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Abstract

We consider the problem of parameter estimation for the superposition of square-root diffusions. We first derive
the explicit formulas for the moments and auto-covariances based on which we develop our moment estimators.
‘We then establish a central limit theorem for the estimators with the explicit formulas for the asymptotic covariance
matrix. Finally, we conduct numerical experiments to validate our method.

1. Introduction

Square-root diffusion has become a popular model in the econometric area since it was first proposed
by [12] for modeling the term structure of interest rates, thus it is also called Cox—Ingersoll-Ross (CIR)
model. Heston [17] further extends its usage in option pricing by using it in modeling the underling asset
price volatility, to improve the famous Black—Scholes option pricing formula. Among an important class
of processes, affine jump-diffusions (see [14]), square-root diffusion functions as a major component.
One-factor square-root diffusion is preferred for simple cases, however, superposition of several square-
root diffusions or multi-factor square-root diffusion plays a more important role in many applications
because of its better explanation for many scenarios in practice. Barndorff-Nielsen [5] constructs a class
of stochastic processes based on the superposition of Ornstein—Uhlenbeck type processes. In this paper
we consider the problem of parameter estimation for superposition of square-root diffusions.

Due to lack of closed-form transition density, maximum likelihood estimation (MLE) is not applica-
ble to the problem of our interest without approximation. Even for one-factor square-root diffusion, this
remains the case, though the transition law is known as a scaled noncentral chi-square distribution (see
[12]). What is worse is the log likelihood is not globally concave, as pointed out in [22] for the one-factor
model, which makes the efficiency of MLE depending on the goodness of starting values in numerical
optimization algorithms. Therefore, Overbeck and Rydén [22] propose conditional least-squares esti-
mators for the parameters of the one-factor model. Almost all the previous works on the parameter
estimation for the superposition of square-root diffusions are based on various types of approximations.
By using a closed-form approximation of the density, Ait-Sahalia and Kimmel [1] design an MLE for the
multi-factor model, in which they first make the factors (states) observable by inverting the zero-coupon
bond yields. This simplification makes it not applicable to general cases where the states are latent, such
as the superposition of square-root diffusions studied in this paper. Using Kalman filter is another way
of approximation. By approximating the transition density with a normal density, Geyer and Pichler [16]
first infer the unobservable states with an approximate Kalman filter, and then estimate the parameters
with quasi-maximum-likelihood estimation; see [9] for another Kalman filter approach. Christoffersen
et al. [10] consider nonlinear Kalman filtering of multi-factor affine term structure models. Based on
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continuous time observations, Barczy et al. [4] estimate the parameters by MLE and least squares of
a subcritical affine two-factor model in which one factor is a square-root diffusion. There are some
works that only consider the drift-parameter estimation for the one-factor model, such as [2], [13],
and parameter estimation for extended one-dimensional CIR model, such as [3], [20], [11], and [21].
A gradient-based simulated MLE estimate is proposed in [23, 24] for a related model. In summary,
these approximations used in the MLE methods are computationally time-consuming, and some of the
assumptions may be hard to satisfy in practical applications.

Method of moments (MM) offers an alternative to likelihood-based estimation, especially for cases
where the likelihood does not have a closed-form expression while the moments can be easily derived
analytically, see [26] and [8] for detailed description. The major issue of moment-based methods is
the so-called statistical inefficiency in the sense that the higher order moments are used, the greater
likelihood of estimation bias occurs. However, it is possible to overcome this problem by making use of
relative low order moments and employing better computational techniques, for example, see [27-30].

In this paper, we consider the superposition of square-root diffusions and develop explicit MM esti-
mators for the parameters in such a model. We first derive the closed-form formulas for the moments
and auto-covariances, and then use them to develop our MM estimators. In fact, we only need relatively
low order moments and auto-covariances. We also prove the central limit theorem for our MM esti-
mators and derive the explicit formulas for the asymptotic covariance matrix. Additionally, numerical
experiments are conducted to test the efficiency of our method. One clear advantage of our estimators
is their simplicity and ease of implementation.

The rest of the paper is organized as follows. In Section 2, we present the model for the superposi-
tion of square-root diffusions and calculate the moments and auto-covariances. In Section 3, we derive
our MM estimators and establish the central limit theorem. In Section 4, we provide some numerical
experiments. Section 5 concludes this paper. The appendix contains some of the detailed calculations
omitted in the main body of the paper.

2. Preliminaries

For ease of exposition, we focus on the superposition of two square-root diffusions which is usually
used in most applications. The basic of our method can be extended to cases with multiple square-
root diffusions, though as the number of square-root diffusions increases, calculations become more
tedious and complex. The two-factor square-root diffusion can be described by the following stochastic
differential equations:

x(1) = x1(2) +x2(2), (2.1
dx1 (t) = k1 (01 — x1(8))dt + o1 Vx1 ()dw (1), (2.2)
dxy (1) = ko (02 — x2(1))dt + T2 Vx2(t)dwa (1), (2.3)

where the two square-root diffusions (also called CIR processes) x;(#) and x,(#) are independent of
each other, w; (f) and w;(¢) are two Wiener processes with independent initial values x;(0) > 0 and
x2(0) > 0, respectively. The parameters k; > 0,60; > 0,0y; > 0 satisfy the condition a'le. < 2k;0; for
i = 1,2, which assures x;() > 0 for >0 (see [12]). The component processes x; (), x»(¢) and the
driving processes wy (f), wy(t) are all latent, except that x(¢) is observable.

The square-root diffusions in Egs. (2.2) and (2.3) can be re-written as:

t
xi(1) = e K=y, (s5) + 6, [1 - e_ki(’_“')] + a'x,-e_k"l/ ix; (u)dw;(u), (2.4)
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for i = 1,2. The process x;(f) decays at an exponential rate e ", thus the parameter k; is called the
decay parameter. It is easy to see that x;(¢) has a long-run mean 6; and its instantaneous volatility is
determined by its current value and ;. In fact, the process x;(¢) is a Markov process and has a steady-
state gamma distribution with mean 6; and variance 9i0'x2i/ (2k;) (see [12]). Since we are interested in
estimating the parameters based on a larger number of samples of the process, without loss of generality,
throughout this paper it is assumed that x;(0) is distributed according to the steady-state distribution of
x; (1), implying that x;(¢) is strictly stationary and ergodic (see [22]). Therefore, the process x(t) is also
strictly stationary and ergodic. Actually, all the results we shall derive in the rest of this paper remain
the same for any non-negative x| (0) and x,(0) as long as the observation time ¢ is sufficiently long.
Since x;(¢) is stationary, it has a gamma distribution with mean 6; and variance Gia'le. /(2k;) and its mth
moment is given by

m—1 )
ELml =] | (eiﬁ",;%"

2
J=0 '

), m=1,2,.... 2.5)

Though modeled as a continuous time process, x(#) is actually observed at discrete time points.
Assume x(t) is observed at equidistant time points t = nh,n =0, 1,...,N and let x,, = x(nh). Similarly,
let x;, = x;(nh). We denote the mth central moment of x,, by cm,,[x,], that is, cm,, [x,] = E[(x, —
E[x,])™]. Then, we have

m
emp ] = > CLE[(x1n = 01V 1E[(x20 - 62)" 7], 26)
j=0
due to the independence between x, and x;,, where C{'n is the combinatorial number. For notation

simplicity, we introduce o = 0}21 /(2ky) and o = 0')?2 [ (2k»).
With Egs. (2.4)-(2.6), we have the following moment and auto-covariance formulas

Elx,] = 01 + 0, 2.7

var(x,) = 0101 + 0207, (2.8)

cm; [x,] = 20107 + 26,2073, (2.9)
cov(Xy, Xp+1) = e 19,01 + e "9, 05, (2.10)
cov(xp, Xns2) = € K110,y + e, 05, (2.11)
cov (X, Xp43) = e g, o1 + e Rhg, 0y . (2.12)

The intermediate steps of the derivation are omitted because they are straightforward. We will use these
six moments/auto-covariances to construct our estimators of the parameters in the next section.
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3. Parameter estimation

In this section, we derive our MM estimators for the six parameters in Eqgs. (2.2) and (2.3) based
on the moments/auto-covariances obtained in the previous section. We prove both the moment/auto-
covariance estimators and the MM estimators satisfy the central limit theorem and also compute the

explicit formulas for their asymptotic covariance matrices.
Assume that we are given a sample path of x(¢), X1, . .

of x,, as the estimates for their population counterparts:

., Xy, that is, samples of the stochastic process
x(t)observed att = h, ..., Nh, which will be used to calculate the sample moments and auto-covariances

(Xn _)_()(Xnﬂ _}_()’

(Xn - )_()(X}’l+2 - )_(),

(Xn _)_()(Xn+3 _}_()

N
-1
Elx,] » X = NZX”’
n=1
1< _
) ~5° 2 L 3 x, %7,
n=1
1< -
cms3 [.Xn] I~ Cfn:; [xn] £ ]V Z(X" _ X)3,
n=1
| A
COV (X Xps1) & COV(Xpy Xpp1) = T
n=1
N-2
. o1
COV (X, Xp42) = COV(Xp, Xp2) = 3
n=1
| A3
COV (X, Xps3) = COV(Xp, Xpy3) = 3

Let

Y= (E[xn], Var(xn)7 cm3 [x,], COV(X,,, Xnt1), COV( X, Xp42), cov(x,,, xn+3))T’

7 = (X, 8%, ¢z [x,], €OV (X Xt )5 COV (X, Xpg2)

s Cév(xn9xn+3))T3

where T denotes the transpose of a vector or matrix. We also define

Z,l, = (X - E[xn])zs Z’% =
23 2 (i = E[xa]) (onst = E[xa)), &
ZZ = (xn — E[xn]) (tna3 — E[x4]), n =

Let
N
o1 = lim =1y [cov(x,, xc) nxnvIn,
N—oo N
=1 llT m—1 1
o1n = lim —1y [cov(x,, 2" ) Inxn,, 1N,
N—ooo N
-1

1y,
Tim = 1\1220 ]lel [COV(Zr
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’ZZ‘n )]N[XNm ley

(xn — E[xn])3,
(xn - E[xn])(xn+2 - E[xn]),

4 5

1 2 3
(2p> 25 20> 290 20) -

2<m<6,

2<1<m<6,
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where (N2, N3,N4,N5,Ng) = (N,N,N —1,N-2,N-3)and 1, = (1,--- , T with p elements.
We further introduce the following notations:

kil
A — ‘: / =
ej = [ o’ i=1,2,j=12,...,
e~ Pkit+gka)h
epg= ————, p=01,---,4=0,1,...,

1 — e~ (Pki+gka)’

and X, = x1, — 01 and Xxp, = xp, — 6>. We are now ready to prove the following central limit theorem
for our moment/auto-covariance estimators.

Theorem 3.1
Jlim VN (3 - ) N (0,2), 3.1)

where = denotes equal in distribution and N (0, %) is a multivariate normal distribution with mean 0
and asymptotic covariance matrix T = [0, ]exe, With entries

Oim = Cim1 +Cim2, Lm=1,...,6,
where cpy 1, Cim 2 are some constants which are provided in the Appendix.

Proof. The square-root diffusion x;(¢) (i = 1,2) is a Markov process, so is the discrete-time process
Xin {(X1n, X2, %) } is also a Markov process. Under the condition O'le- < 2k;0;, the strictly stationary
square-root diffusion x;(¢) is p-mixing; see Proposition 2.8 in [15]. Hence, x;(?) is ergodic and strong
mixing (also known as a-mixing) with an exponential rate; see [6]. The discrete-time process {x;,}
is also ergodic and inherits the exponentially fast strong mixing properties of x;(¢). It can be verified
that {(x1,, X2n, Xn)} is also ergodic and strong mixing with an exponential rate. Applying the central
limit theorem for strictly stationary strong mixing sequences (see Theorem 1.7 in [18]), we can prove
Eq. (3.1) as Corollary 3.1 in [15].

Next, we present the calculations for the diagonal entries of the asymptotic covariance matrix, how-
ever omit those for the off-diagonal entries since they are very similar. First, we point out the following
formulas

o—kh e—2kh—e’(N*‘)"”
—(c=r)kh _ _ _
Z ¢ T l—ekh -1 (1 —ekn)2 ”

1<r<c<N

which will be used frequently to calculate infinite series in these entries. We now calculate the six
diagonal entries.

e 011: We have

o1
o1 ZA}E&N Nvar(x,) +2 Z cov(x,, xc)

1<r<c<N

.1
= var() +2 lim = 7 (cov(aip.aie) +cov(xrxa)

1<r<c<N
—kyh 2p—kah
= Vaf(.X]n) + var(xzn) + mV&I‘(}C]n) + mvar(xzn)
910‘2 920’2
=(1+2 1 (1+2 2y
( ei) 2%, ( es1) %
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where we have used the results of cov(xi,, xi.) = e~ Ckhyar(x,,) (r <c), var(xy,) = var(xi,),
Vr=1,---,N (similarly for x,).
e 02: We have

.1
o = lim — |Nvar(z)) +2 Z cov(z!,z))
N—oo N
1<r<c<N

= Var()_c]zn) + Var()_an) + 4var(xy,)var(xa;,)
+ lim 2 (cov(x3,,X2.) +coV(X3,, 73,) + 4oV (T1,%ar, X1cXac))
NEL,N VXY X1e VX Xoe 1rA2rs A1cA2c
1<r<c<N

=C22,1 1222,

where cov(?cfr, fc%c) (r < ¢) can be calculated as
22 22
cov(Xy,,X],.)
2
0—x1

ki

— e—2(c—r)k1h

var(x2,) + =L [em (kb _ g2kt eoy (32 | xy,),

in which we have used the decay formula (A.2) for X7 _ in the Appendix, similarly for cov(x3 , X3 )
(r <c¢), and cov (XX, X1cX2c) (r<c) as

=(c=r)(ki+k2)

coV(X1,X2r, X1cX2c) = € var(xy,)var(xy,).

e 033: We have

o1
oy = lim — Nvar(zﬁ)+2 Z cov(zf,zf)
N—oo N
1<r<c<N

=331 +C332,

where cov(z2,z2) can be expanded as

cov(z2,22) = (cov(X; , X3,) + cov(F; . X3.)) + 3(cov(F; , X1:X5,) + COV(X3,, X7, %2))
+ 9(cov(5c%r5c2,,xfcxzc) + cov()’clrfc%r,chfc%c))
_2 _ - - 2 -2 _
+9(cov(X] Xay, ¥10X3,.) + COV (X135, X1 X2c))

+3(cov(X], X2 X3,) + COV(X1,33,.. X7,)).
e oy : We have

1
o = 1\}520 N (N - l)var(z?,) +2 Z cov(zf,zf)

1<r<c<N-1
= C44,1 +C442,
where cov(z},z2) is expanded as
33 . S S - =
cov(z;,2.) = (COV(X1, X1 (r41) X1cX1 (c41)) + COV(X2X0 (1) 5 X2eX2(c41)))
+ (COV(X1 X2 (r41)> X1X2(c41)) + COV(X2X1 (r41)5 X26X1 (c41)))

+ (COV(X1X2(r+1) > X26X1 (c41)) + COV(X2rX1 (r41)5 X1eX2(c4+1))) -
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e 055 : We have

.1
Os5 = A}Ego N (N - 2)var(zi) +2 Z cov(zf,zﬁ)

1<r<c<N-2

= 55,1 +C552,

where cov(z?, z#) can be calculated through

4 4 - - - - - - - -
cov(zy,2.) = (COV(X1,X] (r42)5 X1cX1 (c42)) + COV(X2rX2(r42) > X2eX2(c42)))
+ (COV(X1X2(r42)» X1cX2(c42)) + COV(X2rX1 (r42) s X2cX1 (c42)))

+ (COV(X1,X2(r42)» X26X1 (c42)) + COV(X2,X1 (142) 5 X1cX2(c42))) -

e 0g6 . We have

.1
T66 = A}Ego N (N - 3)var(zZ) +2 Z cov(zf,zg)

1<r<c<N-3

= C66,1 T C66,25

where cov(z),z>) can be calculated through

55 - - - _
cov(z;,22) = (COV(X1,X1 (r43)» X1cX1 (c43)) + COV(X2rX2(r43) > X2eX2(c43)))
+ (COV(X1,X2(r43)» X16X2(c43) ) + COV(X2,X1 (143)» X2cX1 (¢43)))

+ (COV(X1,X2(r+3)» X26X1 (c43)) + COV (X2 X1 (743) > X1cX2(c43))) -

The off-diagonal entries of X can be derived similarly. This completes our proof. O

With these moment and auto-covariance estimates, we are ready to construct our estimators for the
parameters. In theory, we can obtain our parameter estimates by solving the system of moment equa-
tions using any general nonlinear root-finding algorithms. However, based on our extensive numerical
experiments, we find that such an approach often leads to estimates with very large errors due to vari-
ous reasons. Fortunately, we can overcome this problem by exploring the special characteristics of the
equations of our interest and developing better numerical methods. In what follows, we first estimate the
decay parameters k| and k;, and then estimate the parameters in the marginal distribution of the process,
that is, 81, 01, 02 and oy;. Details of our analysis are presented in the following two subsections.

3.1. Estimation of the decay parameters

—kih —koh

In order to estimate the decay rates e and e of the two component processes, we make use of
system of equations consisting of Eqgs. (2.8) and (2.10)—(2.12). In principal, we can solve this system of
equations to obtain efih o=kh 9.+ and 6,0. However, it is difficult to find the true roots by using gen-
eral numerical algorithms, such as Newton—Raphson method. In what follows, we propose a numerical
procedure to solve the system of equations which can achieve very good precision.

For notational simplicity, we rewrite the above system of equations as following:

vi+vy = b,
dyvi+dava = by,
dvi+d3vy = b,
df’vl + dng = b3,
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where vi £ 01071,v2 2 600, b £ var(x,), bj £ cov(Xy, Xn4j).j = 1,2,3,dy £ e MM and dy £ e7*2h
By using the first two equations, we have

b= —d2b+b1 by = d]b—bl
"YYa—a 0 T d -
Further,
2= b= _dibi —b;
2T db—b T Ph—by
Thus,

2
diby — by _ [dib1—bs
dib—by d?b— b,

which leads to the following quintic equation with unknown variable d

(bb? — b*by) - d + (b*b3 — b3) - d} +2(bb3 — bbyb3) - d}
+2(bibs — bbybs) - di + (bb3 — b3) - dy + (b3bs — b1b3) = 0. (3.2)

The Jenkins—Traub algorithm for polynomial root-finding (see [19]) can be used to solve the quintic
equation, an implementation of which is a function named polyroot in R programming language (see
[25]). The roots returned by the algorithm are five complex numbers, among which we only need to
keep those real-number roots that are between 0 and 1. Because of the symmetry between d; and d,
(due to the symmetry of k| and k») d, must also be another root. Therefore, there should be at least two
real-number roots that satisfy dp = (dlzbl -b3)/ (d%b — b;). We will use this property to find the correct
roots for d; and d». In our extensive numerical experiments, we are able to find a pair of roots for d;
and d, satistying the required conditions.

We now are ready to derive the estimators for the decay parameters. Denote the sample version of
Eq. (3.2) by

(bb? — b*by) - x> + (bPby — bY) - x* + 2(bb3 — bb1b3) - x°
+2(b3b3 — bbybs) - x> + (bb% — b3) - x + (b3bs — b1b3) = 0, (3.3)
where b, by, ba, 133 are S2, cOV(Xy, Xpe1), COV (X, Xpa2 ), COV(Xy, x,l+§), respectively. Let us denote the root

obtained based on Eq. (3.3) for the estimate of d| by x*, that is, d; = x*, then our estimators for d», v|
(= 6101), v (= 620) are given by

- d’hy-D

A (3.4)
&b — b,

py = bt b (3.5)
d —d>

jy = Db =01 (3.6)
di—d»
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Before closing this subsection, we point out that there may exist further improvement as stated
in what follows. In estimating of the decay rates, we have just used the first four auto-covariances
cov(Xxp, X)), . . ., COV(Xy, X43). Actually, Vj > 1, we have

COV(Xy, Xpaj) = e Mg, o + e g, oy

One possible improvement is to make use of more these lagged auto-covariances. For instance, we
can use cov(Xy, Xu+1), COV(Xp, Xp42), COV(Xy, Xp13), COV(Xy, Xy44) to construct another system of equa-
tions based on which we can produce another estimate of (d;, d>). Then we average this estimate with
the previous one, produced by the first four auto-covariances cov(x,, x,), . . . , COV(xy, X,43), to obtain
the final estimate, which should be more accurate. We can use more auto-covariances to improve the
accuracy of our estimates.

3.2. Estimation of the marginal distribution parameters

In order to estimate the marginal distribution parameters, we make use of Egs. (2.7) and (2.9). Since
0101 (= vy) and 6,07 (= v2) can be estimated by Eqgs. (3.5) and (3.6) respectively, we rewrite cms3[x;, ]
as cms[x,] = Zv% /01 + 2v§/ 6>. Then we have the following quadratic equation

alef + a0, +az =0, 3.7
with coefficiencies
a; Ecmzx,], ap = 2v§ - 2\)% —cmz[x,]E[x,], a3 = ZV%E[X,,].

Eq. (3.7) has two solutions

—(12+\/K X _—az—\/Z
Zal > 2 = ’

X1 =
2a1

where A = a% —4daja; = 4(9192)2(0'12 - 0'22 2. We can show that only one equals 6. If o > o, we
have

(0101)* + 016207
X1 =

X2 = 91.
010'12 + 6,02

Otherwise, we have

2 2

B _ (6101)7 + 6016120,

X =01, x= 5 I
010’1 + 60

In determining whether o > o7, we only need to verify if vi /X, < v2/6,. Assuming o > 07, then
Xy = 601 and

02 = E[x,] —x2, 01 =v1/X2, 02="2/6>.
Denote the sample version of Eq. (3.7) as

a1x> +anx +az =0, (3.8)
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with a;, a,, as being the sample estimates of a;, a, as, respectively. Let us denote the root obtained
based on Eq. (3.8) for 6; by x*, that is, §; = x*, then the other estimators are given by

0,=X—01, &1=/0;, 62="12/6s.

Finally, we have

]Aq =—loggll/h, /A<2=—10g&2/h, 5’X1=\[26'1/A€1, 6’x2=\[25'2i<2.

We can define moment Eqs. (2.7)—(2.12) as a mapping f : R — RS, that is,
f(01,02,01,02,d1,d2) =y,

where y, by definition, represents the vector of the first moment, the second central moment and the
third central moment and the first three auto-covariances of the process x;,.

Let Jr be the Jacobian of f, which is a 6 X 6 matrix of partial derivatives of f with respect to
the entries of f. Taking the first row of J; as an example, it is the gradient of E[x,] with respect to
(01,0, 01,07%,d,, dz)T, that is,

OE|[x,] OE|[x,]

06, ° 0dy
‘With some calculations, we have

1 1 0 0 0 0

(on] (op) 61 65 0 0

J 20'12 20'22 4010 40,0m 0 0

f d1 g1 d20'2 d16‘1 d20'2 910'1 920’2

d%a’l d%O-Q d%@l d%O'Q 2d1910’1 2d2920'2
_d?o-l d;o’z d?@] d;a’z 3d%910’1 3(1%920’2‘

Though the inverse function f ~! () does not have an explicit expression, we will show that the Jacobian
Jyis invertible, thus f ~1(y) exists by the inverse function theorem.
We further define our final parameter estimators as another mapping g : R® — R, that is,

8(01,6y, 61,0, dy,da) = (01,6, 51, 02, k1, ko)

whose Jacobian, denoted by J,, is given as the following

(1 0 0 0 0 0
0 1 0 0 0 0
0 0 —logd; /h 0 —oi/(dih) 0
_ —20 logd, /h —20 logd /h
=10 o 0 ~logdy/h 0 o/ (dh) |-
—20’210gd2/h —20’210gd2/h
0 0 0 0 —Wlh 0
0 0 0 0 0 —d;—h

We first present the following central limit theorem for the parameter estimators
(61,62, 61,0%.d1,d)".
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Theorem 3.2 Suppose the superposition of two square-root diffusions described by Egs. (2.1)-(2.3)
does not degenerate into a one square-root dlﬁ”usmn that is, dy # dp, 01 # 6, and 0| # 0. Then the
parameter estimators (91 s 92, 01,07, a’1 s dz) exist with probability tending to one and satisfy

Jim VN (81,02, 6, 62,1, )T = (01,02, 01, 02,1, d)) EN OISO, (39)

Proof. We first prove the Jacobian J;is invertible. With some elementary row operations, Jris equivalent
to the following matrix

(11 0 0 0 0
01 4 _& 0 0
o2—01 o2 9(;1
A 0 0 1 — 0 0 ’
00 0 agq 0,0 6207
0 0 0 asq 2d1910‘1 2d2920'2
_0 0 0 aeq 3d12910'1 3d§920’2_

where

20
ass = (dy +dy)0, - 2 (droa — dy0y),
oy — 01

20
asy = (d? +d3)6, - 2 (3o — diary),
0oy — 01

20
ass 2 (& +d3)0; - - _201 (3o - ddory).

Therefore, the invertibility of J depends on that of the bottom right submatrix in Jy, that is,
aqq 6101 007

Do 2 |ass 2d1010q  2dr6r0%| -
aeq 3d12910'1 3d§920’2

With elementary row operations, J» is equivalent to the following matrix

aill 3(611% —d12)910'1 0
J3 = |ay (dy + dy)/di — an 0 0 B
aeq 3d12910'1 3d§920‘2
where
260

an £ Bdid? +2d3 — d))0y - ——=—(2d3 0y - 3di oy + d} ),
02 — 0

20,
oy — 01

3 1
ani = —d%dz + —d; - d%) 0, —

1 3
2 2 (zdgo'Z_EdldeO'l +dl30'1).
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Thus, the invertibility of J; reduces to whether the term a1 (di + do)/d1 — a1 equals zero or not.

After some calculations, we have
3 2
h) (D) () oy
d> d> >

o] +0 dg d] 3
=60 —=1] .
dr

oL+ 0oy di
azn(dy +dy)/dy — ay; = 6p————2 2

0'2—0’12_d1

5 =
o — 01 2d1

Note that d; # d;. Therefore, ax (d) + d»)/d; — aj1 does not equal zero, consequently the Jacobian Jy
is invertible.
With the covariance matrix X in Theorem 3.1, it is apparently

E[x; + Xy + X0 + XX, | + XoXo s + XaXoys] < 00, (3.10)
where X4 £ Xnej — E[x,],j=0,1,2,3.

In summary, we have verified: (1) the mapping f from parameters (61, 65, o1, 02, dj, d»)" to moments
7, are continuously differentiable with nonsingular Jacobian Jz, and (2) the summation of the double
order moments is finite, thatis, Eq. (3.10). Therefore, by applying Theorem 4.1 in [26], we have Theorem

3.2. This completes the proof. O
We now present the central limit theorem for our parameter estimators (él , éz, 01, 02, lAq s /Acz)T.

Theorem 3.3 Suppose the same assumption as in Theorem 3.2 holds. Then,

. Soa s s d _ _
A}E)T(l)o VN((61, 02, 61, 62, k1, k)T = (01,0, 01, 2, ki, k) ) & N(0,J,J; 12(1]" l)TJgT)- (3.11)

Proof. Note that the mapping g(01, 62, 071, 02, d), d») takes the following expression

o] | 01
62 62
Ox1| _ \/—20'1 10gd1 //’l
Ox2 \/—20'2 logdg/h
kl —logdl/h
_kz_ | —logdz/h

=g(01,02,01,02,d1,d),

which is differentiable and has the Jacobian J,. Meanwhile, we have verified the convergence of the
estimators (61, 6,, 01, 0, dy,d>)T in Theorem 3.2. Therefore, by applying the delta method (Theorem
3.1 in [26]), we have the convergence in Eq. (3.11). This completes the proof. ]

4. Numerical experiments

In this section, we conduct numerical experiments to test the estimators derived in the previous section.
First, we validate the accuracy of our estimators under different parameter value settings. Then, we
analyze the asymptotic performances of our estimators as the sample length increases.

In the first set of experiments, we consider four different combinations of parameter values, with SO
as the base combination in which k; = 2,01 = 1.5, 01 = 1.6,k = 0.2, 0, = 0.5, 0» = 0.2. Each of the
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Table 1. Numerical results under different parameter settings.

Setting ki 01 Oyl ko () (%)

SO 2 1.5 1.6 0.2 0.5 0.2
2.00+0.03 1.50+0.03 1.60 +0.02 0.20+£0.07 0.50+0.03 0.20+0.05

S1 3 1.5 1.6 0.2 0.5 0.2
3.00+0.07 1.50 £0.02 1.60 +0.02 0.20 £0.04 0.50+0.02 0.20+0.02

S2 2 3 1.6 0.2 1 0.2
2.00+0.03 3.00 £0.05 1.60 +0.02 0.20 +£0.06 1.00 £ 0.05 0.20+0.04

S3 2 1.5 0.8 0.2 0.5 0.1
2.00+0.03 1.50+0.03 0.80+0.01 0.20 +£0.06 0.50+0.03 0.10+0.02

Table 2. Asymptotic behavior as N increases.

ki 01 Ox1 ko 0> Ox2
N 2 1.5 1.6 0.2 0.5 0.2
100K 2.04 +0.09 1.47 +0.08 1.62 +£0.06 0.24+0.16 0.53+0.08 0.23+0.12
400K 2.01+0.05 1.49 +0.04 1.61 +£0.03 0.21+0.10 0.51+0.04 0.21 +£0.07
1600K 2.00+0.02 1.50+0.02 1.60+0.01 0.19 +0.05 0.50+0.02 0.20+0.04
6400K 2.00+0.01 1.50+0.01 1.60+0.01 0.20+0.03 0.50+0.01 0.20+0.02

other three combinations differs from SO in only one pair of parameter values: S1 increases (ki, k2)’s
values to (3,0.2), S2 increases (01, 0,)’s values to (3,1), S3 decreases (0%, 0x2)’s values to (0.8,0.1).

The transition distribution of x;(#) given x;(s) (i = 1,2) for s<t is a noncentral chi-squared
distribution multiplied with a scale factor (see [7, 12]), that is,

) = 0_x2i[1 _ e—k,-(t—s)] ” 4kl_e—k,-(t—x)
H = ak; X\ 21 = k-]

xi(s)], s<t,

where X:iz (Q) represents the noncentral chi-squared random variable with d degrees of freedom and non-
centrality parameter A, and d = 4k;0;/ 0'3;" Therefore, we use this transition function to generate sample
observations of x(¢) and set the time interval, between any two points, £ = 1. For each parameter setting,
we run 400 replications with 1000K samples for each replication. The numerical results are presented
in Table 1 with the format “mean + standard deviation” based on these 400 replications (the format
remains the same for all numerical results). The results illustrate our estimators are fairly accurate.

To test the effect of N on the performance of our estimators, we run the second set of experiments
in which we increase N from 100K to 6400K for SO, while all other settings remain the same. The
results are given in Table 2, which demonstrates as N increases the accuracy of our estimators improve
approximately at the rate of 1/VN.

5. Conclusion

In this paper, we consider the problem of parameter estimation for the superposition of two square-root
diffusions. We first derive their moments and auto-covariances based on which we develop our MM
estimators. A major contribution of our method is that we only employ low order moments and auto-
covariances and find an efficient way to solve the system of moment equations which produces very
good estimates. Our MM estimators are accurate and easy to implement. We also establish the central
limit theorem for our estimators in which the explicit formulas for the asymptotic covariance matrix are
given. Finally, we conduct numerical experiments to test and validate our method. The MM proposed
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in this paper can be potentially applied to other extensions, such as including jumps in the component
process or the superposed process. This is a possible future research direction.

Acknowledgments. This work is supported in part by the National Nature Science Foundation of China (NSFC) under grants
72033003 and 72350710219.

Conflict of interest. The authors declare that they have no conflict of interest.

References

[1

—

[2

—

(3]

(4]

[5

—_

[6

—_

(71

(8]
[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
[20]
[21]

[22]
[23]

[24]
[25]

[26]

Ait-Sahalia, Y. & Kimmel, R.L. (2010). Estimating affine multifactor term structure models using closed-form likelihood
expansions. Journal of Financial Economics 98(1): 113-144.

Alaya, B.M. & Kebaier, A. (2012). Parameter estimation for the square-root diffusions: Ergodic and nonergodic cases.
Stochastic Models 28(4): 609-634.

Barczy, M., Alaya, B.M., Kebaier, A., & Pap, G. (2018). Asymptotic properties of maximum likelihood estimator for the
growth rate for a jump-type CIR process based on continuous time observations. Stochastic Processes and their Applications
128(4): 1135-1164.

Barczy, M., Do, L., Li, Z., Pap, G., et al. (2014). Parameter estimation for a subcritical affine two factor model. Journal of
Statistical Planning and Inference 151: 37-59.

Barndorftf-Nielsen, O.E. (2001). Superposition of Ornstein—Uhlenbeck type processes. Theory of Probability and Its
Applications 45(2): 175-194.

Bradley, R.C. (2005). Basic properties of strong mixing conditions. A survey and some open questions. Probability Surveys
2: 107-144.

Broadie, M. & Kaya, O. (2006). Exact simulation of stochastic volatility and other affine jump diffusion processes.
Operations Research 54(2): 217-231.

Casella, G. & Berger, R. (2024). Statistical inference. Boca Raton: CRC Press.

Chen, R.-R. & Scott, L. (2003). Multi-factor Cox—Ingersoll-Ross models of the term structure: Estimates and tests from a
Kalman filter model. The Journal of Real Estate Finance and Economics 27: 143-172.

Christoffersen, P., Dorion, C., Jacobs, K., & Karoui, L. (2014). Nonlinear Kalman filtering in affine term structure models.
Management Science 60(9): 2248-2268.

Cleur, E.M. (2001). Maximum likelihood estimates of a class of one-dimensional stochastic differential equation models
from discrete data. Journal of Time Series Analysis 22(5): 505-515.

Cox, J.C., Ingersoll, Jr., J.E., & Ross, S.A. (1985). A theory of the term structure of interest rates. Econometrica 53: 385-407.
Dehtiar, O., Mishura, Y., & Ralchenko, K. (2022). Two methods of estimation of the drift parameters of the
Cox-Ingersoll-Ross process: Continuous observations. Communications in Statistics-Theory and Methods 51(19):
6818-6833.

Duffie, D., Pan, J., & Singleton, K. (2000). Transform analysis and asset pricing for affine jump-diffusions. Econometrica
68(6): 1343-1376.

Genon-Catalot, V., Jeantheau, T., & Larédo, C. (2000). Stochastic volatility models as hidden Markov models and statistical
applications. Bernoulli 6(6): 1051-1079.

Geyer, A.L. and Pichler, S. (1999). A state-space approach to estimate and test multifactor Cox—Ingersoll-Ross models of
the term structure. Journal of Financial Research 22(1): 107-130.

Heston, S.L. (1993). A closed-form solution for options with stochastic volatility with applications to bond and currency
options. The Review of Financial Studies 6(2): 327-343.

Ibragimov, LA. (1962). Some limit theorems for stationary processes. Theory of Probability and Its Applications 7(4):
349-382.

Jenkins, M.A. & Traub, J.F. (1972). Algorithm 419: Zeros of a complex polynomial [C2]. Communications of the ACM
15(2): 97-99.

Li, Z. & Ma, C. (2015). Asymptotic properties of estimators in a stable Cox—Ingersoll-Ross model. Stochastic Processes
and their Applications 125(8): 3196-3233.

Mishura, Y., Ralchenko, K., & Dehtiar, O. (2022). Parameter estimation in CKLS model by continuous observations.
Statistics and Probability Letters 184: 109391.

Overbeck, L. & Rydén, T. (1997). Estimation in the Cox—Ingersoll-Ross model. Econometric Theory 13(3): 430-461.
Peng, Y., Fu, M.C., & Hu, J.-Q. (2016). Gradient-based simulated maximum likelihood estimation for stochastic volatility
models using characteristic functions. Quantitative Finance 16(9): 1393-1411.

Peng, Y.-J., Fu, M.C., & Hu, J.-Q. (2014). Gradient-based simulated maximum likelihood estimation for Lévy-driven
Ornstein—Uhlenbeck stochastic volatility models. Quantitative Finance 14(8): 1399-1414.

R Core Team. (2022). R: A Language and Environment for Statistical Computing : https://www.R-project.org/ Accessed 10
10 2024.

Van der Vaart, A.W. (2000). Asymptotic statistics, vol. 3. Cambridge, United Kindom: Cambridge University Press.

https://doi.org/10.1017/50269964824000147 Published online by Cambridge University Press


https://www.R-project.org/
https://doi.org/10.1017/S0269964824000147

Probability in the Engineering and Informational Sciences 37

[27] Wu, Y., Hu, J., & Yang, X. (2022). Moment estimators for parameters of Lévy-driven Ornstein—Uhlenbeck processes.
Journal of Time Series Analysis 43(4): 610-639.

[28] Wu, Y., Hu, J., & Zhang, X. (2019). Moment estimators for the parameters of Ornstein—Uhlenbeck processes driven by
compound Poisson processes. Discrete Event Dynamic Systems 29: 57-717.

[29] Wu, Y., Yang, X., & Hu, J.-Q. (2023). Method of moments estimation for affine stochastic volatility models. Working paper,
Fudan University.

[30] Yang, X., Wu, Y., Zheng, Z., & Hu, J.-Q. (2021). Method of moments estimation for Lévy-driven Ornstein—Uhlenbeck
stochastic volatility models. Probability in the Engineering and Informational Sciences 35(4): 975-1004.

Appendix.
Asymptotic covariance matrix entries calculation

With slight abuse of notation, we use x, to denote either x;,, or xp, and X, for either X, or x;, to
simplify the notations, and similarly, use k, 8, o for either ky, 61, 0| or ky, 62, 0. In order to calculate
the asymptotic variances and covariances, we need the following approximate equations (we also call
them as the decay equations), Vn > 0:

X ~ e ™%, (A.1)
2 o 2nkhi2 K 2nkh o’
X, = e MG+ (e —em )xOT + 2, (A.2)
302 3020
73 o3k —2nkh _—3nkhy=2 —nkh __~3nkhy~
X, e "X+ (e = T XS - + (e =" )xo_Zk

_ _ 304
(&M pp2nkh g p=3nkhyz 9T

%2 +c3, (A.3)

by eliminating the martingale parts, where

2
0
A (1 _e—anh)O—

o0
= , 2
2 2k

cs A (1 _ 3672nkh + 2673nkh)

The derivation of above equations is given later.
Let us use

dx(1) = k(6 = x(1))dt + o~[x(£)dw(1)

to denote the component process either Eq. (2.2) or (2.3), for notation simplification. Then, by
introducing the following notation

t
IE, = / & \x(s)aw(s), 1E, £ IEy,
0

we have
x(t)=eMx(0)+ 6 [1 —e™™| +oeMIE, V>0,
%, = e %0 + e MM E,, Vn=0,1,2,....
Therefore,
m m—j
=3¢ ( ~lonhs; ) (a'e_k”hIEn) m=1,2,3,4.
=0
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Taking X2 as an example, we show how to obtain its approximation. By Ito calculus,
dIE? = 2IE;e"\[x(1)dw(1) + e x(t)d1,

t t
IEt2 :2/ IESeks\/x(s)dw(s)+/ e*x(s)ds.
0 0
Note that

E [/IIEseks\/x(s)dw(s)] =0,
0

thus, by deleting this term, we have following approximation

t
IEtzz/ e*x(s)ds.
0

Furthermore,

t kt 2kt t
-1 -1
/ esx(s)ds = ¢ Xo + ¢ 0+ / o IEds
0 k k 0

2

ekl_l_ +€2kt_10
STk T T %

by deleting the third term in the right hand of the first equation because its expectation is also zero,

that is,
t
E [/ a'ekSIESds] =0.
0

Letting t =nh, we have

Therefore,

2 2
_ _ _ _ _ e _ o“6
x2 ~e 2nkhx2 +(e nkh _ e 2nkh Xo +(1-¢ 2nkh
n 0 k 2k

by deleting all those terms having expectation 0. The results for all other cases can be derived similarly.
With these approximation formulas, we can easily compute the following auto-covariances
mj

cov(x,, 2", cov(Z", o) momy,my = 1,2,3,4,

for example, Vc > r,
o2
cov(x,,z}) = e 2oy (x,, X2) + (e (IR e_z(c_r)kh)TCOV(xr,)_Cr),

noting that z! = x2 by definition.
By omitting the tedious intermediate steps, we present the results in following two subsections.
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On-diagonal entries

0 2
A 10—x1
cir,r = (1+2epp)var(xy,) = (1+2eq1) %,

0-2]
1 2 (1+2ep)var(x],) +2(ers — elz)k—xlcm3 [X12]

+2(1 + 2ey 1) var(xy,)var(xa,),
2
N -3 B 304 3 =2

33,1 = (1 +2ep3)var(xy,) +2(er2 613)—k1 cov(xy,,xi,)

30’3161 0';‘1

2% +(e11 —2el2 + 613)2—k12 cmy[x1,]
+3(5 +2eqq + 6ez,1)cmy [x1,] var(xz,) + 18(1 + eg 2)cm3 [x1,]cm; [x2,]
2

o
i
(e11 - 62,1)—]: +(er1 — 61,2)l cmg3 [x1,]var(xa,)
i

+2[(e11 —e13)

+18

+18(e21 — ea)var’ (x1,)var(x2,)
30‘32
+ 6e3var(xy,)emy [x2,] + 6(exn — 623)k—2Var(Xn1)0m3 [X2n]

30’3262 30';‘2
+6|(e21 —e23) + (€21 — 2e22 + €23) —>- | var(xin)var(xz,),
2%k, 202

- - koo = 2
Caa1 = Var(XinXi(ne1)) +2€12€" 7 COV(X1nX1 (1) X7 141
ik 0'x21 I -
+2(e11 —enne )_k COV(X11X1 (n+1)» X1 (n41))
I

+ [1 +2ey + e‘(kl”‘Z)h] var(xy,)var(xa,)

+ [(e_Zklh + e‘zk‘hel,l) + (e_2k2h + e_Zkzhel,l)] var(xy,)var(xy,),

1>

€s55,1 = Var(X1,X1 (n42)) + 200V (X1X1 (n42) > X1 (n41) X1 (n43) )

- 2
+ 2120V (X1nX1 (142)> X (142))
2

kh 91 I -
- 612)k_COV(xlnxl(n+2)axl(n+2))
1

+2(e11e”
+ [l +2ey + e_2<k1+k2)h] var(xy,)var(x,)

+ [e_(3k]+k2)h + e ¥l e_4k‘hel,1] var(xy,)var(xy,)
+ [e*(k'”k”h + e ¥l 674k2h€1,1] var(xy,)var(xy,),

66,1 = Var(X1,X1(n43)) + 200V (X10X1 (243) > X1 (n41) X1 (n44) )
. = - kb= )
+ 2C0V(X12X1 (143) X1 (142) X1 (n45) ) + 2€12€ 77 COV(X10X1 (143) » X (143))
2

(oa
“2kih —kiy P31 - _
" —epe l)_k COV(X14X1 (n43)» X1 (n43))
1

+ 2(8118

“3atk)h ] Gar (xp,,)var(xa,)

+ [1 +2€1’] +e
+ [e—(4k1+2k2)h + o~ Ghitk)h o =6kih +e—6k1hel’l] var(x,)var(xz,)

+ [e_(Zk‘+4k2)h + e~ (hitSk)h =6kl e‘6k2hel,1] var(xy,)var(x,).
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The terms cms[x,], cmy [xln],var()‘cfn) and so on are easy to compute with Eq. (2.5). It is also
straightforward to compute terms like cov(X1,X1 (143, X1(n+1)X1(n+4)) by employing Egs. (A.1)-(A.3).
We omit their explicit formulas here.

Terms ¢, (n = 1,...,6) are defined similarly by replacing ej; (j = 1,...,4) in ¢,,,1 With g}, x1,,
with xp,, and ky, 61, oy With ks, 6, 02, respectively, and vice versa.

Off-diagonal entries

Definitions of c12,1,¢13,1, C14.1, C15.1, C16,1 are given as following:

2
g
|
ciz1 = (L+eqr +en)ems[xi,] + (e — el2)ﬁvar(xln),

2
(o8
i
c13,1 = (1 +eq1 +e13)emy[xy,] + (erp — 613)—kx cm3 [x1,]
i

3101 30';11
+ | (e11 — e13) 2%, +(€11—2€12+613)W var(xy,)

1

+3(1 + 2eqq)var(xy,)var(xa,),

cian 2 (1+en +en)e  ems[xy,] + (enn — ern)e ™ var(xy,)
2
g
- |
+en (- —Zvar(xy),
1

—ki h] e—2k1 h

cisg 2 [1+en+(1+em)e ems[x1,] + (er1 — ern)e” " var(xy,)

o2
th _ g3y 4 g=2kih _ =3k kxl

+len (e var(xi,),
o2

cie1 = (1 +en)e  cov(xy,, %7,) + (e — elz)e_th—kx var(Xx1,)
1

+ COV(X1 (n+1)> X1nX1 (n43)) + COV(X1 (242> X12X1 (n43))

+ (1 +e11)cov (X1 (n43) X1nX1 (n43) ) -

Again, terms c1,2 (n = 2, ..., 6) are defined similarly by substituting ey; (j = 1,...,4) in ¢y,,1 with ey,
X1 With x5, X2, wWith x1,,, and k1, 01, 01 With k2, 05, 02, respectively, and vice versa. The other terms
cima (I # 1,1 # m) are defined similarly according to ¢y, in the following formulas.

2
g
2 - 1
31 = (1+epp +e3)cov(xy,. 5,) + (er1 — 612)k—x0m4 [x14]
1

302
1 2
+(e1n — 613)k—xcov(x%n,x%n)
1

303191 ( ) )30';‘1 L]
T (e —zepp+e3) = [ cm3 X1y
2ky 2k;

+ [(e11 —e13)
+ (9 + 3611 + 3612 + 661,1 + 662’1)01113 [xl,,]var(xz,,)

2
o
+ (3e11 — 3ern +6er 1 — 662,1)%11V31(X1n)Vaf(X2n),
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o2
_ _ 1
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+ 2(e171e_2k2h + e 2l 4 pmlhrk)h 4 e1,1eZkZh)var(xln)var(xzn),
o2
_ _ 1
(1+e)e M var(x]) + (e — e)e 1" i —=—=cmj3 [x1,]
1
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2
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1

koh

+(1+ el,l)e_kzhvar(xln)var(xzn) + e1,1€" var(xy,) var(xa;,)

var(xi,)var(xz,)

+ [e—3k|he—2k1h + o~ Bhitka)h terie

—4k|hek2h]

+ [e—zklhe—.%kgh ~kih ,~4koh kih

+e +e 1€ e_4k2h] var(xy,)var(xz,).

Cite this article: Wu YF. and Hu JQ. (2025). Method of moments estimation for the superposition of square-root diffusions. Probability in the
Engineering and Informational Sciences 39(1): 23—43. https://doi.org/10.1017/S0269964824000147

https://doi.org/10.1017/50269964824000147 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964824000147
https://doi.org/10.1017/S0269964824000147

	Method of moments estimation for the superposition of square-root diffusions
	1. Introduction
	2. Preliminaries
	3. Parameter estimation
	3.1. Estimation of the decay parameters
	3.2. Estimation of the marginal distribution parameters

	4. Numerical experiments
	5. Conclusion
	References
	 Appendix.
	 Asymptotic covariance matrix entries calculation
	On-diagonal entries
	Off-diagonal entries



