b)

Conversely, given the above diagram, we have a Boolean algebra embedding B(A) —
B(A’) and by Stone duality, we get an injection S(A4) — S(A’). Commutativity of
the diagram implies that the relation R is preserved by this pair of maps and thus
we have an embedding of L-structures A — A’. O

Remark 4.17. Using the proof of the above lemma, one could show an equivalence
between the category K with £-embeddings and the comma category of the functors

(FinBA, BA-emb) 1, (FinBA, BA-hom) £ (FinSet°?, injections)
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In particular, the data of an embedding of Boolean algebras B(A) — B(A’) together
with a surjective Boolean algebra homomorphism P(S(A’)) — P(S(A)), not only
guarantees the existence of an L-embedding, but it characterizes such embedding.

Proposition 4.18. K has AP.
Proof. Consider the following amalgamation problem in :
C
W
™~

By our previous lemma, this translates to the following diagram with commutative
squares.

S(©)

B(C) —— P
/

/
B(A) —— P(S
\ \

B(C) (S(C))

Applying Stone duality, we get the following diagram in the category of finite sets,
maintaining commutativity.

So S1 xg, S2 S( |—|S’(A) S(C/ S(A)

52<—S

Now, S7 Xg, S2 = {(a,b) € S; x Sy : gi(a) = g2(b)} and the functions
pit S1 Xg, S2 — S; are the projections. Without loss of generality, we consider
1,1, 7,7 inclusions of sets. We want to define a function

h: S(C) Us(a) S(C/) — 51 Xg, 52

such that f{ = pyohojand fo = ppohoj. Given z € S(A), define h(z) =
(f1(x), f2(x)); since the outer paths are the same, (f1(z), fa(z)) € S1 Xg, S2. Now,
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given x € S(C), since p; is surjective, pick b € Sy such that (fi(x),b) € S1 x5, Sa
and define h(z) = (f1(x),b). Similarly, for € S(C”), since py is surjective, define
h(z) = (a, fo(x)) for some a € Sy such that (a, fo(x)) € Sy x5, S2. It is easy to
check that f; =piohojand fo =pyohoj’.

Dually, we get a Boolean algebra B(D) = P(S7 Xg, S2) that solves the amalga-
mation problem B(A) — B(C) and B(A) — B(C’) and a set S(D) with a homo-
morphism B(D) — P(S(D)). Using the lemma and commutativity of squares, we
get a solution (B(D), S(D)) to the initial amalgamation problem. In conclusion, K
has AP. O

Let T be the first-order theory of the Fraissé limit of XC. We show that T is
SM. By Fact and Proposition it is enough to show that 7" has 1(1). Let
o(z;y) = R(x,y). Fix n < w and consider the finite model A of Ty given by
B(A) = P(n) and S(B) = n with R(i, X) if and only if i € X. Now, for each i < n,
define b; = by;y. Clearly, R(A,b;) N R(A,b;) = R(n,b;)) N R(n,b;) = {i} N {j} =0
for all i < j < n. Moreover, given X C n, we have that

R(A,bx) = R(n,bx) = X = | J{i} = | R(4, b))
ieX ieX
Embedding A into M (by universality of M), the above properties are preserved.
Thus R(z,y) is SM in T.

We can give an explicit description of the Fraissé limit as follows: Let M =
(S(M), B(M)) = (w,B) where B is the countable atomless Boolean algebra. By
Stone duality, we know that there is an isomorphism of Boolean algebras B %
CLOP(2“). Moreover, let f: w — 2* such that the image of f is a countable dense
subset of the Cantor space and define R(z,y) as follows:

M = R(n,b) iff f(n) € g(b)

Note that, since 2% is totally disconnected, for every n # m in w there exists b € B
such that M = R(n,b) A ~R(m,b). Using this, one can check that the extension
properties hold in M and thus show that it is the desired Fraissé limit.

5. WEAKENINGS OF SM

Now that we have established the worst (in some sense) combinatorial binary
property that a complete first-order theory can have, we identify subcollections of
the set of exhibitable patterns which are enough to describe some of the properties
of formulas previously considered. From that, we define other notions of maximality
realizing the patterns in those subcollections.

5.1. Positive maximality. The tree properties defining simple, NTP; and NTP,
theories can be described by patterns in which the negation of the formula is not
involved. More precisely, we can characterize tree properties by exhibiting patterns
in which, for every condition (X+, X ) € CUZ, the set X ~ is empty (see Proposition
. This observation leads the way for the concepts and results described in this
subsection.

Definition 5.1. Fix n < w. A positive n-pattern is a pattern (C,Z) such that for
every condition (X*, X~) € CUZ, we have that X~ = .

We can now define the notion of positive mazimality (PM) by requesting the
exhibition of all reasonable (See Definition [3.5]) positive patterns.
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Definition 5.2. A formula ¢(x;y) is positive mazimal (PM), if for every n < w
and every reasonable positive n-pattern (C,Z), the formula ¢ exhibits (C,Z).

Remark 5.3. Notice that we didn’t require (as in SM) to realize every exhibitable
pattern since every reasonable positive pattern is exhibitable. Let’s show this by
giving an example of a PM theory. Let T' = Th(BB) where B is an infinite Boolean
algebra with an atomless element. We claim that the formula p(z;y) =0# 2 <y
is PM. The existence of an atomless element implies the existence of a sequence
(@i)i<w of non-zero elements below the atomless element such that a; Na; = 0 for
every i < j < w. Fix n < w and fix a reasonable positive n-pattern (C,Z). If
C =0, take b; = 0 for every i < n; since p(x;b;) = L for every i, we get that every
inconsistency condition will be satisfied. Assume 0 # C = {(Y;,0) : j < k}. For
each i < n, define
bi = U a;

i€Y;
Fix j < k. Then, if i € Y; we have that

0 +# as < U aj = b;
icY;
hence {¢(x;b;) : i € Y;} is consistent. Fix now (Z,0)) € T and suppose, toward
contradiction, that there is a € B such that for every i € Z, a = p(x;b;). This

means that
0£a<(N U= U Nao

i€z icy; f: Z—k, i€z
(Vi€EZ)(i€Y s (sy)
If the above union is 0 € B, then 0 # a < 0; contradiction. If it is not empty, this
means that there is f: Z — k, with for all i € Z,i € Yy(;), such that (., ayu) # 0.
Since all the a; are pairwise disjoint, this can only happen if f is constant, hence
there is a j < k such that for all 7 € Z, a; appears in the above union i.e. there is
a j < k such that for all ¢ € Z, ¢ € Yj; thus Z C Y} contradicting reasonableness.
In conclusion, this theory is PM (despite being NSM, see Remark and hence
every reasonable positive n-pattern is exhibitable.

Remark 5.4. Since every reasonable positive pattern is, in particular, an exhibitable
pattern, if a formula p(z;y) is SM, then ¢(x;y) is also PM.

‘We now prove a characterization of PM at the level of formulas. This equivalence
will give us a concrete subfamily of the collection of all reasonable positive patterns
which is enough to exhibit positive maximality.

Proposition 5.5. A formula ¢(x;y) is PM if and only if, for every n < w, there
is (bx)xcn such that, for any family of subsets of n, § # Z € P(P(n)), the partial
p-type

{p(z;by) : Y € Z} is consistent if and only if mZ £0

Proof. Assume p(z;y) is PM. Fix n < w and consider the following reasonable
positive 2™-pattern

C={(Z,0) : ZC2" such that ﬂZ#@}

Z={(Z,0) : ZC 2" such that mZ:@}
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where we identify each Z C 2" as a family of subsets of n. By PM, there is
(bi)icon = (bx)xcn such that, for every (Z,0) € C, i.e. for every Z C 2" such
that (1 Z # 0, the type {p(z;b;) : i € Z} = {@(z;by) : Y € Z} is consistent
and, for every (Z,0) € T i.e. for every Z C 2™ such that ((Z = (), the type
{¢(x;by) : Y € Z} is inconsistent.

Assume now that ¢(x;y) has the above property; fix n < w and let (C,Z) be
a reasonable positive n-pattern. By the above property, let (bx)xcn as above.
We can assume that C # ) (otherwise, take b; = by for all ¢ < n). Hence let
C={(Y;,0) : i <k}. For any i < n define

bi =byj<k : iev;)

Fix (Y3,0) € C. To show that {¢(z;b;) : i € Y;} is consistent, by the above
property, it is enough to show that

(N i<k:ieY;}#0

i€Y;
For every i € Y3, J is one of the j < k such that i € Y;, thus j € ﬂieYj{j <k :
i€ Y}

Assume now that (Z, () € Z and that, toward contradiction, there is a € U* such

that for all i € Z, we have that a |= p(x;b;) i.e.

{o(x;0i) = i€ Z} ={o(@;bjck : icy,y) © @ € Z} is consistent.
By the above property, this is equivalent to

0£ i<k :ieYs}
i€z
Take j < k in the above intersection. Then, for every i € Z, ¢ € Y; contradicting
reasonability of the pattern. O

Remark 5.6. In [7], Cooper defined a property of formulas (named vp) that closely
resembles the above characterization of PM. It is easy to check that, using Propo-
sition [5.5] PM is equivalent to Cooper’s vp, even at the level of formulas.

As pointed out above, some dividing lines can be defined through realizations of
reasonable positive patterns. In particular, TPs is given by positive patterns and
hence PM implies TPy and a fortiori IP and OP. As described above, SOP is not
given by positive patterns; hence, a natural question is the following: Is there a
NSOP and PM theory?

We answer positively to the above question showing an example:

Example 5.7 (A positive maximal NSOP, theory). Let £L = {P, O, R, (Ex)o<k<w}
where ar(P) = ar(O) = 1, ar(R) = 2 and for any k < w, ar(Ey) = k.
Let Ty be the following L-theory:
(A1) P, O partition the universe.
(A%) Ei. C OF is irreflexive.
(A3) RCPxO
(A5) Yyo--yr—1Ve(Br(y) = = Aoy R(z,9:))
Let K ={A : ATy and A is finite}. We claim that K is a Fraissé class with
free amalgamation.
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Since Tp is V-axiomatized, the class of models of Ty (in particular the class of
its finite models) is closed under taking substructures. Thus K has HP. Since we
allow the empty structure to be a model of Tp, it’s enough to prove AP to get JEP
for free.

Proposition 5.8. The class K has the amalgamation property.

Proof. Consider the amalgamation problem (A, B;, fi)i<2 in U where f;: A — B;
are embeddings.

We define an L-structure C' as follows: The universe of C' is partitioned by
PC = (PBo\ PAYU PP and OF = (OB \ O4)UOP'. The interpretation of R and
E}, is the induced one (with no other relations holding). In particular there is no
relation Ej, holding between elements of OP0 and OP inside C.

Clearly C solves the amalgamation problem. We need to show that C = Tp.

Clearly C satisfies the axioms (and axiom schemes) Ay, (A45)r<, and (A%5)p<w. It
remains to show that, for each k < w, C = (4%). So, fix k < w, fix cg...ck_1 €
O® and a € P®. Moreover, assume that EJ(¢) holds. We need to show that
a = = \jcp R(z;¢;). Since Ej is induced, we have that either ¢ € (OP0)F or
¢ € (OB1)* but not both. Without loss of generality, ¢ € (OP1)k. Now, either
a € PBo\ P4 xor a € PP1. In the first case, since ¢ € PP! and R is the induced
one, we have that = —R(a,c;) for every i < k and hence a = = A\,_, R(z;¢;). In
the second case, since By = Ty, a = = A\, R(z;¢;). In conclusion C' = (A%) and
hence IC has AP. d

Note that, in the above proof, C' is the free amalgam of By and By over A. Hence
K is closed under free amalgamation (We refer to [6], Definition 3.1 and Example
3.2).

Since K is a Frailssé class, let M be its limit and let Ty = Th(M). Since K is
closed under free amalgamation, we have that T is NSOP4 (See [6], Theorem 1.1)
and in particular NSOP.

Proposition 5.9. T\ is PM.

Proof. We claim that the formula R(x;y) is PM. Let n < w and fix P = (C,Z) a
reasonable positive n-pattern, where

C= {(%7@)7 ) (}/—l*lv@)} and 7 = {(Zo,@), ) (thlvw)}

Define the structure Ap as follows: The universe of Ap is given by P47 U
047 ={a; + i <1}U{b; : i <n}. We interpret R by R(a;;b;) holds if and
only if ¢ € Y; and, for k < w, we define Ej as follows: FEy(b;,,...,b;_,) holds
if and only if k = |Z;| for some j < h and {io,....,ix—1} = Z;. First of all, by
definition of reasonable pattern (see Definition there is no (Z,0) € T such
that (Z,0) C (Y,0) (coordinatewise) for some (Y,0) € C. This ensures that the
witness for {R(x,b;) : i € Y} doesn’t conflict with the relation Ej for k < |Y| and
the axiom (A%). Thus, we have that Ap |= Tp. Hence there is an embedding of
f:Ap = M. Let B={f(b;) : i <n}. It’s clear that R(z;y) exhibits the pattern
P as witnessed by B. O

As we showed, this example is actually a NSOP, and PM theory. This means
that no SOP,,, n > 4, can be described by positive patterns. It is still open whether
SOP,,, for n > 4, can be described through (non-positive) patterns (even though,
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since SM implies SOP which in turn implies SOP,,, we have SM implies every
SOP,,).

Again, we remark that SOP3 was characterized by Kaplan, Ramsey and Simon
([I0], Lemma 7.3) in a way that can be described using positive patterns.

5.2. Consistency maximality. While tree properties can be characterized by
positive patterns, some properties of formulas, such as OP and IP, do not need any
inconsistency conditions i.e. the patterns (C,Z) needed to get these properties have
T = () (see Proposition . It is thus natural to define the following property.

Definition 5.10. We say that a formula ¢(z;y) is consistency mazimal (CM) if,
for every n < w and every reasonable (consistency) n-pattern (C,0), ¢ exhibits

. 0).

Remark 5.11. Note that we didn’t ask for a CM formula to realize every exhibitable
pattern of the form (C, () since every such pattern is exhibitable. To see this we
give an example of a CM formula.

Consider the theory T of the random graph. Recall that this is a countable graph
characterized (up to isomorphism) by the following property:

For any A, B finite disjoint subsets of vertices, there exists a vertex v such that

E E(v,a) for every a € A
= —FE(v,b) for every b € B

where E is the edge relation.

Let o(x;y) = E(x;y), fix n < w, a reasonable n-pattern (C, () and n distinct
vertices by, ..., b,_1. Then, for every condition (AT, A™) € C, by the above property
characterizing the random graph, there is v such that

v {p(ab) i€ AU {mp(aib) i€ A7}
Hence ¢(x;y) exhibits (C,?). In conclusion ¢(x;y) is CM.
We prove that CM is a weakening of PM.
Proposition 5.12. If a formula o(x;y) is PM then p(x;y) is CM.

Proof. Let n < w and let (C,0) be a reasonable n-pattern. Define the positive
2n-pattern

C:={(ATUun+A7),0) : (AT, A7) eC}

' ={({i,i+n},0) : i<n}

where n + A~ = {n+i : i € A~ }. Note that, since At N A~ = (), the
positive pattern (C’,Z’) is reasonable. Since ¢(z;y) is positive maximal, there
are bo,...,bn—1,bn, ..., ba,—1 witnessing that ¢ exhibits (C’,Z’). We claim that
bo, ..., bp—1 witness that ¢ exhibits (C,0). Let (AT, A7) € C. Then

{p(a;b;) + i€ AT U(n+ A7)} is consistent.
Let a be a realization of it and let i € A~. If, toward contradiction, a = ¢(z;b;),
then, by the choice of a, a = ¢(x;b;) A p(;b,4,) which is inconsistent. Hence, for
each i € A~, a = ~¢(x;b;). This shows that

{o(x;b;) « i€ AT U{=p(x;b;) : j € A”} is consistent.

Hence, ¢ exhibits (C,#). In conclusion ¢ is CM. O
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We now give an example of a NPM but CM theory, showing that the implication
in Proposition [5.12] is strict.

Example 5.13. Again, consider the theory T of the random graph. It is well
known that this theory is simple (NTP); moreover we proved that it is CM. If
T was PM, then, since TP can be realized through patterns, T" would have TP,
contradicting the simplicity of the theory.

We now prove that this weaker notion of maximality (CM) is actually equivalent
to the Independence Property (IP). Recall that a formula ¢(x;y) has IP if, by
definition, there are tuples (a;)i<w and (by)rc. such that

Epla;b) < iel

By compactness, this is equivalent to having, for every n < w, a nth approximation
of the above property.

Proposition 5.14. A formula ¢(x;y) is CM if and only if it has IP

Proof. We will actually prove that ¢(z;y) is CM if and only if °PP(y;x) has IP.
On the other hand, it’s well-known that a formula has IP if and only if the opposite
formula has IP (See, e.g., [1]).

Suppose ¢(z;y) is CM. Fix n < w and consider the pattern

C={(X,n\X) : XePn)}
=90
Since this is a consistency pattern, ¢(z,y) exhibits it; let B = (b;);<n be a witness.
For any X € P(n) =C, let ax a realization of pf},n\x(m). Then,
E oPP(b,ax) <= F ¢lax,b) < i€ X

Hence, for every n < w, ¢°PP(y; x) has a nth approximation of IP. By compactness,
©°PP(y; x) has IP.

Assume now that ¢°PP(y; ) has IP. Take (b;)i<, and (ar)rc., witnessing it. Fix
a reasonable n-pattern (C, (). Then, for any condition (A*, A~) € C, we have that

asr = {PP(b;x) i€ AT U{pPP(bym) - i ¢ AT i< n)
Since A~ Cn\ AT, we have

{ePP(bizz) + i € ATFU{p™P(bssz)  i¢ AT} D
{p°PP(b;x) = i€ ATHU{pPP(bs;m) i€ A7}
Which in turn equals to
{p(wib) i€ A*YU{p(aiby) i€ A7)
Hence p§+,A_ (x) is consistent and hence ¢(z;y) is CM. O

Remark 5.15. Given the above equivalence, we have an alternative proof of Propo-
sition

Since TPy can be realized by positive patterns, if p(z;y) is PM, then o(z;y)
has TP2 which in turn implies IP (See Fact which, by Proposition is
equivalent to CM.
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6. Tue PM® HIERARCHY

Natural weakenings of PM can be obtained by restricting the size of possible sets
of inconsistencies. Some combinatorial properties that can be defined in terms of
inconsistency sets of size > 2, such as k-TP and k-TP5, turn out to be equivalent,
at the level of theories, to their counterparts with inconsistency sets of size 2 (2-TP
and 2-TP3). In contrast, by weakening PM restricting the size of possible sets of
inconsistencies, we get a strict hierarchy of properties (PM(k))1<k<w.

Definition 6.1. Let 1 < k < w. A formula (z;y) is PM® if for all n < w and
for every reasonable positive n-pattern (C,Z) with for all (Z1,0) € Z, |ZT| = k,
o(x;y) exhibits (C,Z). We say that a theory T is PM*) if there is a PM® formula.
Otherwise we say T is NPM®*).

Remark 6.2. We don’t consider PM(® and PM™) since every theory is PM® and
PM®. For PM(O), fix a tuple a € U” and take the formula

p(z;y) = (z =y)
Since we excluded conditions of the form (@, #) from the definition of patterns, Z = ()
and thus p(z;y) is asked to exhibit positive patterns of the form (C,0). Fix n < w
and an n-pattern as above. Define b; = a for all i < n; then, for any condition
(AT, 0)ecC
/\ (z = a) is consistent, witnessed by a
i€At
For PMW, fix a # b and consider the formula

plr;y) =(y=a)A(z=1z)

Fix n < w and a reasonable positive n-pattern (C,Z) with for all (Z1,0), |Z1| = 1.
For all ¢ such that there is a condition ({i},0) € Z, define b; = b. Otherwise, define
b; = a. Then, for (AT,0) € C, since pattern are reasonable, for all i € AT, b; = a
and thus

/\ (a = a) A (z = x) is consistent.

i<n

For ({i},0) € Z, b; = b # a and thus
o(z;b;) = (a = b) A (z = x) is inconsistent.

In conclusion, we disregard PM©@ and PM™ since they are not very sensible no-
tions.

We can characterize the PM*) properties by “realizations of hypergraphs”:

Proposition 6.3. ¢(z;y) is pPM*) if and only if for every finite k-hypergraph
(n, E), ¢ realizes (n, E) i.e. there are (b;)i<p such that
(i) for anyig,...,ix—1 € n with ~E(ig,...,ix—1), we have
{p(x;0;;) : j <k} is inconsistent

and
(ii) for any clique {ig,...,5-1} Cn

{o(z;0;,) = g <1} is consistent.

https://doi.org/10.1017/js1.2025.10098 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.10098

NOTIONS OF MAXIMALITY IN FIRST-ORDER THEORIES 25

Proof. Suppose ¢(z;y) is PM®) . Let (n, E) a finite k-hypergraph. Consider the
positive n-pattern (C,Z) where
C :={({io, - i1-1},0) : {ig,...,i1—1} is a clique }
I = {({7,07 ceey ik—l}a @) . _\E(io, ceey ik—l)}
Since no non-hyperedge can be a subset of a clique, this is a reasonable pattern.
By PM")| ¢ exhibits (C,Z) and thus there are (b;)i<, witnessing it. It’s easy to
see that, with these parameters, ¢ realizes (n, E).
Assume now that ¢(x;y) realizes every k-hypergraph. Let n < w and let (C,7)

a positive n-pattern with for all (Z%,0) € Z, |Z*| = k. Consider the graph (n, E)
where, E(ig, ..., i,—1) holds if and only if ({7, ...,ik—1},0) ¢ Z. Since ¢(x;y) realizes
every finite k-hypergraph, there are (b;);<, witnessing it. Now, given (A", 0) € C,
since the pattern is reasonable, every k-element subset B of AT is such that (B, () ¢
T, thus A forms a clique in (n, E) and therefore

{p(z;b;) : i€ AT} is consistent.
On the other hand, given ({ig,...,ix_1},0) € Z, we have =E(iq, ..., ix—1) and thus

{o(z;bs;) = j <k} is inconsistent.
Thus ¢ exhibits (C, 7). O

Proposition 6.4. If p(z;y) is PM®) | then o(z;y) realizes the generic k-hypergraph.
Moreover, the parameters may be chosen to be (generic ordered k-hypergraph,)-
indiscernibles.

Proof. Apply compactness and the modeling property (which ordered k-hypergraphs
have by Fact [2.6)). O

Proposition 6.5. For every 1 < k < w, if p(x;y) is PM* Y then o (2 yo...y1) =
/\i<k+1 w(z;y;) is pPM*)
Proof. Assume @(x;y) has PM**+Y " Consider the formula
D(@you) = N\ el
i<k41
We want to show that v is PM® . Let n < w and let (n, E) be a finite k-hypergraph.
Define a (k + 1)-hypergraph (V, E) as follows:
(i) for each i < n, take k + 1 new vertices K; = o0, ..., v¥ with E(v?, ..., vF).
(ii) for each hyperedge g, ..., ix—1 in (n, E), make K, ...K;, _, into a E-clique.
(iii) No other hyperedge is present.

Now, (V, E) is a (k 4+ 1)-hypergraph, thus by PM**Y there are (by) ey realizing
it. Let ig,...,ix—1 a non-hyperedge in (n, E). This implies that (Kj,) < doesn’t
form a E-clique and hence {p(z;b,) : v € U;<x K, } is inconsistent. Thus

{Y(x; IBKiJ) : j < k} is inconsistent.

If 4g,...,91—1 is a clique in (n, E), then (Kj;,);«; forms a clique in (V,E) and thus

J

{e(x;by) + v e, Ki} is consistent; this shows that
{e(sbx,) = j<l}

is consistent. In conclusion t(z;yo...yx) realizes (n, E) and hence v is pM® . O
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Definition 6.6. A theory is
(i) PM©) if there are formulae (pg(2x; Yk ))1<k<w such that for all 1 < k < w
ok (r; yx) is PMY.
(i) UPM) (Uniformly PM(®®)) if there is a formula ¢(z;y) with PM® for
all 1 < k < w.
Remark 6.7. Clearly, at the level of theories, for all 2 < k < w we have
PM = UPM®™) = PM*®) = . = PMFTD) = PM®) = | = PM®)

We will show that the implication PM*HY = PM® is strict for every 1 < k < w.

Question 6.8. Is there a PM™) but NUPM™®) theory? Similarly, is there a
UPM® but NPM theory?

Definition 6.9. Fix n < w. A relational language L is n-ary if, for every R € L,
ar(R) < n. An L-theory T is n-ary if

(i) £ is n-ary, and

(ii) T has QE.
Remark 6.10. We could have defined a theory to be m-ary if it is interdefinable
with a theory satisfying the conditions in on the other hand, all the properties

that we are considering here are preserved under interdefinability and thus we don’t
actually lose any generality.

In [3], Chernikov, Palacin and Takeuchi studied higher arity versions of IP, firstly
introduced by Shelah, called TP (0 < k¥ < w). In particular, they characterized
NIP;, in terms of the collapse of ordered (k+1)-hypergraphs indiscernibles to order-
indiscernibles. Using this characterization, we get the following result.

Theorem 6.11. For any 0 < k < w, pMF+D) implies 1Py,

Proof. Fix 0 < k < w. By Theorem 5.4 in [3], it’s enough to exhibit a (generic or-
dered (k + 1)-hypergraph)-indiscernible that is not order indiscernible. Suppose
o(z;y) is PM*+1) By Ramsey and compactness, we can find (bn)hen (H,<
, E)-indiscernible witnessing it, where (H,<, E) is the generic ordered (k + 1)-
hypergraph. Let hg < hy < ... < hg4+1 € H such that

): E(hohk) AN ﬁE(hl...hk+1)
By PM**+Y we have
Edx /\ o(x;bp;) ATz /\ o(x;bp;)
i<k+1 0<i<k+2

and thus, even if the order type of hg < ... < hy is the same as the one of h; <
... < hg41, we have

tp((bn, )i<k+1) # tP((bn, Jo<i<k+2
In conclusion (by,)pep is not order indiscernible and thus some formula has IP;,. O

Alternative proof. Suppose ¢(x;y) is PM*+Y Then, by Proposition and com-
pactness, the formula

G(o, ye) =T\ plwsy)

i<k+1
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encodes every (k + 1)-hypergraph; in particular, it has IPy (see [3], Proposition
5.2).
O

Corollary 6.12. Any k-ary theory is NPM*+1) |

Proof. From [3], Example 2.2, we have that k-ary theories are NIP;. By k-ary
theories are NPM* 1), 0

‘We now construct examples of theories with PM® but not PM*+) for all k > 2.
This will show that the implication PM*FHD = PA*) g strict. We give a uniform
recipe to build PM® NPM*+) theories.

Example 6.13 (PM®) NPM®**1) theory). Fix 1 < k < w and consider the lan-

guage Ly, = {O, P, R, E},} where P, O are unary predicates, R is a binary predicate

and Ey is a k-ary predicate. Consider the Lg-theory Ty axiomatized as follows:
(A1) P, O partition the universe.

(A3) Ey C P* and (P, Ey) is a k-hypergraph.

(Ag) R - OxP

(Ag) Yvg.. o1V (N, o R(x,v;) = —ER(0))

Let K={AETo : |A| < No}. Similarly to the proof of Proposition it can

be shown that K is a Fraissé class closed under free-amalgamation. Let My be

the Fraissé limit. Intuitively My has two disjoint sets (O,P), (P(My), Ey) is the

generic k-hypergraph and O(My) is the set of witnesses for the consistency along

R of independent sets and the inconsistency along R of k-hyperedges. In particular

Ty, := Th(M},) is PM™® (witnessed by R), w-categorical, NSOP, (See [6], Theorem

1.1) and eliminates quantifiers. Moreover, by Corollary Ty, is NPMF+D),

We now consider a well-known theory and see how it relates with this hierarchy:

Example 6.14 (Generic triangle-free graph). Let £ = {e} where e is a binary
relation and let KC be the class of finite triangle-free graphs. It can be shown that
K is a Fraissé class; let H be its limit and let T3 = Th(H).

Proposition 6.15. Ty is PM®.

Proof. We claim that the formula ¢(z;y2) = e(z,y) A e(z, z) is PM®). Let n < w
and let (V, E) any finite graph an n vertices. Construct the graph (V, E) as follows:
Replace each vertex v € V with two vertices byc, with —b,Ec,. Whenever {v,w} ¢
E, make a new edge between {b,, ¢,,} € E and no other edges.
Claim (V, E) is triangle-free.
Proof of the Claim: As a notation, given a graph and a vertex v, we write N(v)
for the graph neighborhood of v i.e. the set of all the vertices in the graph that
are connected by an edge to v. Suppose, toward contradiction, that there is a
triangle aEa’Ea”a. Since there’s no edge between b, and ¢, for every v, there
must be wg,v1, v, such that the triangle is among (b, ¢y, )i<s. Suppose that by,
is in the triangle. But N(by,) = {¢v,, s, } and —c,, Ec,,, contradiction. Then it
must be the case that ¢,, is in the triangle. But N(cy,) = {by,, by, } and —b,, Eb,,.
Contradiction. Thus (V, E) is triangle-free. |
Since (f/,E) is a finite triangle-free graph, it can be embedded in H. Now, let
{v,w} ¢ E. Then, if there is a vertex a such that

a = p(x;byey) N o(x;byew) = (e(x,by) Ae(z, cy)) A ((e(z,by) A ez, cy))
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Then a, b,, ¢, form a triangle; contradiction. On the other hand, if vy, ...,v,_1 is a

clique, then (by, ¢y, )i<n is an independent set of vertices and hence, by the extension

property of H, there is a vertex a such that a = A\,_,, e(x,by,) A e(z,c,,;) and thus
{@(x;by,cv;) : i < n} is consistent.

In conclusion p(z;y) is PM®. Thus, by definition, Ty is PM®. O

Moreover, since T3 is a binary theory, by Corollary , Ty is NPM®).
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