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STRUCTURALLY STABLE FLOWS

DONG PYO CHI, SUNG KYU CHOI AND JONG SUH PARK

We show that a C1-flow on a compact Riemannian manifold is structurally sta-
ble and topologically stable if and only if it satisfies Axiom A and the strong
transversality condition. This improves Smale's conjecture for flows.

1. INTRODUCTION

The concept of structural stability was first introduced by Andronov and Pontrya-
gin in 1937. Roughly speaking, a given dynamical system is said to be structurally
stable if a C1-small change in the system does not change topologically the set of orbits
in the system. That is, it is the type of stability referred to the permanence of orbits
upon small perturbations of the parameters of the given system.

The well-known Smale's conjecture on structural stability [8] is the following:

A dynamical system on a compact Riemannian manifold is structurally
stable if and only if it satisfies Axiom A and the strong transversality
condition.

Robbin [9] and Robinson [11] proved the sufficient condition of the above conjecture.
For the necessary condition, Mane [5] obtained a partial answer for discrete dynamical
systems by using his conjecture. However, by using Mane's result, Hurley [4] obtained
a negative answer to Smale's conjecture for discrete dynamical systems.

In this paper, we prove Hurley's result for flows by using Mane's conjecture. Thus
our main theorem is the following:

A C1-flow on a compact Riemannian manifold is structurally stable and
topologically stable if and only if it satisfies Axiom A and the strong
transversality condition.
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2. BASIC TERMINOLOGIES

Let M be a compact Riemannian manifold and X(M) be the set of all C1 -flows

on M. For any / , </ £ X(M), we define

d{f,g)= sup \\^(x,0)-%(x,0)\\.
xeM\\cn eft ||

Let / £ X(M). For a point z 6 M , is said to be nonwandering if for every
neighbourhood U of x and every t £ R, there exist a point y £ U and a number s ^ t

such that f(y, s) £ U. We denote by £l(f) the set of all nonwandering points.

For points x, y £ M and numbers e, o > 0, a finite sequence {(XJ, <i)}£=i in
M x S is called an (e, a)-chain from a; to y if xi = x, U ^ a for * = 1, . . . , n,

d(f(xi, U), xi+1) < e for i = 1, . . . , n - 1 and d( / (x n , t n ) , y) < e.

A point a; is related to a point y (written x ~ y) if for any e > 0 and any a > 0
there are (e, a)-chains from x to y and from y to x, respectively. In particular, a
point x is chain recurrent if z ~ x, and CR(f) is denoted by the set of all chain
recurrent points of / , that is, CR(f) = {x £ M : x ~ x}. Clearly, the relation " ~ "
is an equivalence relation on the set CR(f). The equivalence classes are called chain

components of / .

A C1-flow g in X(M) is semiconjugate to / £ X{M) if there exist a continuous
surjection h: M —* M and a continuous map J : M x R - t R satisfying

(i) for all x £ M , A(x, 0) = 0 and A(x, •): R —> R is an increasing homeo-

morphism,
(ii) for all x £ M and all t £ R, h(g{x, t)) = f{h{x), A(x, <)). We call (h, A)

a semiconjugacy from g to / .

A C1-flow / is called topologically stable if for any e > 0, there exists a neigh-
bourhood U of / in X(M) such that for every g £ {/, there is a semiconjugacy (fc, A)
from g to f with <f(/i, 1) < e, where d(ft, 1) = sup ^(^(x), x).

A C1-flow g is conjugate to / in Jf(M) if there exist a homeomorphism h: M —>

M and a continuous map A: M X R —• R satisfying the above conditions (i) and (ii).

In such case, (h, A) is called a conjugacy from g to / .

Finally, a C1-flow f is called structurally stable if there exists a neighbourhood U
of / in X(M) such that for all g £ U, g is conjugate to / .

We let B(x, e) denote {y £ M : d{x, y) < e}.

3. CHAIN COMPONENTS OF TOPOLOGICALLY STABLE FLOWS

First, we can obtain the following properties about (e, a)-chains.
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LEMMA 3 . 1 . For any number a > 0, there exists a map h: R+ —» R+ satisfying
the following:

(i) for any e > 0, d(x, y) < h(e) for a ^ * ^ 2a implies d(f(x, t), f(y, t)) <

e/4,
(ii) h{ < A«-1/2 for all i e Z+,

(iii) if {(x,-, <t)}JLi is an (fcn(e), a)-diain and <,• ^ la for all i, then

t\nxn,tn)\ <e/2.

PROOF: For any e > 0, we can choose 6 > 0 with 6 < e/2 such that
0 . /(y» 0) < e / 4 if 4 x i y) < « and a < < < 2o. Define h: R+ -» R+ by

h(e) = 6. Then, clearly, (i) and (ii) hold.
We prove (iii) by induction on n. Obviously, (iii) holds when n = 1, 2. Suppose

that (iii) is true for n > 2. Let {(n, U)}?=? be an (An+1(e), a)-chain with U < 2a for
all i. Since {(xfi *t)}JUi *s a n Cl'l'l(e)) a)-chain, we have

In view of (i),

dl flxi, J2tXf(xn, tn + tn+1)J <e/4.

It follows that

because

Therefore we have

( ( ™+1 \ \

D
Now, we prove that the relation "~" is equivalent to the property of (e, a)-chains.

PROPOSITION 3 . 2 . Let a > 0 and x, y e M. Then x ~ y if and only if for
any e > 0 there exist (e, a)-chains from x to y and from y to x.

PROOF: (=>) It is straightforward.
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(<=) Let b > 0. We may assume that a < b. Then b ̂  pa for some p G Z + . Then
for any e > 0, there are (/i2p(e), o)-chains {(x;, *i)}£=i from x to y and {(t/j, a^)}^!
from y to x. Also, we may assume that ti, Sj ^ 2a for all t, j .

For l ^ f c ^ ( p + l ) n + pm, we define Zk 6 M and a ^ rt ^ 2a by

if i(n + m)<k^(i + l)n + im, i = 0,1, ...,

{ ( i ) i m if (j + l)n+jm< k ^ (j + l)(ra + m ) , i = 0,

and

Sib_(,+i)n-im if (j + i)71 + j m < K (j + l)(n + m), j = 0, . . . , p - 1.

Then {(zk, rk)}k
p+1

1)n+pm is an (fc2p(e), a)-chain from x to y. Let (p + l)ra + pm
sp + q for 0 ^ g < p. Let

t = 1, . . . , s,

and
P+g

For 1 < t < A, since {«(i_1)p+j, ^ j . ^ p + j } ^ ! is an (hp(e), a)-chain, we have

d(f(wi, m), wi+1) < dl f I z( i_1 ) p + 1, ^ r ( i _ 1 ) p + ; - , f(zip, rip)

Furthermore

( ( p+q W
d(f(w., u.), y) ^d\f\ Z(,_l)p+1, ^ r ( , _ 1 ) p + i I I, f(z,p+q, r,p+q)

d{f(z,p+q, r.p+q), y)

since {(z(,_1)p+i, r^.^^p+j)}^ is an (hp+q(e), a)-chain. Noting that m^pa^b for
i = 1, . . . , s — 1 and u, ^ (p + 9)0 ^ 6, {(wf, Ui)}*=1 is an (e, t)-chain from x to y.
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An (e, 6)-chain from y to x can be constructed by a similar method. Consequently,
we have x ~ y. U

We can obtain a useful characterisation of chain components of / .

PROPOSITION 3 . 3 . A subset X of CR(f) is a chain component of f if and
only if it is a connected component of CR(f).

PROOF: (=>) Let U and V be disjoint open subsets with the property that UUV C
X. For a point x G X, let U(x) = { < 6 R : f(x, t) G U} and V{x) = { t e K : f(x, t) G
V}. Then U(x) and V(x) are disjoint open and U(x)\JV(x) = R . Moreover, U(x) = 0
or F(x) = 0 since R is connected. Thus U C\ X and V fl X are invariant, both open
and closed sets in X. Since U D X is compact, i?(LA D X, 6) H (V fl X) = 0 for some
6 > 0. Assume that U nX ^0 and F f l l ^ J and let x G *7 fl X and 3/ G V H X.
Then there is a (5, l)-chain {(x,-, <,)}"=1 from x to y. From / ( x i , <i) e £ / n J f
and <£(/(xi, *i), x2) < *, it follows that x2 G t / ^ n X . Also, x3 G £/• D X follows
from / (x2 , <2) G W H X and d(f(x2, ^2)5 ^3) < 5- Continuing this process, we obtain
y E U U X from f(xn, tn) £ U n X and d(f(xn, tn), y) < 6. This implies that
(U n X) PI (V PI X) ^ 0, which is a contradiction. Hence X is connected.

(•<=) Let X be a connected component of CR(f) and x, y € X. For any e > 0,
there exists a 6 with 0 < £ < e/2 and < / (a , <), f(b, t)) < e/2 when d(a, b) <
6 and 1 ^ t ^ 2. It is clear that {B(x, 8/2) : x G X} forms an open cover of
X. Thus there are finitely many points x,- G X, i g / for some index set / , such
that X C U B(xi, 6/2). Since X is also connected, for a subset / ' C / , we have

I |J 5(x i ,£ /2) ] n I |J B{xi, 6/2)) ^ 0. Therefore we have a finite sequence
\»e/' / \i€i-i' J
{x,}™=1 in X such that

(i) xn = x i ,
(ii) d(xi, xi+i) < 6 ior i-1, ...,n-l,

(iii) Xc\jB(Xi,6/2).

Hence for i — 1, . . . , n , we have a (6, l)-chain d — {(zij, ^ , ) } ^ i from n to x,-.

Now, we may assume that <;. ^ 2 for all i, j . Let d(xi, x) < 6/2 and d(xk, y) <
6/2. Then, for i = k, we obtain an (e, l)-chain from x to y:

(x, <;,), (x i 3 , < i 2 ) , . . . , ( x i m . , tim.

and an (e, l)-chain from y to x:
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For i < k, we obtain an (e, l)-chain from i to y:

( x , tix ) , ( z i 2 , t i 2 ) , . . . , ( x i m . , t i m . ) , Ci+1 ,...,Ck

and an (e, l)-chain from y to x:

(y, tfci), (**2, <fcj), . . . , (**mt. **mt)» CWi> . . . , C n , Ci, . . . , C;.

This implies that x ~ y. It completes the proof. D

When / € X(M) is topologically stable, Hurley [5] obtained the following:

PROPOSITION 3 . 4 . If f e X(M) is topologically stable, then

(i) there are only finitely many chain components of f,
(ii) for any chain component X of f, w/(x) = X for some x in X, where

uif(x) is the w-limit set of f at x.

We can obtain a property of chain components of topologically stable flows.

PROPOSITION 3 . 5 . Let f e X(M) be topologically stable and X be a. chain

component of f. For any g € X(M), if (h, A) is a semiconjugacy from g to f, then

(i) h(CR(g)) = CR(f),
(ii) if Y is a chain component of g and Y D h'1 (X) ^ 0, then Y C h'1 (X),

(iii) h(X) = X for some chain component Y of g.

PROOF: (i) Since A(-, 1): M —> R is continuous on the compact manifold M,
there exists K = minA(M, 1). Let K = A(z, 1). Then K > 0 since A(z, •): R -» R is
an increasing homeomorphism and A(z, 0) = 0.

Let y £ h(CR(g)). Then y = h(x) for some x in CR(g). For any e > 0, there
exists a 6 > 0 such that d(a, b) < 6 implies d(h(a), h(b)) < e. Also, there is a {6, 1)-
chain {(«<> *t)}£=i from x to x. Note that h{xi) = h(x) = y and A(ZJ, fj) ^ A(x;, 1) ^
if. Since d(g(xi, U), xi+i) < £, we have

= d(f(h(Xi), X(Xi, U)), h(xi+1)) < e.

Also, we have

d{h{g(xn, *„)), fc(*)) = d(f(h(xn), A(*n, <„)), y) < e

since «/(s(xn, <n), *) < &• Thus {(/I(XJ)> ^(^i *»))}?=i i s &a (e> -K")-chain from y to
y. By Proposition 3.2, y G CR(f). Therefore h(CR(g)) C CR(f). Consequently, we
have h(CR(g)) = CR(/) by (iii) (we prove (iii) later).
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(ii) Let x € Y n h'^X). Then h(X) G h{Y) nX. If Y C CR($) is connected,
then / i(y) C CR(f) is also connected. Since X is a connected component of CR(f),

we have h(Y) C X. Therefore Y C h^^Y)) C fc"1^)-
(iii) By Proposition 3.4, there is a point x in X such that w/(x) = Jf. Let

y G A-1(x). Since w9(j/) C CR(g) is connected, wB(y) C Y for some chain component
Y of g. We claim that X C A(w9(y)) C A(y). Let z G X. Then /(x, tj) -» z for some
U—> oo. Let V> = ^(y, •)'• R —• R. Then the sequence {^(j/, ^-1(<i))} has a convergent
subsequence. So we assume g(y, V'~1('i)) ~* °- Since V'~1(^t) - ^ o o , o g u;B(j/). Notice
that

fc(ff(», 4-HU))) = f(Hy), A(y, V"^^))) = /(*, H^HU)))
= f{x, U) -» *•

Thus z = A(a) G Mw»(y))- S i n c e Y n fc"1^) ^ 0. we have y C A'H-X'). Hence
C hfi-^X)) = X. Therefore h{Y) = X. D

4. CLOSED ORBITS OF TOPOLOGICALLY STABLE FLOWS

In this section we obtain some properties of closed orbits of topologically stable
flows. O(x) denotes the orbit of a point x in M.

Let / G X(M). For a point x in M, we define

W(x) = {yeM: d(f(x, t), /(y, t)) - 0 as i - oo}

and W ( i ) = {y G M : d(/(e, t), /(y, « ) ) ^ 0 a s ^ -oo}.

We call W'(x) and Wu(x) a stable set and an unstable set of x, respectively.
For a subset A C M, let W^a(A) = |J Wa(x), where <r = s, u. If x is a

zCA

hyperbolic fixed point of / , then W'(x) and Wu(x) are immersed submanifolds of M
whose dimensions sum to the dimension of M [7].

For a periodic orbit 7 of / , we define

W{j) = {xeM-. d{n, /(*> 0) -»0 «" < -• 00}

and W f r ) = {x G M : ̂ (7, f{x, < ) ) - . 0 a s i - » -00}.

We call W(7) and ^" (7 ) a stable set and an unstable set of 7, respectively. If 7 is a
hyperbolic orbit of / , then W{-y) = \J W°(x), where a = s, u, and W"(7), ^" (7 )

are immersed submanifolds of M whose dimensions sum to one plus the dimension of
M [7]. When we need to emphasise the dependence of any these sets on the flow / , we
write them as W(x;f) = W(x), et cetera.
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LEMMA 4 . 1 . Let f, g G X(M). If (h, A) is a semiconjugacy from g to f and

7 is any closed orbit of f, then for any point x in / i - 1(7), we have h(W"(0(x); g)) C
W(n\f) for <r = s,u.

PROOF: Let y G W'(x;g). Then d(g(x, t), g(y, i)) -> 0 as t -+ oo. Also, we have

d(h(g{x, t)), h(g(y, i))) = <*(/(%), A(x, *)), / ( % ) , X(y, <))) - 0

as i —> oo. Since f(h(x), A(x, i)) G 7 and A(y, i) —» oo as t —> oo, d(y, f{h(y), <)) —» 0
as t -> oo. This means that h(y) G ^ ' ( 7 ; / ) . Thus h(W(x;g)) C ̂ ' ( 7 ; / ) . Since
h~1{'j) is ̂ -invariant, O(a;) C h~1(y). Therefore we have

U HW'(y;g)) = h( \J W'(y;g))

= h(W(O(x);g))cW(r,f)-

For the case 0 = u, the proof is essentially the same. D

A C1-flow / satisfies the strong transversality condition if for all x in M, W(x)

and Wa{x) intersect transversally at x.

A C1-flow / is called a Smale flow if

(i) CR(f) has a hyperbolic structure,
(ii) each chain component of / is either one dimensional or is a single point,

(iii) / satisfies the strong transversality condition.

PROPOSITION 4 . 2 . [1] A set of Smale Sows on M is dense in X(M).

PROPOSITION 4 . 3 . [3] Let X be a chain component of a Smale flow f. Then

for all x, y in X, W'{O{x)) n Wu(O(y)) n X is dense in X.

We can obtain the above result of Franks for the closed orbits of topologically

stable flow / .

PROPOSITION 4 . 4 . Let X be a chain component of a topologically stable Row

f in X(M). Then for all closed orbits 7 l , 72 of f, W(7i ; / ) D Wu{<y2; f) HX is dense

in X.

PROOF: There exists a neighbourhood U of / in X(M) such that for all g in
U, there is a semiconjugacy (h, A) from g to f with d(h, 1) < 1. Also, there is a
Smale flow g in U. By Proposition 3.5, h(Y) = X for some chain component Y of
g. Since 7 i C X for j = 1, 2, A"1^-) D Y ^ 0. Let Vj G /i-1(7i) n Y f o r J = !. 2 -
In view of Proposition 4.3, W'(O(yi);g) D W(O(3/2);5) H y is dense in Y and so
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h(W{O(yi);g) n Wu{O{y2);g) D Y) is dense in h(Y) = X. Therefore we have

KW(O(yi);g) n W«(O(y2);g) n Y)

c h(W{O(yi);g)) n M^"(O(y2);«7)) n

It follows that W»(7l; / ) n Wu(72; / ) D X is dense in X. D

A C -̂flow / is called Kupka-Smale if

(i) every closed orbit of / is hyperbolic,

(ii) any intersection of stable and unstable manifolds of closed orbits is trans-
verse.

PROPOSITION 4 . 5 . [7] A set of Kupka-Smale flows on M is dense in X(M).

Let 7 be a hyperbolic closed orbit of / . An index of 7 (written index 7 ) is defined
to be a pair of integers (5, U), where 5 = dim W'(-y) and U - dimW"(7).

Now, we can obtain the following useful property about the index of the hyperbolic
closed orbit.

PROPOSITION 4 . 6 . Let X be a chain component of a topologically stable Sow
f in X(M). If 7 i and 72 are distinct hyperbolic closed orbits of f, then they have
the same index.

PROOF: By the Hartman-Grobman theorem and the local stability of hyperbolic
orbits [7, 12], there exist disjoint neighbourhoods U\ and U2 of 7 i and 72 , respectively,
and a neighbourhood G' of / in X(M) such that

(i) for any g £ G', there exist hyperbolic closed orbits Ai(<j) C V\, ^2(9) C
U<i of g such that index Ai(</) = index 7 i and index ^{g) — index 72;

(ii) Ai(<7) and \2{g) are unique ^-invariant sets in U\ and U2, respectively.

There exists an e > 0 such that 5 ( 7 i , e) C Ui and B(y2, e) C U2. Also, there is a
neighbourhood G C G' of / in X(M) with the property that for all g in G, there is a
semiconjugacy (h, A) from g to f such that d(h, 1) < e. We claim that / i - 1(7 i) C U\
and h-l(r,2)cU2.

Let x € h-^-fj) for j = 1, 2. Then h(x) G 7 i for j = 1, 2. Thus <i(7i, z) ^
d(h(x), x) ^ «f(/i, 1) < e. It follows that x e B(fj, e) C C/j. Now, ft~1(7,-) is closed
5-invariant for j = 1, 2, since each jj is closed /-invariant. Hence fc~1(7i) = Ai(^)

We show that W'^ig^g) D Wu(X2(g);g) ± 0 for some Kupka-Smale flow g
in (3. Using Proposition 4.3, we choose a point x in W ( 7 i ; / ) fl W"(7 2;/) and let
y G A"1^)- Since /i(ws(y)) C uf(x) = 7 l , we have w9(t/) C / I ' H T I ) = Ai(fl)- Thus
y G ^'(Ai(5);5)- Similarly, y £ Wu{\2(g);g) since /i(aff(y)) C a/(z) = 72 , where
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otf(x) is the a-limit set of / at x. Reversing the roles of Ax (g) and ^2(9), it follows that
W'(X1(gy,g)nW^(\2{g);g) ^ 0. Since g is Kupka-Smale, W(Xi{g); <7)n W»(\2{g);g)
and Wu(Xi(g);g) PI W'(\2(g);g) are submanifolds of dimension at least one. In what
follows (Sj, Uj) represents the index of X(g) with respect to g and m = dimM,
Ui + S2 s* m + 1 and U2 + Si ^ m + 1. In addition, general facts about indices
of hyperbolic closed orbits give a second pair of inequalities U\ + S\ ^ m + 1 and
U2 + S2 ^ rn + 1. Hence Si — S2 and Ui — U2- Combining these equalities with (i)
gives the conclusion of the proposition. D

5. STRUCTURALLY STABLE FLOWS

In this section, we prove the main result.

PROPOSITION 5 . 1 . [10] If a ^-flow is structurally stable, then it is Kupka-

Smsde.

A C1-flow / satisfies Axiom A if

(i) the set of the periodic orbits of / are dense in f2(/),

(ii) fi(/) has a hyperbolic structure.

Smale's conjecture [8] is the following:

/ S X{M) is structurally stable if and only if it satisfies Axiom A and
the strong transversality condition.

Robinson [10] obtained the following sufficient condition of Smale's conjecture.

PROPOSITION 5 . 2 . If f e X(M) satisfies Axiom A and the strong transver-

sality condition, then it is structurally stable.

Moreover, Nitecki [6] proved the following:

PROPOSITION 5 . 3 . If f e X(M) satisfies Axiom A and the strong transver-

sality condition, then it is topologically stable.

Let

«?-"(M) = { / G X(M) : there exists a neighbourhood U off in X(M)

such that for all g in U, every closed orbit of g is hyperbolic} .

Also, for / in F(M), we denote by A;(/) the closure of the set of hyperbolic closed

orbits of / whose stable manifold has dimension i, where 0 ^ i ^ dim M.

Mane [5] conjecutred the following:

For / in T(M), if A,D Aj = 0 for all 0 < i < j ^ dimM, then / satisfies
Axiom A.
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He showed that his conjecture is true in the case of a discrete dynamical system.

Now, we prove the main theorem.

THEOREM 5 . 4 . f E X{M) is structurally stable and topologically stable if and

only if it satisfies Axiom A and the strong transversality condition.

PROOF: (=>) Since / is structurally stable, it is Kupka-Smale by Proposition 5.1.
Thus j ET{M).

We claim that A,- H A;- = 0 for all 0 < i < j ^ d imM. Suppose that Aj H A,- ^ 0,
say x € Aj D A;-. If we denote by Peri the set of periodic points whose stable manifold
has dimension i, then there exist sequences {xn} C Per,- and {yn} C Pery such that
xn —•> x and yn —» y. In view of Propositions 3.4 and 4.6, we may assume that xn and
yn are sequences in the chain components of X and Y, respectively. But x E X = X
and x EY = Y. This contradicts X H Y = 0.

Now / satisfies Axiom A by Mane's conjecture. Since / is structurally stable, it
satisfies the strong transversality condition [10].

(<=) It follows from Propositions 5.2 and 5.3. U

Let / E X(M). A closed subset A of Q(f) is called an attractor if

(i) A is /-invariant;
(ii) there is a neighbourhood U of A in M such that f] f(U, t) = A;

(iii) / |AXK is transitive.

Smale showed that ii f E X{M) satisfies Axiom A, then it has only a finite number of
hyperbolic attractors. Therefore we can obtain the following corollary.

COROLLARY 5 . 5 . If f E X(M) is structurally stable and topologically stable,

then it has only a finite number of hyperbolic attractors.
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