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Heat Kernels and Green Functions on
Metric Measure Spaces

Alexander Grigor’yan and Jiaxin Hu

Abstract. 'We prove that, in a setting of local Dirichlet forms on metric measure spaces, a two-sided
sub-Gaussian estimate of the heat kernel is equivalent to the conjunction of the volume doubling
property, the elliptic Harnack inequality, and a certain estimate of the capacity between concentric
balls. The main technical tool is the equivalence between the capacity estimate and the estimate of a
mean exit time in a ball that uses two-sided estimates of a Green function in a ball.

1 Introduction

In this paper we are concerned with heat kernel estimates for regular local Dirichlet
forms on metric measure spaces. The heat kernel is a surprising source of many
phenomena in diverse areas of mathematics and science. There is a vast literature
devoted to various aspects of heat kernels; see, for example, [2,6,13-15,17,32-34,36—
39] for Euclidean spaces or Riemannian manifolds, [8, 10, 24, 25] for tori or infinite
graphs, [3,5,9,27] for certain classes of fractals, and [12, 19,20, 26,28,30,31,41] for
metric spaces.

The purpose of this paper is to obtain equivalent conditions for two-sided sub-
Gaussian estimates of the heat kernel for the full range of time and space variables.
In the simplest case the sub-Gaussian estimate has the form

where p,(x, y) is the heat kernel in question, d(x, y) is a metric, V (x, r) is the volume
function of a metric ball, and 8 > 1 is a parameter that is called the walk dimension.
One of our main results, Theorem 3.14, ensures that under some simple assumptions
about the volume function such an estimate of the heat kernel is equivalent to the
following two conditions: the uniform Harnack inequality for harmonic functions
and the following estimate of the resistance between two concentric balls B = B(x, r)
and KB = B(x, Kr):

P
Vi(x,r)’

(1.1) res(B,KB) ~
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where K is a large fixed constant. On the other hand, such a sub-Gaussian estimate
of the heat kernel is equivalent to a certain two-sided estimate of the Green function.

The main technical result of the paper is Theorem 3.12, which ensures the equiv-
alence of the resistance condition (1.1) to a certain mean exit time estimate from a
metric ball. To obtain Theorem 3.14, we combine Theorem 3.12 with the results of
[20,26].

In Section 2 we give necessary background material about abstract heat semi-
groups. In Section 3 we state the two above mentioned theorems, and prove Theorem
3.14 using Theorem 3.12. The proof of Theorem 3.12 is postponed to Section 8 after
we develop the necessary tools.

In Section 5 we prove some properties of the Green operator, in particular, the
existence of its kernel, the Green function, under the Harnack inequality. The most
challenging part of this section is obtaining an annulus Harnack inequality for the
Green function without assuming any specific properties of the metric d, unlike pre-
viously known similar results [4], [25] where the geodesic property of the distance
function was used. A desire to have results for a general metric d is motivated by
a number of applications. For example, the proof of the uniqueness of Brownian
motion on Sierpinski carpet in [7] uses Theorem 3.14 (although non-geodesic met-
rics are not required therein). Another possible application could be to self-similar
fractals with a resistance metric.

In Section 6 we prove a representation formula for superharmonic functions via
Riesz measures. This type of result is known in abstract Potential Theory [11], but
in our setting those results are not directly applicable, and so we give an independent
proof based on the heat semigroup.

In Section 7 we prove the pointwise estimates of the Green function using the
Harnack inequality and the resistance estimate. This type of estimate was known
on graphs [25] and on smooth manifolds [17], but the present singular setting im-
poses certain difficulties that we overcome using the potential-theoretic tools from
the previous sections.

In Section 8 we give the proof of Theorem 3.12 using all the machinery developed
in the previous sections.

Appendix A contains some auxiliary properties of capacities and Dirichlet forms.

Notation The sign ~ below means that the ratio of the two sides is bounded from
above and below by positive constants. The letters C,C’, ¢, ¢’ will always refer to
positive constants whose values are unimportant and may change at each occurrence.
The notation U & 2 means that U is precompact and U C 2. For any bilinear form
E(f,g),set E(f) := E(f, f). If Bis a ball of radius r, then AB is the concentric ball
with radius Ar.

2 Heat Semigroups

Throughout this paper we assume that (M, d) is a locally compact separable metric
space and that 1 is a Radon measure on M with full support. We refer to such a triple
(M, d, p) as a metric measure space.
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Denote by
B(x,r) = {y EM:dx,y) < r}

the open metric ball of radius r > 0 centered at x. We always assume that every ball
B(x, r) is precompact. In particular, the volume function

Vix,r) := p(B(x,1))

is finite and positive for all x € M and r > 0.

Let (€, F) bea Dirichlet form in L*(M, 1). Recall that (&, F) is regular if FNCo (M)
is dense both in ¥ and in Cy (M), where Cy(M) is the space of all continuous functions
with compact support in M, endowed with sup-norm. The form (&, F) is strongly
local if E(f,g) = 0 for any f,g € F with compact supports, such that f = const in
an open neighborhood of supp g.

Let £ be the generator of &; that is, £ is a self-adjoint and non-positive-definite
operator in L>(M, p) with the domain dom(£) that is dense in F and such that, for
all f € dom(L)andg € F,

S(f»g) = _('Cf;g)v
where (-, -) is the inner product in L?(M, ). The associated heat semigroup
P =é* t>0,

is a family of contractive, strongly continuous, self-adjoint operators in L?(M, 1) that
satisfies the Markovian property (cf. [16]).

Recall that for any f € L*(M, 1), the function ¢ — +(f — P.f, f) is increasing as
t is decreasing, and for any f € F,

lim ~(f = B, ) = €.

The form (&, ) is called conservative if P,1 = 1 for every ¢ > 0. Unlike many
other results about heat kernels of Dirichlet forms, ours never assume explicitly the
conservativeness of (€, F), although it may follow from other hypotheses.

A family {p; };~o of non-negative ;1 x p-measurable functions on M x M is called
the heat kernel of the form (&, F) if p, is the integral kernel of the operator P;, that is,
for any t > 0 and for any f € L*(M, p),

Pmmzfpmewwm
M

for p-almost all x € M.

For a non-empty open 2 C M, let F(£2) be the closure of F N Cy(€2) in the norm
of F. It is known that if (£, F) is regular, then (€, F(£2)) is also a regular Dirichlet
form in L?(€), 1). Denote by P! the heat semigroup of (€, F(€2)), and by £ the
generator of (€, F(2)).
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Recall that for any regular Dirichlet form (€, F), there is an associated Hunt pro-
cess.! Denote by X;,t > 0, the trajectories of a process and by P, x € M, the proba-
bility measure in the space of trajectories emanating from the point x. Denote by [,
the expectation of the probability measure P,. Then the relation between the Dirich-
let form and the associated Hunt process is given by the following identity:

P f(x) = Ecf(X),

which holds for any bounded Borel function f, for every t > 0, and for p-almost
all x € M (note that P, f is a function from L*° and hence is defined up to a set of
measure zero, whereas I, f(X;) is defined pointwise for all x € M). By [16, Theo-
rem 7.2.1, p. 380], such a process always exists but, in general, is not unique. Let us
fix one such process once and for all. If (£, F) is local, then the Hunt process X; is a
diffusion; that is, the sample path t — X; is almost surely continuous.

Example 2.1 Let M be a connected Riemannian manifold, let d be the geodesic
distance on M, and let i be the Riemannian volume. Define the space

W!'={fel*:Vfel’},

where L? = [*(M, u) and Vf is the Riemannian gradient of f understood in the
weak sense. For all f,g € W', one defines the energy form

&(f,g) = /M (V£ Vg)dp.

Let F be the closure of C5°(M) in W', Then (&, F) is a regular strongly local Dirichlet
form in L*(M, ). The heat kernel admits (cf. [2]) the two-sided Gaussian bounds

_C x —yI?
pley) = o= ).

Similar bounds also hold on some classes of Riemannian manifolds (see [18, 32]).
Note that in the above examples the Dirichlet form is local, and hence the corre-
sponding Hunt process is a diffusion.

Example 2.2 On some classes of fractals the heat kernel is known to exist and to
satisty the following sub-Gaussian estimate:

pilx, ) = ta% exp(_ ( dc(;cl,/g)) /’i/(ﬁ—l)) |

forallt > 0 and p x p-almost all x, y € M. Here d(x, y) is an appropriate distance
function, and o > 0 and 3 > 1 are some parameters that characterize the underlying
space in question.

Loosely speaking, a Hunt process is a strong Markov process whose sample paths are right continuous
and have left limit almost everywhere.
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3 Description of the Results

Definition 3.1 Let () be an open subset of M. We say that a function u € Fis
harmonic in Q if
E(u,v) = 0 forany v € F(Q).

A function u € JF is superharmonic in § if

E(u,v) > 0 for any nonnegative v € F(£2),
and is subharmonic in €2 if

E(u,v) < 0 for any nonnegative v € F(2).

Definition 3.2 We say that the elliptic Harnack inequality (H) holds on M if there
exist constants Cy > 1 and § € (0, 1) such that for any ball B(xo, ) in M and for
any function u € & that is harmonic and non-negative in B(xy, ), the following
inequality is satisfied:

(&) esup u < Cy einf u.
B(xg,0r) Bl(xo,0r)

Let us emphasize that the constants Cy and § are independent of the ball B(x,, r) and
the function wu.

Definition 3.3 We say that the volume doubling property (VD) holds if there exists
a constant Cp such that forallx € M and all r > 0,

(VD) Vix,2r) < CpV(x,1).

It is known that (VD) implies that forallx, y € Mand 0 < r <R,

(3.1)

)

V(x,R) R+d(x,y)\
Vy,r) ¢ ( r )

for some v > 0 (see, for example, [20]).

Definition 3.4 We say that the reverse volume doubling property (RVD) holds if
there exist positive constants «’ and ¢ such that, forallx € M and 0 < r <R,

V(x,R) o (5) f%'.

(3.2) Vix, 1) =7

Clearly, (RV D) implies that the space (M, d) is unbounded. On the other hand, if
(M, d) is connected and unbounded, then (V D) implies (RV D) (cf. [20]).

Let F be a continuous increasing bijection of (0, c0) onto itself, such that for all
0<r<R,

() < B o)

https://doi.org/10.4153/CJM-2012-061-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-061-5

646 A. Grigor’yan and J. Hu

for some constants 1 < 8 < 3’ and C > 1. Consider the inverse function R = F~!.
Obviously (3.3) implies that

C_l(g) 1/8’ < % < C(;) 1/8

forall0 <t <T.

Recall that a cutoff function ¢ of (A,2) means that € FNCp(2),0 < ¢ <1
in M, and ¢ = 1 in a neighborhood of A. It is known that if (€, F) is regular, then
for any open set {2 C M and any set A € 2, there is a cutoff function of (4, §2) (see
[16, Lemma 1.4.2(i7), p. 29]).

Definition 3.5 Let () be an open setin M and A € €2 be a Borel set. Define the
capacity cap(A, ) by

cap(A, Q) := inf{E(p) : ¢ is a cutoff function of (A, Q) }.

It follows from the definition that the capacity cap(A4, 2) is increasing in A, and
decreasing in €); namely, if A; C A,, 0 D €y, then cap(A;, 1) < cap(Ay, ).
Using the latter property, let us extend the definition of capacity as follows.

Definition 3.6 Let () be an open setin M and let A C 2 be a Borel set. Define the
capacity cap(A, 2) by

(3.4) cap(A, Q) = lim cap(ANQ,, Q),
n—r 00

where {€2,} is any increasing sequence of precompact open subsets of {2 exhausting
Q (in particular, AN §, € Q).

Note that by the monotonicity property of the capacity, the limit in the right-
hand side of (3.4) exists (finite or infinite) and is independent of the choice of the
exhausting sequence {2, }.

Definition 3.7 A function u in an open set ) C M is called cap-quasi-continuous
in Q) if, for every € > 0, there exists an open set U C {2 such that u is continuous on
Q\ U, and cap(U, ) < e.

By Lemma A.1, for any open 2 C M, any function u € F(€2) admits a cap-quasi-
continuous version u. This result is analogous to [16, Theorems 2.1.3 (p. 71) and
2.1.6 (p. 74)] that deal with another definition of quasi-continuity, related to another
notion of capacity [16, pp. 69,74].

Next, define the resistance res(A, ) by

1

reS(A, Q) = M
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Definition 3.8 We say that the resistance condition (Rp) is satisfied if there exist
constants K, C > 1 such that, for any ball B of radius r > 0,

—1& F(r)
C (B) < res(B,KB) < Cu(B)’

where constants K and C are independent of the ball B. Equivalently, (3.8) can be
written in the form

F(r)

(RE) res(B, KB) ~ i(B)’

We introduce the notions of the Green operator and the Green function.

Definition 3.9 For an open () C M, a linear operator G : L>(Q) — F(£2) is called
a Green operator if, for any € F(Q) and any f € L*(1),

&G f,0) = (f.9).
If G admits an integral kernel gQ, that is,

G flx) = /Q ¢ ) f(y)du(y) for any f € L*(S),

then g% is called a Green function.

We will address the existence and properties of the Green operator G in Lemma
5.1. The issue of the Green function g** is much more involved and is one of the key
topics in this paper (¢f. Lemmas 5.2, 5.3, and 5.7).

For an open set {2 C M, the function E® is defined by

Ex) = GM(x) (xe M),
namely, the function E* is a unique weak solution of the Poisson-type equation

(3.5) —LOEY =1,

provided that A, (£2) > 0.
It is known that

(3.6) E4(x) = Ey(1q) for p-a.a. x € M,

where 7q is the first exit time of the Hunt process {{X; }:>0, {Px }xem } associated with
(€, F); that is,

Q0 = inf{t >0:X; ¢ Q},
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where X; ¢ ) means that either X, € M \ Q, or X; = oo. Clearly, if the Green
function g exists, then

E(x) = G1(x) — / ¢, y)duly)
Q
for p-almost all x € M.

Definition 3.10 We say that condition (Er) holds if there exist two constants C > 1
and 6; € (0, 1) such that, for any ball B of radius r > 0,

(Er<) esup E? < CF(r),
B
(Er>) eéi%fEB > C7F(r).
Next we introduce condition (Gg).

Definition 3.11 We say that condition (Gg) holds if, there exist constants K > 1
and C > 0 such that, for any ball B := B(xo, R), the Green kernel g® exists and is
jointly continuous off the diagonal, and satisfies

R F(s)ds
< B < for all B
(Gr<) £°(x0,y) < C/Kld(xu’y) V) orall y € B\ {xo},
R F(s)ds
> B > —1 —1 )
(Gr>) g (x0,y) > C /Kld(xw) Vs forally € K~ B\ {xo}

The following theorem is key.

Theorem 3.12 Let (M, d, 1) be a metric measure space in which all metric balls are
precompact. Assume that (€, F) is a regular strongly local Dirichlet form in L*(M, ).
If (VD) and (RVD) are satisfied, then the following equivalences take place:

(H) + (Rp) < (Gp) < (H) + (Ep).

Remark 3.13 Condition (RVD) is required only for proving the implication (H) +
(Er) = (RF 2).

Because the proof of this theorem is quite involved, including numerous lemmas
and propositions, we give the following flowchart of the proof:

L5.7
!
L72 <+ L71
+ T
L73 — L74 L6.5
1 v N
L.6.2 and L.6.4
N v
L.8.2
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Before stating the second theorem of this paper, we introduce more conditions.

(UE) Upper Estimate: the heat kernel p;(x, y) exists, has a Holder continuous in
x, y € M version, and satisfies the following upper estimate

C 1 d(x, y)
< - __
(UE) P S oa exp( zt@(c ) ))
forallt > 0and all x, y € M. Here ¢, C are positive constants, R : =F~!, and
s 1
2=l )

(NLE) Near-diagonal Lower Estimate: the heat kernel p;(x, y) exists, has a Holder
continuous in x, y € M version, and satisfies the lower estimate

c
(NLE) pi(x,y) > ma

forallt > 0and all x, y € M such that d(x, y) < nR(t), where n > 0 is a sufficiently
small constant.

Denote by (U Eyeax) a modification of condition (UE) that is obtained by remov-
ing the Holder continuity of p,(x, y) and by relaxing inequality (UE) to u X p-almost
all x, y € M. In a similar way, we can define condition (NLE\a)-

Theorem 3.14 Let (M,d, ) be a metric measure space, where all metric balls are
precompact. Assume that (€, F) is a regular strongly local Dirichlet form in L*(M, ).
Assume also that (VD) and (RVD) are satisfied. Then the following sets of conditions are
equivalent:
(H) + (Er) <= (Gr) <= (H) + (Rg)
<= (UE) + (NLE)
<~ (UEweak) + (NLEweak)-

Proof The first line of equivalences is contained in Theorem 3.12. Denote by (Ep)
the following condition:

(EF) ]ExTB(x,r) = F(V)

for all ¥ > 0 and x € M \ N, where N is a properly exceptional set.” Let us show that
the following implications take place:

(UE) + (NLE)

i

‘ (UEweak) + (NLEweak) ‘

7 0
(H) + (Ef) | = | (H) + (Ep)

2A set N C M is called properly exceptional if it is Borel, #(N) = 0, and for some t > 0) = 0,
Py (X € NorX,— € Nforallx € M\ N (see [16, p. 152 and Theorem 4.1.1, p. 155]).
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which contain the remaining equivalences in the statement of Theorem 3.14. Indeed,
by [26, Theorem 7.4] we have the equivalences

(3.7) (H) + (Ef) < (UEyeak) + (NLEyear) < (UE) + (NLE).
Let us verify that
(3.8) (Ep) = (Ep).

Indeed, let B := B(xo, r) be any metric ball in M. For any x € B\ N we have, using
(Er) and B C B(x, 2r), that

]ExTB S ]ExTB(xVZr) S CF(ZT) S CIF(T)
Hence, it follows from (3.6) that

esup E? = esup E,73 < C'F(r),
B x€EB

thus proving (Ep <). On the other hand, for any x € 1B\ N, we have, using (Ep)
and B(x, r/2) C B, that

Ex7s > ExT(x,/2) = C'F(r/2) > CF(r),
and thus,

einfE? = einfE, 73 > CF(r),
B/2 x€EB/2

proving (Er >) as well as (3.8).
It remains to prove that

(H) + (EF) = (UEweak) + (NLEweak)-

For this we use the proof of [26, (3.7)] and verify that the condition (Ep) in that proof
can be replaced by an a priori weaker condition (Ef). By [26, Theorem 3.11] we have

(H) + (Ef) = (FK),

where (FK) denotes a certain Faber—Krahn type inequality (see [26, Definition 3.9]).
It follows from the inequality [22, (6.34)] that (Er) = (Sg), where (Sf) stands for a
survival estimate defined by [20, (5.23)]. By [20, Theorem 2.1] we have

(FK) + (Sr) = (UEyeax),

which implies
(H) + (EF) = (UEweak)~

Arguing as in [26, Section 5.4], one obtains
(H) + (EF) = (NLEweak)7

which finishes the proof. u
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4 Maximum Principles

We give three maximum principles; the first two are for a subharmonic function on
one open set, and the third is for a subharmonic function on the difference of two
open sets. All of them will be used later on.

Lemma 4.1 (Maximum principle) Assume that (€, F) is a regular Dirichlet form in
L2(M, ). Let Q C M be open such that Ayin(2) > 0, and let QO € Q be open. Assume
that u > 0 in M.

(1)  If uis subharmonic in €, then (see Fig. 1)

(4.1) esup u < esup u.
Q M\Q,

Consequently, if in addition u vanishes outside €, then

(4.2) esup u = esup u.
0 o\

(ii) Assume in addition that (E,F) is strongly local, Q) is precompact, and that u €
L>®(M). If u is subharmonic (resp. superharmonic) in €, then for any open

0, 5 Q,
(4.3) esup u < esup u,
Q 0\
4.4 resp. einfu > einf u).
(44) (resp QO T o\ )
Moreover, if u is continuous in a neighborhood of 0S), the above inequalities can
be replaced by
(4.5) esup u = sup u,
a o9
4.6 . einfu = inf
(4.6) (resp elﬁn u 16%14),

where 0Q = Q \ €, the boundary of Q.

Proof (i) Assume that esupyp o, U is finite; otherwise, (4.1) is automatically true.
If (4.1) fails, there will be a finite positive number ¢ such that

esup u > ¢ > esup u.
o) M\,

Since ¢ > 0, the function ¢ := (1 — ¢)4 is a normal contraction of u ([16, p. 5]),
and thus, ¢ € F. Moreover, ¢ € F(2), since (u — ¢)y = 0 outside £2;. Using
the subharmonicity of u and the Markov property of (€, F) (cf. [19, Lemma 4.3]), it
follows that

0> &(u,p) = E(u,(u — c)+)
> E((u—0)+) > Amin(V]|(u — o)+ |3 >0,
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u 1s subharmonic in Q

< ¥l 141z,

Figure I: Maximum principle

which is a contradiction, thus proving (4.1).
If in addition u = 0in M \ €2, we have

esup u = esup u.
M\Q, 0\Q,

Hence, it follows from (4.1) that

esupu < esupu < esup u,
O\ Q O\

showing (4.2).

(ii) Let 9 be a cut-off function of (€, ;). Since u,7 € F N L™, we see that
up € F N L. Forany p € F(), observe that the product of the two functions
u(yp — 1) and ¢ is equal to zero, and so (cf. [40, Prop. 4.1])

E@u® — 1),0) = 0.
We first assume that u is subharmonic in €. It follows that

(4.7) E(uh, 0) = E(u, ) + E(ul — 1), ) = &(u, ) < 0;
namely, the function ut is also subharmonic in 2. By (4.1), we have

esup u = esup(ur)) < esup(urp) < esup u,
Q Q M\Q, LA\

proving (4.3).

We next assume that u is superharmonic in 2. Similar to (4.7), the function ut is
also superharmonic in (2. To show (4.4), consider the function v := (a — u)1), where
a := esup,, u. Then v > 0 in M and is subharmonic in €2, since for any ¢ € F(£2),
using the strong locality of (€, F),

E(v,p) = al(h, ) — E(uy, o) = —E(ur, ) < 0.
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Hence, we see from (4.1) that

esup(a — u) = esupv < esupv < esup(a — u),
Q Q M\Q, 0\

proving (4.4).
Finally, if 4 is continuous in a neighborhood of 052, we have that, letting 2, | €,

esup u — sup u.
WA\ Q\Q

Similarly, letting 2, 1 €2, we have

SUp ¥ — sup u = sup u.
o\ o\Q o0
Therefore, it follows from (4.3) that

esup u < sup u,
Q 79

which gives (4.5), by using the fact that sup,, u < esupg u as 9Q C Q. The equality
(4.6) can be proved similarly. [ |

The second maximum principle is for a subharmonic function u where we do
not know a priori whether or not u keeps the same sign in the whole domain M,
as required in the first maximum principle, although this function u turns out to
be non-positive hereafter. This maximum principle will be used in the proof of
Lemma 6.4(ii).

For an open U C M and u, v € JF, denote by

u <v modF(U), (resp. u =v mod F(U))

if there exists some h € F(U) such that u — v < hin M (resp. u — v = hin M).

Proposition 4.2 Assume that (€, ) is a regular Dirichlet form. Let U be open such
that Amin(U) > 0. If u is subharmonic in U and u < 0 mod F(U), thenu < 0in U
(and thus also in M).

Proof Since u < 0 modJF(U), we have that u;, € F(U) (¢f. [19, Lemma 4.4,
p. 114]). Since u is subharmonic in U, we have that, for any non-negative p € F(U),
E(u, ) < 0. Letting ¢ = u, and noting that

& (u,u) = lim (s — P ) =~ lim = (P ) <0,
we obtain that
0> E(u,ur) =Ey) — E(u_,uy) > E(uy) >0,
and thus, E(u;) = 0. Therefore,
E(uy)

2
< =
||u+||L2(U) — )\min(U) ’

which implies that u < 0in U. [ ]
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Finally, we present a third maximum principle where the domain is the difference
of two open sets. It will be used in the proofs of Lemmas 5.3 and 7.4.

Proposition 4.3 Assume that (,F) is regular, local. Let § be open such that
Amin(£2) > 0, and let A C Q be compact. Let 0 < u € F(2) N L*>°, where u is

subharmonic in Q0 \ A and continuous in some neighborhood of OU for some open U
with A € U € (). Then

(4.8) esup u = sup u.
O\U ou

Proof Since we always have that esupq, ; # > supy, u, assume on the contrary that

m = sup u < esup u,

U Q\U
and we will deduce a contradiction.
Choose a small € > 0 such that
(4.9) esupu > m+e.
Q\U

Choose an open set V such that A C V C U, and Supy\y # < m+ €/2. Let p bea
cutoff function of (V, U). Consider the function u* := u— uw. Clearly, u* € FNL>°,
u*|y =0, and

wW<u<m+e/2inU\V.
Hence, the function v := (u* — (m + £/2)), satisfies that v|y = 0. Since v € F(Q),
by Proposition A.3, we have that v € F(Q2\ A).

On the other hand, using the locality of (£, J) and the fact that pv = 0, we have
E(uep, v) = 0. Therefore, by the subharmonicity of u, we obtain

8(”*71/) = 8(”71/) - 8(“@71/) S 0.

It follows that
0> &, v) > EW) > )\min(Q)HV”%Z(Q\A)v

showing that v = 0in Q \ A. Hence,
uw<m+e/2 inQ\A;

in particular, we have that u* < m +¢/2 in '\ U. But this gives a contradiction by
noting that #* = uin Q \ U and using (4.9). ]
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5 Green Operator and Green Function
5.1 Green Operator

We establish the existence of the Green operator and present its properties.

Lemma 5.1 Let (€,F) be a regular Dirichlet form in L*(M, ), and let @ C M be
open such that Apin(€2) > 0. Let LY be the generator of (€,F (%)), and set G =
(=LY, the inverse® of — L. Then the following statements are true:

(i) NG| < Amin() 7", that is, for any f € I2(),

(5.1) 1G” Fllz) < Amin( ) [ £l
(ii) forany f € L*(Q), we have that G f € F(Q), and

(5.2) E(Gf,9) = (f, ) forany p € F(Q);

(iii) forany f € L*(Q),
(5.3) GYf = / h P f ds;
0

(iv) G% is non-negative definite: G*f > 0if f > 0.

Proof
(i) This is trivial, since spec(G*) C [0, Amin(22) '], and 50 ||G*|| < Amin(2) 7.
(i) Letu = GQf. Then u lies in the domain of £%, and hence, for any ¢ € F(Q),

EGf,0) = E(u, 0) = — (L%, 0) = (f, ).

(iii) Using the spectral resolution, we see that

Py [ ey

Amin (

and hence,

/ POf ds = / / ¢ NIED f)d = / ( / e*ﬂds) dES f
0 Amin (€2) Amin (£2)
:/ 1dE§\2f—( LQ) lf7
Amin(€2)

showing (5.3).
(iv) Finally, since P?f > 0if f > 0 for any s > 0, we see from (5.3) that G is
non-negative definite. u

3Since A1 () > 0, the operator — £ has a bounded inverse in L?(€2, 11).
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5.2 Harnack’s Inequality and Existence of the Green Function

If condition (H) holds, we will show that the Green function g** exists and is jointly
continuous off diagonal.

Lemma 5.2 Assume that (€, F) is strongly local, regular, and that conditions (H) and
(VD) hold. Let Q@ C M be open such that Apin(2) > 0. Then there exists a function
¢ (x, y) defined for (x, y) € Q x Q\ diag with the following properties:

(i) GYf(x) = f%gg(x, 2) f(z)du(z) for any f € L*(Q) and a.e. x €

(i) g"(x, ) =g (y,x) > 0;

(iii) g%(x, y) is jointly continuous in (x,y) € Q x Q \ diag;

(iv) For any ball Bwith B C Q and any y € Q \ B,

(5.4) sup gQ(x7 y) < Cy inng(x, ¥),
X€EOB x€oB

where constants Cy, 0 are the same as in condition (H).

Proof The proof is quite long. We first show the existence of g (x, y) for (x,y) €
0 x Q) diag.

Fix a point x € Q, aball B:= B(x,R) € Q, andset U = Q \ B. Let f be any
non-negative function in L?(£2) that vanishes outside U. Then G% f is harmonic in B
because for any ¢ € F(B),

&G f,0) = (f,p) =0.

Hence, by condition (H) and (5.1),

1 1/2
. Qf - fGOf < / Q 2
(5.5) esdng f< CHe}sg G'f< CH(i,u(éB) 6B(G 1) d,u)

< Cup(0B) ™ V2(|G2 fl| 20

< Cuapp(OB) ™ Amin( ) 7| fll 2y = C1(2, B)|| fll 20y,
where the constant C; (2, B) is given by

Cy

Amin(Q) V H(CSB) .

Since (€, ) is strongly local, using (5.5) and the fact that G f > 0, the harmonic
function G f| satisfies the following oscillation property: for any ball B(z, p) C 6B
andany 0 < r < p,

Cl (Qv B) =

)
Osc G f := esup GV f — einf G2 f < 2( 1) Osc G?
B(z,r) f B(z})) f B(z,r) f= p/  Blzp) f

"~ ry?
(5.6) gz(;> eS}lpGQf§2cl(Q;B)(;) 1 fllz2w),
0B
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where 6 > 0 is a constant depending only on constants Cy, § in condition (H); see
[26, Lemma 5.2]. Thus the function G f admits a Holder-continuous version in 5B
that will also be denoted by G* f.

It follows from (5.5) that

G f(x) < CULB)||fll 2wy

so that the mapping f + G f(x) is a bounded linear functional on L*(U). By the
Riesz representation theorem, there exists a unique giw( ) € I*(U) that is non-
negative in U and such that

G f(x) = / $Y(2) f(2)du(z) for any f € L*(U).
U

Let {By }x>1 be a shrinking sequence of balls centered at x such that (| By = {x},
and let Uy = Q \ By. Then we obtain a sequence of the functions g‘*U that is con-
sistent in the sense that gVt |, = ¢gf:Uk. This allows us to define a function g’ on
Q\ {x} by g = g*U* on Uy. By construction, g’ € L2 (2 \ {x}) is non-negative in
0\ {x} and satisfies

(5.7) GO f(x) = / () f()du(z)
Q

for any f € L*(Uy) and k > 1.
We claim that (5.7) also holds for any f € L*(2), that is,

(58) 610 = [ 2)f(@ua) forany f € Q)
Q
Indeed, set f; = f1y, for any non-negative f € L*(£2). Since (5.7) holds for f,
6fitx) = [ g0 f@u)

We let k — oo and obtain that G* f; — G f in L*(2) from the monotone conver-
gence theorem, because
LX)
fo— f
and G” is bounded in L?(£2) by (5.1). This proves our claim.
Observe that for any ball A € U,

Q . _Cuvu(64)
(5.9) 16 aallimcom < S ) VB

since, taking f = 154 in (5.5), we see that

G154 |1 58) < C1(Q, B)|| 164l 250) = [(6A)2.

Cu
Amin (§)+/11(0B)
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Let us show that G*: L'(§A) — L>(0B) is bounded; that is, for any f € L!(5A),

(Cn)?

5.10 G < LGA)-
(5.10) max G f < Q) u(dB),u(éA)HfHL (64)
Indeed, interchanging the balls A and B in (5.9), we obtain that

Q Crvu(oB)
|G 15|l L 54) £ —— ="
/\min(Q) V ,U(JA)

Hence, for any non-negative f € L'(5A),

G fl|m) = (G f, 1sp) = (f, G*1sp) < || fllzion |G Lon L o)

< el
= Amin(Q) V(@A) O

Therefore, using condition (H),

1
w(0B)

rr(%xGQf < Cumin G f < Cyl IG® £l sm)

< Cal ) a1
= Amin(Q)VR(OB)(0A) MO

proving (5.10).
Now for y € U, let {¢,},>1 be a decreasing sequence of positive numbers shrink-
ing to 0 such that A := B(y, ;) C U; see Figure 2.

A=B(y,¢)

Figure 2: Domains A and B

Let u, , :== G, ,, where

1

= — 1 R
fuy w(B(y,e,)) P
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such that f, , — d, weakly in Co(M) as n — 00, where J, is the usual Dirac function
concentrated at point y. It follows from (5.6) and (5.10) that for B(z,p) C 6B and
0<r<p,

AN ry’ (Cn)?
_ esup u, , < 2( — A ]
p) 6Bp y (p) )\min(Q) N((SB)/L((sA)llf )’HL (6A)
= 2( 1) ’ (Cn)?
P/ Amin(2)v/ 11(0B) 11(0A)
Therefore, the sequence {u, , } is uniformly bounded and equicontinuous in 6B. By

the Arzela—Ascoli theorem, there exists a subsequence {u,,,,} that is uniformly con-
vergent in ¢ B. In fact, the limit is gy, that is,

(5.11) Oscuy, < 2(
B(z,r)

(5.12) gy(z) = klirgo GQf,%y(z) uniformly for z € ¢B,

because, for any ¢ € Cy(dB), using (5.8),

(unk.,ya 90) = (Gank,yv 90) = (f”k‘)” GQQO)

= G%(y) = (g ),

and hence
Upyy — gy weakly in Cy(6B) as k — oo.

We now define the function g(y, x) by
gy, x) =g (x) = Jim G fy(x) >0
for almost all (x, y) € Q x Q \ diag.

We next show that such gQ( ¥, x) satisfies properties (i)—(iv).
Indeed, property (i) is clear by (5.8). Property (ii) follows by using (5.8),

000 = Jim 64,00 = fim [ g0, o)
= &' () =g"(x ).

To show property (iii), we have from (5.11) that, for any 0 < r < dR,

Osc GQf <2(L>9 (CH)2
Ben T TGRS Apin(Q)VR(OB)(A)

and hence, passing to the limit as k — oo,

Q ) RV (CH)2
R T W (O W/ E T TE VR
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It follows that g**( -, y) is Holder-continuous in 6B locally uniformly for y € U, and
thus, the function g* is jointly continuous away from the diagonal.

More precisely, for any x;,y; € 2 and any r;,r, > 0 such that B(x;,r) N
B(y1,1) = @,and B(xy, 1) C Q,B(y1,12) C 2, we have that

|gQ(X1,)’1) *gQ(x27Y2)| <

26~%(Cp)? d(x;, %)\ ¢ rd(yr,y2)\?
)\min(Q)\/V(xl,c;rIl)V(yl,5r2){( x:’1xz) +( y;yz ) }’

where x, € B(xy,0r;) and y, € B(y1,012).
Finally, to show property (iv), let Bbe an arbitrary ball with B C €2, and let y € B.
Note that u, , satisfies condition (H) in B uniformly for n > 1; that is,

max G fi, , < Cyrmin G fy, .

Passing to the limit as k — co, we obtain (5.4). [ |

Next we establish the maximum-minimum principle for the Green function
gQ(xo, -). Since we do not know whether or not the function gQ(xO, -) belongs to
F, making it harmonic in Q \ {x,}, we are not able to apply directly the maximum
principles established before, as one can when M is a graph or a manifold.

Lemma 5.3 Assume that all the hypotheses of Lemma 5.2 hold. If x) € U € 2, then

5.13 inf ¢%(xo, -) = infg™(xo, - ),

(5.13) Jinf £, ) = infex, )

(5.14) sung(xO, ) = sung(xo, ).
O\U ou

Proof Let 2, 1 €2 such that €2, is precompact open, 2, D U for each n. Let Uy |
{xo} such that each Uy is open, and U; € U. Let uy := G fi ,, where fi, — 6y,
weakly in C(M) as k — oo, for example fiy, = 1/(u(Uy)) ly,. By the proof of
Lemma 5.2, the sequence {uy }2°, converges uniformly to g*(xo, - ) on each compact
subset of Q \ {x0}, as k — oo.

We first prove (5.13). To do this, note that each 1 = G” fx, is superharmonic in
2 (and in particular in U), since for any non-negative ¢ € F(2),

E(ur, ©) = (frxp> ) = 0.
As U is precompact, we have from (4.6) that, for each k,

(5.15) einf u; = infu.
T U

Clearly, for each 1, we have that 9U C U \ U,, C U, and thus

einfu, < einf u, <i

€ ,nf U
U U\U, U
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for each k. Combining this with (5.15), we see that einfU\Un ur = infyy uy. Letting
k — oo, we obtain that

. Q ) — g Q .
ﬁm[ig (%0, ) larlljfg (%0, ),

and then letting n — 0o, we conclude that (5.13) holds.
We next show (5.14). In fact, since each u is harmonic in Q \ Uy, it follows from
Proposition 4.3 that supg, \; tx = supyy ux for each n. Letting k — oo, we have that

sup g (xp, -) = sup g (xo, -),
Q\U U

and then letting n — oo and using the continuity of g (xo, - ) off diagonal, we con-
clude that (5.14) holds. [ |

It is not hard to see that (5.4) is equivalent to the following: if
d(z1,25) < 5[d(x0,zl) A d(xo,zz)]
for any points xy, 21,2, € €2, then ¢%(xo, z1) =~ g% (x0, 22); that is,
(5.16) C™'g%(x0,22) < g"(x0,21) < Cg"(x0,22)

for some C > 0.
We introduce the Harnack inequality for the Green function g

Definition 5.4 We say that the Green function g** satisfies the Harnack inequality
if g is jointly continuous off diagonal, and if there exist some (large) constants K, C
such that for any ball B = B(xy, R) and for any precompact open set {2 O KB,

(HG) sup g™ (xp, -) < Cinfg®(xo, -),
9B OB

where C may depend on K, but both K and C are independent of the ball B and the
set €2

We will show that (HG) is true if conditions (H) and (VD) hold. In order to do
this, we need the relatively connected property of balls.

Definition 5.5 For constants ¢ € (0,1) and K > 1, a metric space (M, d) is rela-
tively (e, K)-ball-connected if there exists an integer N = N(g, K) such that for any
ball B(xo, KR) and for any two points x, y € B(xo, R), there is a chain of balls {B; }Y,
of the same radius R inside B(x,, KR) connecting x and y, that is,

X€By~B ~By~---~By>y,

where B; ~ B; means that B; N B; # J; see Figure 3.
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Figure 3: Balls {B;}}, connecting two points x and .

We give a sufficient condition for ball-connectedness.

Proposition 5.6 Assume that (€,F) is a strongly local, regular Dirichlet form, and
that conditions (H) and (VD) hold. Then (M, d) is relatively (e, K)-ball-connected for
anye € (0,1) and any K > 87!, with the same § as in condition (H).

Proof Fixe € (0,1) and K > 6, and let B := B(xo, R). For the ball B(xy, KR), by
condition (VD), there exists a finite number of balls {B;})Y;, of the same radius eR
that covers B(xy, KR), where N depends only on K, € (cf. [29, Theorem 1.16, p. 8]).
It suffices to show that if X;, X, € {B;} and X; N B # @ (j = 1,2), then X; and X,
can be connected by a chain of balls from {B;}.

To see this, denote by {2 the union of all the balls in {B;} that can be connected to
X;. Clearly, the set €2 is open. We claim that €2 is also closed in B(x, KR).

Indeed, for any point y € B(x, KR) \ €, there exists a ball X in {B;} such that
y € X. If X intersects one of the balls in 2, then X C €2, which contradicts the fact
that y ¢ €. Thus, X does not intersect any ball from ; that is, 2 N X = &, and y
has an open neighborhood XN B(xg, KR) outside 2. Therefore, the set B(xy, KR) \
is open, showing that {2 is closed in B(xy, KR).

Let Y := B(xy,d"'R) so that B C Y C B(xy, KR), and let

A=0NnY=0nY.

Then A is compact. Let u be a cut-off function of (A, 2). We will show that u is
harmonic in Y. In fact, for any ¢ € FNCy(Y), we have that supp(up) C QNY = A
whilst # = 1 in a neighborhood of A; see Figure 4.

Hence by using the strong locality, we have that &(u,up) = 0. Similarly,
E(u, p(1 — u)) = 0 because supp(p(1 — u)) C Y NA° C Y N Q° whilst u = 0 in Q.
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u 18 harmonic in ¥
Figure 4: Function u and domains A, Y.

Therefore,
E(u, ) = E(u,up) + E(u, (1 —u)) =0,

proving that # is harmonicin Y.

Hence, we can apply condition (H) for the non-negative harmonic function u for
the pair (B, Y).
Letx € X;NBC QNY = A. Forany y € X, N B, we obtain

1 =u(x) < Chuly),

which gives that u(y) > 0. Thus, y € (2, since u is a cut-off function of (A, 2) and
u = 0in Q°. Hence, X, N B C {2, showing that X, can be connected to X; by a chain
of balls in {B;}. The proof is complete. ]

The last part of the above proof was motivated by [26, Theorem 7.3(a)].
We next show that condition (HG) holds.

Lemma 5.7 Assume that all the hypotheses in Lemma 5.2 are satisfied, then condition
(HG) is true where K > 6. Consequently, for any ball KB C Q with center xq,

sup g“(xp, -) < Cinfg“(xp, -)
O\B B

for some C > 0 independent of the ball B and ).

Proof First observe that (M, d) is relatively ball-connected by using Proposition 5.6.
Fix a ball B := B(xp, R), and let {2 be open such that B(x,, KR) C 2. Since gQ(xo7 )
is continuous on 0B, let x and y be two points on 0B such that

g% (%0, %) = supg™(xo, -), g% (x0,y) = infg" (xp, -).
OB OB
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We need to show that

(5.17) g% (x0, %) < Cg" (%0, 7).

Clearly, if d(x, y) < JR, then (5.17) with C = Cy follows from (5.4). In the sequel,
we assume that d(x, y) > 0R.

Let e = 6°/4, and let {B;}IY; be any fixed chain of balls with the same radius R
in B(xg, KR) connecting x and y. Denote by B; := B(§;, €R), and note that

XEBONBlNBZN"'NBNBy.

We will prove (5.17) according to the location of the centers {£o, &1, &, -+ ,én} of
the balls {B; })Y,. We distinguish two cases.

Case 1: d(xg,&;) > OR for each i (see Figure 5).

Figure 5: The point xo lies outside each of the balls B(&;, R).

Consider the function g (xy, - ). Fori = 0,...,N — 1, note that
d(&;, &) < 2eR = 6°R/2 < §(6R) < 6 min{d(xy, &), d(xo, Eiv1) }
Applying (5.16), we obtain that gQ (x0,&) ~ gQ(xO, &i+1), and thus,
g"(x0, &) = g"(x0, &n).-
Also we have
" (x0, %) = ¢"(x0, &), g% (x0,En) = g% (%0, 7).

Therefore, we conclude that ¢ (xo, x) ~ ¢ (xo, y), proving (5.17).
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Figure 6: The points x’,x"" and y’, y'’.

Case 2: d(xy,&;) < OR for some i.

Let x’ := & be the point from {&y,&;,...,Ev} such that all the centers
£0,£1,&, ..., & lie outside B(xg, 6R) whilst the next center &, lies inside B(xy, 0R).
Denote by x'’ := &1 (see Fig. 6).

At the same time, let y’ := ¢; be the point from {&, &1, ..., &n} such that &,
lies inside B(xo, dR) whilst all the next centers &;, 11, . . ., &y lie outside B(xy, dR).
Denote by y’/ := &;_;. At this stage, we do not care about any ball with center in

{£k+27 £k+37 R 7£j72}'

We further distinguish three subcases.

Subcase 2(a): There exists a point 7) from {y’, {j41, ..., {n} such that

207
dix',n) < ?R-
(See Fig 7).
By Case 1, we have already proved that
(5.18) " (x0, x') =~ g% (x0, %), g% (x0,m) =~ g"(x0, 7).

On the other hand, consider the function g (xo, - ). Since
, 262 5 , ,
dx',n) < TR < 0°R < d min{d(xo, x"), d(x0,n)},

we see by (5.16) that g (xo, x') ~ g*(x0, 1), which combines with (5.18) to show that
(5.17) also holds.
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Figure 7: Case 2a: The points x" and 7 are close.

Subcase 2(b): There exists a point & from {&p, &1, &, - - -, E—1, %’} such that

2
d(y',€) < %R.

In this case, we can similarly prove that (5.17) holds, as we did in Case 2(a).

Subcase 2(c): d(x',z) > 2 Rforall z € {y',Ejs, -+ ,&v}, and d(y’,2) > 2R for
allz € {&,&1,6, -+ ,&—1,x"} (see Fig. 6).

Consider the function ¢g”*(x’, - ). Foreach k = j, j+1,...,N — 1, we see that
&R 26* ,
d(& ) < 2R = = < §( S-R) < dmin{d(x', ). d(x', )}

Applying (5.16), we have that ¢ (x’, &) ~ ¢ (x’, &41), and so
(5.19) gy =g ).
On the other hand, consider the function g (y, -). Since
d(y,x"") > d(y,xo) — d(xg,x"") > R — 6R > 6°R,
d(y,x") > d(y,xo) — d(xo,x"") — d(x"',x") > R — R — 2R > §°R,

we see that
3

R
dx",x") < 2eR = 67 < 6(6°R) < dmin{d(y,x"),d(y,x"")} .

Thus, we have by (5.16) that g (y, x’) ~ ¢(y, x""). Also noting that d(x"’, x,) < 0R,
and d(y, xy) = R, we apply (5.4) to obtain that

(5.20) gy, x"") ~ ¢y, xo).
Therefore, as ¢ (x, y) = g**(y, x"), it follows from (5.19) and (5.20) that
g y") ~ g (y. %)
Similarly, we obtain that ¢”(x’, y’) ~ g¢%(x,x,). Therefore, we conclude that
(5.17) also holds. n
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6 Some Potential Theory
6.1 Riesz Measures Associated with Superharmonic Functions

For any open ) C M, we show that any non-negative superharmonic function f €
JF(€) admits a regular Borel measure vy such that f can be expressed as an integral
of the Green function g* with respect to v/y. This measure vy is called a Riesz measure
associated with f. Recall that for the classical case, F. Riesz proved the following
theorem, now called the Riesz decomposition theorem (cf. [1, T.4.4.1, p. 105, and
Def. 4.3.4, p. 102]).

Lemma 6.1 Assumethat (€, ) is a regular Dirichlet form. Let Q0 C M be non-empty
open, and let f € F in M.

(1) If f is superharmonic in §) and if one of the following two conditions is satisfied:
(a) f>0inM;
(b) f € F(Q) (f being not necessarily non-negative in M);
then P2 f < finQ forallt > 0.

(i) IFPEf< finQforallt > 0and f € F(), then f is superharmonic in Q.

Consequently, when Q) = M, any non-negative function f is superharmonic in M if
and only if P, f < f forallt > 0.

Proof (i) The function u(t, -) := P? f — f is a weak subsolution of the heat equation
in Ry x Q (¢f [19, Example 4.10, p. 117]), and satisfies the initial condition

()
u.(t,-) — O0ast — 0.

We need to verify the boundary condition
(6.1) u (t, ) € F(Q).

If f > 0in M, thenu(t, -) = P f— f < P?f in M, and thus, by [19, Lemma 4.4],
condition (6.1) is true. If f € F(Q), sois u(t, - ), and (6.1) is also true. In both cases,
using the parabolic maximum principle (see [19, Prop. 4.11, p.117]), we obtain that
u < 01in (0, 00) X Q,thatis,P?fg finQforallt > 0.

(ii) Assume now that P f < f € F(Q). Then, for any non-negative function
¢ € F(Q),

_ PSZ
e(f.o) =lim( L1 ) >
t—0 t
which means that f is superharmonic in 2. ]

We will show that the Riesz measure exists for any non-negative superharmonic
function.

Lemma 6.2 Assume that (€,5) is a regular Dirichlet form, and let Q@ C M be an
open set. Let f € F(Q) be a non-negative superharmonic function in 2.
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(i)  Then there is a regular Borel measure vy on ) such that

f—Pf

(6.2) ;

—vyast =0,

where the convergence is weak in Cy(§2). Moreover, measure vy does not charge
any open set where f is harmonic.

(ii) Assume further that Amin(Q2) > 0 and that the Green function gQ exists and is
jointly continuous off diagonal. Assume in addition that the function f is bounded
in Q and harmonicinU = Q \ S where S C Q is a compact set. Then

(6.3) fm=/fmeM)
S

for p-a.a. x € Q.

It follows from (6.2) that, for any ¢ € F N Cy(£2),
(6.4 (f.0) = [ oy,
Q

Recall that if f € dom £, then E(f, ) = (=L f, ). Hence, identity (6.4) allows
us to define— £ f := v for any non-negative superharmonic function f € F(Q).

Proof (i) Foranyt > 0and ¢ € Cy(f2), set

s = (L1 )

so that ¢ — &,(f, ) is alinear functional in Cy(€2). Let us show that lim,_,¢ &,(f, )
exists for all ¢ € Cy(2). Fixing a precompact open set V. C §2, we shall prove that
lim;— €,(f, @) exists for all ¢ € Cy(V) (which will imply the same for all ¢ €
Co(£2)). Let 2 be a cutoff function of (V, Q). Then, as t — 0,

PQ
[E=50) < [ v = e - e
LY(V)
It follows that, for sufficiently small + > 0 and for all ¢ € Co(V),

Q
efol < || L2 suplel < e0f 00+ 1supleh

LY(V)

that is, &(f, ) is a bounded linear functional of ¢ € Cy(V), and the norm of this
functional is bounded uniformly in ¢. Since lim,;_, &,(f, ¢) exists (and is equal to
E(f,p)) for all ¢ € F, in particular, for ¢ € F N Cy(V), and the latter set is dense
in Cy(V') by the regularity of (&€, F), it follows that lim,_,o &;(f, ) exists for all p €
Co(V).
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Since &;(f,) > 0 for non-negative ¢, the lim, ¢ &;(f, ) is a non-negative

linear functional on Cy(£2). By the Riesz representation theorem, the functional
lim,_, &;(f, ) determines a regular Borel measure v on (), so that

lim &,(f,¢) = / pdvy forall p € Cy(Q).
t—0 Q

If f is harmonic in an open set U, then E(f, ¢) = 0 for all ¢ € F(U). It follows that
E(f,p) = 0ast — Oforall o € FNCy(U), and hence, fU wdvy = 0 for all such
. Since I N Cy(U) is dense in Cy(U), we conclude that vy = 0 on U.

(ii) Since g is jointly continuous off diagonal and measure 1 is non-atomic, we
see that gQ(x, y) is measurable with respect to dvs(y)dpu(x), as the measure of the
diagonal is zero. Then the integral

/ / 8" (x, y)p(x)dvy(y)dp(x)
MJMm
is defined for all ¢ € Cy(M), and hence, by Fubini’s theorem, the integral

L] "onetuco] austy)

is also defined. Therefore, the function
G = / g (x, y)p(x)dpu(x)
M

is v-measurable.
Let us prove that, for any fixed non-negative ¢ € Cy(£2),

(6.5) E(f,G) = /G%dyf.
S

Observe first that )

G flloe < ———[flocs

6% flle < 5 M1

that is, G is a bounded operator in L>(£2) (see (8.17) or [26, Lemma 3.2]). Hence,
the function u := G is a non-negative bounded function on €. Recall that, by
(5.2),
(6.6) E(f,u) = &(f,G%) = (£, 9).

Let ¢; be a cutoff function of S in some small neighborhood of S. Let V be a pre-
compact open neighborhood of supp ¥;. By Lemma A.1, the function u is cap-quasi-
continuous in €2, and, hence, in V. That is, for any € > 0 there is an open set E C V
such that cap(E, V) < £/2,and u is continuous in V'\ E. By the properties of capacity
we also have cap(E, ) < €/2. Since E € (), there exists a cutoff function ), of (E, 2)
such that £(¢),) < € (see Fig. 8).
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Figure 8: Functions v, and 1),

Since u € F N L*°, we see that the following three functions are also in J N L*°:

up = uh1(1 —py), ,uy =upy, uz=u(l —1).

Note that u; + u; + u3 = u in M. Let us investigate the terms in (6.5) separately for
each of the functions ;.

By construction, u; has compact support and is continuous in 2. Indeed, u; van-
ishes on the sets {¢); = 0} and {¢, = 1}, while on {¢); > 0} N {¢p, < 1} the
function u is continuous. By (6.4), we have

sqmn:/u@q:/M1—wa,
Q S

where we have used the fact that v¢(S°) = 0 and ¢); = 1 on S. It follows that

mﬂm—AMMSWMAwawmxmmy

Next we have

f-Pf

E(f )| = lim (S )

: — P
< o lim (L ) = fuclies, ),
The function u; vanishes in an open neighborhood W of S (where ¢; = 1); we

have that u3 € F(U) by using Proposition A.3. Since f is harmonic in U, we obtain
E(f,us3) = 0. Adding up the above estimates of E( f, u;) and using the fact that

E(f 1) < E()2Ewn)'? < E()2! 2,
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we obtain

’8(f, u) — /udl/f| < 2||uooH8(f)1/251/2.
S

Since € > 0 is arbitrary, we conclude that (6.5) holds.
Finally, for any 0 < ¢ € Cy(€2), we have that, using (6.6) and (6.5),

/Qf(x)so(x)du(x) =&(f,u) = /Gﬂw(y)de(y)
S

:/S(/Qgﬂ(y,x)@(x)du(x)) dvy(y)

_ / ( /S &7 vy () pR)dp),

showing that (6.3) holds for p-a.a. x € Q. [ |

The following example says that for some superharmonic function f, the associ-
ated Riesz measure vy may coincide with the measure y; that is, vy = p.

Example 6.3 Let f = E%1q be the weak solution of (3.5). Then 0 < f € F(Q) and
f is superharmonic in €2, since for any 0 < ¢ € F(12),

E(f.0) = E(E g, ) = /ngdu >0,

Hence, this function admits a Riesz measure v, which is actually equal to p, since
for any ¢ € F N Cy(N),

/wduzﬁ(f,so):/sodl/f,
Q Q

and then use the fact that the space F N Cy(€2) is dense in Cy(£2).

6.2 Reduced Function

We introduce a reduced function i of u € € F N L™ with respect to (A, 2). Roughly
speaking, a reduced function # of (A, 2) is one that is obtained by cutting off u such
that 4 = uin A, #is harmonic in Q \ A, and # € F(Q) (so that @ vanishes outside ).

Lemma 6.4 Assume that (E,5) is regular and let Q@ C M be precompact with
Amin(€2) > 0. Let A be a compact subset of Q and set U = Q \ A. Fix a function
u € FN L™, fix a cutoff function 1 of (A, ), and let f € F be the solution to the
following weak Dirichlet problem in U:

{f is harmonic in U,
(6.7)
f=uyp modF(U).
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Define the function 1 on M by

u inA,
f inA°

<)
I
——

(see Fig. 9).

(i) Thenu e F(Q).

(ii) Ifin addition u > 0 in M and u is superharmonic in S, then Ul is also superhar-
monicin ), and 0 < u < uin M.

The above function # is called a reduced function of u with respect to (A, €2). For
example, the capacitory potential of (A, (2) is a reduced function of any cutoff func-
tion of (€2, M); see Proposition A.2.

Figure 9: Functions u and @

Proof (i) We have uy) € FN L, and the Dirichlet problem (6.7) has a unique weak
solution (cf. [26, Lemma 7.1]). It follows from (6.7) that v := wip — f € F(U). Let
us verify that 7 = f in M, that is,

(6.8) #=uwp—vin M.

Indeed, in A we have # = u = ut) — v, because ) = 1 and v = 0 in A, and in A we
have # = f = ui) —v by the definition of v. Since ue) € F(Q) andv € F(U) C F(Q),
it follows from (6.8) that u € F(Q).

(i) Since wrp > 0 and Apin(U) > Apin(€2) > 0, we have by the maximum
principle (¢f. Proposition 4.2) that f > 0in M, and hence & > 0 in M. The function
f — u is obviously subharmonic in U. Since f —u < f —upin M and f — uy)p =
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0 modF(U), we have f — u < 0 mod F(U). Hence, using the maximum principle
again, we obtain that f — u < 0 in M. Therefore, # < u in M.

It remains to show that # is superharmonic in 2. By Lemma 6.1(ii), we need to
show that

(6.9) PtQiZ < uforanyt > 0.

Indeed, we have that in A, P95 < P'u < u = #. To prove (6.9) in U, observe that
w(t, -) := P2# — 1 obviously is a weak subsolution of the heat equation in R, x U,
and satisfies the initial condition

)
we(t, ) — Oast — 0.

We claim that the boundary condition

(6.10) wi(t, ) € F(U)

also holds. To see this, note that, using part (i) and (6.8),

(6.11) P a<Pu—ua<u—(u)p—v)=(1—1p)u+vinM.

The function h := (1 — v)u vanishes in an open neighborhood of A, and thus, by
Proposition A.3, we see that h € F(U). Asv € F(U), it follows from (6.11) that

w(t, ) < h+ve FU),

thus proving our claim (6.10) by using [19, Lemma 4.4].
Finally, using the parabolic maximum principle (see [19, Prop. 4.11, p. 117]), we
conclude that w < 0 in Ry x U. This finishes the proof. |

6.3 Capacitory Measure

We prove here some properties of the capacitory measure (also called the equilibrium
measure).

Lemma 6.5 Assume that (E,5) is a strongly local regular Dirichlet form. Let Q, U be
precompact open subset of M such that U € ). Assume that Amin(2) > 0 and that the
Green function g exists and is jointly continuous off diagonal. Let u, be the capacitory
potential of (U, Q). Then there exists a regular Borel measure v, supported on OU such

that

(6.12) v,(dU) = cap(U, Q)

and

(6.13) up(x) = /OU ¢ (x, y)dv,(y) forallx € Q\ OU.

In particular, we have

(6.14) / gQ(x,y)de(y) =1forallx € U.
U
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Proof The capacitory potential satisfies the following properties: u, € JF(£2),0 <
u, < 1inQ, uply =1,

(6.15) &(up) = cap(U,Q),

and u,, is harmonic in 2\ U. Note that u,, is a reduced function of any cutoff function
of (Q, M), and is superharmonic in € (cf. Proposition A.2).

We claim that for any two precompact open subsets U, U, of Q withU; € U &
U,, the potential function u, is harmonic in 2 \ S, where S := U, \ U;.

Indeed, for any 0 < ¢ € F(Q\ S), by Proposition A.4, we can decompose p =
©1 + @2, where 1 € F(U), ¢, € F(Q\ U). Therefore, as u, is harmonic in Q \ U
and (&, JF) is strongly local, it follows that

E(up, ) = E(up, 1 + ) = E(up, 1) + E(up, p2) = E(up, 1) =0,

thus proving our claim.

Therefore, by Lemma 6.2, there exists a regular Borel measure v, associated with
up asin (6.2), and v, is supported on S = U, \ U, forany U; € U € Us,.

On the other hand, let {u;}°, be a minimizing sequence of u,, that is, each uy is
a cutoff function of (U, ), and &(ux) — &(u,). By (6.4),

E(up, ux) = /ukdyp.
S

Since ux = 1 in a neighborhood of U, and 0 < u, < 1in M, we see that
Vp(OU) < 1y (T \ U)) < /ukdup < 1T\ V),
s

and hence, v,(0U) < E(up, ux) < VP(UQ \ Uj). Letting k — oo and then using
(6.15), it follows that, for any U; € U &€ U,,

v,(0U) < cap(U, Q) < v,(U, \ Uy).

By the regularity of v/,, the measure UP(Uz\Ul) — vp(0U)asU, T Uand U, | U.
Therefore, we conclude that

cap(U, Q) = &(up) = v,(0U),

thus proving (6.12).
Finally, if ¢! exists and is jointly continuous off diagonal, then (6.13) follows di-
rectly from (6.3). [ |

For any point x; € 2 and any ¢ > 0, consider the set

(6.16) Axg) :=={y e :gﬂ(xo,y) > c}.

We look at the capacity cap(A.(xo), {2).
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Proposition 6.6 Assume that (€, F) is regular and strongly local, and let @ C M be

precompact open such that Apin(Q) > 0. Assume that the Green function g exists and
is jointly continuous off diagonal. For any ¢ > 0, ifxg € Ac(x) and if A(xy) € €2, then

cap(Ac(xo), Q) = %

Proof Since g is jointly continuous off diagonal, the set U := A.(xo) is an open
subset of 2, and the boundary

OU = 0A.(xg) = {y €N :gQ(xo,y) = c}.

As xq € U, it follows from (6.14) that
1= / ¢ (x0, ¥)dvy(y) = cvp(OU).
U

Combining this with (6.12), we obtain cap(U, Q) = v,(0U) = % This finishes the
proof. ]

7 Resistance
7.1 Green Function and Resistance

The following lemma gives a two-sided estimate of the resistance res(U, 2) in terms
of the values of the Green function g** on the boundary OU.

Lemma 7.1 Assume that (€, F) is regular and strongly local, and that conditions (H)
and (VD) hold. Let Q@ C M be open such that A\pin(Q2) > 0. If xo € U € €, we have
that

(7.1) inng(xo, -) <res(U,Q) < sung(xo, ).
ou U
Proof Let A.(xy) be defined as in (6.16), and let
a:= sung(xo, -), b:= infgg(xo, ).
ou ou
Since g®(xo, - ) is non-negative and jointly continuous off diagonal, we see that

0<b<a<oo.

Note that a > 0; otherwise, g’ (xo, - ) = 0 on U, and thus, using (6.14), we have

1=/ §% (%0, y)dv,(y) = 0,
ou

where v, is the capacitory measure for cap(U, 1), leading to a contradiction.
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Note that if b = 0, the first inequality in (7.1) is clear, and the second one can be
proved in a similar way as below. In the sequel, assume that b > 0. Let ¢ > 0 be
arbitrarily small.

We first show that

(7.2) ianUng(xo, ) < res(U, Q).

Indeed, by Lemma 5.3, we see that
igng(xO, S) = inng(xo, )=b>b—¢e>0,
U ou

and thus U C A,_.(xp). Since g (xp, - ) is continuous in 2 \ {xy}, we can choose an
open set U; such that U C U; € €2, and

gQ(xo,x) > b —eforanyx €,0U;
where QU is contained in a neighborhood of OU. Let
Ap_(x0) = Up NAp_c(x0).
Then we see that x) € U C A]__(x) € 2, and forany y € 9(A;__(xo)),
gQ(xo,y) >b—e.

It follows from (6.14) and (6.12) that

- / ¢ (x0, 7y (7)
DAL ()

> (b—e)wy(0(Ap_.(%0)) ) = (b — ) cap(A}_.(x), ),

where 1 is the capacitory measure for cap(A;__(xp), ). Therefore,

cap(U, Q) < cap(4;_.(x),Q) <

1 .
b—¢’

thatis, b — e < res(U, §2), proving (7.2).
We next show the second inequality in (7.1), namely,

(7.3) res(U, Q) < sung(xo, ).
ou
Indeed, by Lemma 5.3, we see that

Sung(Xo, ) = supgﬂ(x07 ) =a,
O\U ou
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and thus A,(xy) C U and cap(A,(x), Q) < cap(U,Q). If xo € Au(xo) C U € Q,
using Proposition 6.6, we havecap(A,(xp), 2) = %, thus proving (7.3).

If xo ¢ Au(xo), by the definition of A,(x,), we have that g¢*(xo,x)) < a < a +¢.
Using the continuity of g (xo, - ), we can choose a neighborhood Ny, of x; such that
N, C U, and

gQ(xo,x) <a+eforanyx € Ny,.
Denote by A/ (xo) the set A,(xg) UN,, . Then we see thatxy € N, C AL(xp) C U € Q,
and for any y € 0A.(x),
gQ(xo, y) <a+te.

It follows from (6.14) and (6.12) that
1= [ dn)
0A](x0)

< (a+e)v,(0A)(x0)) = (a+e)cap(A.(x),Q),

where v, is the capacitory measure for cap(A/(xo), ). Therefore,

— 1
cap(U, ) = cap(U, Q) = cap(A;(x), ) = ———
that is, a + € > res(U, Q2), thus proving (7.3).
Finally, combining (7.2) and (7.3), we finish the proof. ]

As a consequence of Lemma 7.1, we have the following lemma.

Lemma 7.2 Assume that (€, F) is regular and strongly local, and that conditions (H)
and (VD) hold. If Q) is a precompact open set containing a ball KB, where B = B(xy, R)
and K > 671, and such that Amin () > 0, then

(7.4) infgﬂ(xo7 -) ~ res(B, ) ~ sung(xo, ).
OB 9B

Proof Since condition (HG) holds, we see that
inng(xo, C) sung(xo7 ).
a8 B

Using (7.1), we obtain the desired result. |

We next estimate the sum of a finite number of resistances. For this we need the
following lemma.

Lemma 7.3 Assume that (€,F) is regular. For any two open sets 0,2, in M such
that Q0 € Qy and Amin(Q1) > 0, and for any non-negative f € L*(€),), we have

(7.5) esup(G2 f — G f) < esup G f,
o 0\U
where U is any open subset with U € Q,. If G f is continuous in a neighborhood of
00y, then
(7.6) esup(G f — G f) = esup G2 f.
Qz QZ\QI
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Proof Letu:= G f— G f. Then u > 0in M and is harmonic in ©,, since for any
¢ € F((h),

E(u,0) = E(G™f =G f,0) = (f,9) — (f,) = 0.
Therefore, for any U € (2, by the maximum principle (4.1), we have

esupu < esup u = esup u.
0 M\U 2\U

As u < G%f in M, we see that esupq,\y 4 < esupg \y G f. Hence, it follows
thatesup, u < esupg \ G f, which implies that, using the fact that Q, \ €, C
QZ \ Ua

esupu = esupu V esup u = esup u V esup G f
Q, 0 W\ 0 WA\

< esup G2 £V esup G f = esup G f,
Q\U L\ Q\U

proving (7.5).
If GQZf is continuous in a neighborhood of 9€2;, welet U 1 € in (7.5) and obtain

esup u < esup G2 f.
(o8 LA\

On the other hand, it is obvious that

esupu > esup u = esup G2 f.
o 0\ LA\

Thus, we conclude that (7.6) holds. [ |

Lemma 7.4 Assume that (€, F) is regular and strongly local, and that conditions (H)
and (VD) hold. Fix a ball B(xy,R) and set B, = K"B forn = 0,1,2,..., where
K > 6L Foralln > m > 0, if Amin(By) > 0, then

n—1
7.7 By 0~ B, Bis1) ~ inf g% ).
(7.7) supg” (x, ) D res(Bi, Bi) = inf g™ (x, -)

k=m

Proof For each k > 0, let us show that forany y € M \ {x},

(7.8) g% (x0, ) — g% (x0,y) < sup g% (xo, ).

Bis \Bk

Indeed, note that (7.8) trivially holds for any y ¢ B. We will prove (7.8) for any
y € B\ {x0}-
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To do this, we have from (7.5) that, for any concentric ball B’ € By,

esup(GBk“f — GB“f) < esup GBk“f,

Bii By \B’
and thus for any fixed point y € B \ {xo},

(7.9) GBr fly) — Gka(y) < esup GBk“f.
BkH\Bl

Choose f = fyx, — 0y weakly in C(M) as n — oo. The function GP+ fux 18
harmonic in By, \ B, since f,, vanishes in a small neighborhood of x,. Hence,
using the maximum principle (4.8),

esup GBrn fux, = esup GBrn fxo-
B \B’ 9B’

As GBe f, . is continuous in By, \ B’, letting B’ 1 By, we obtain from (7.9) that

(710) GBkan,xo (}’) - Gkan,xo (}’) S SUP GBkan,xy
OBy

By (5.12), we have already shown that, as n — oo,

G™ fux,(¥) = g% (x0,7),  G™ fu(y) = g% (x0, 9),
and at the same time,
GBkan,xo( : ) — gBk+1 (x07 : )

uniformly in the compact subset OBj.
Therefore, passing to the limit as # — oo in (7.10), we obtain that

gBk“ (x0, ) _gBk(x()’y) < suprk+1 (x0, -) < sup gBk+l (x0, ),
OBk Bk+1\Bk

thus showing that (7.8) holds for any y € By \ {xo}.
It follows from (7.8) that, using (5.14) and (7.4),

87 (x0, ) — 8% (x0,y) < sup g™ (xo, )
Byar \ Bk
= sup g™ (xg, -) < C) res(By, Bri),
OBy

for some C; > 0. Adding up k from m+1 to n— 1, we obtain that forall y € M\ {xo},

n—1

(7.11) g% (xo, ) — g% (x0, ) < C1 > res(By, Besa).

k=m+1

https://doi.org/10.4153/CJM-2012-061-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-061-5

680 A. Grigor’yan and J. Hu

On the other hand, using (7.4) again, we have

(7.12) supr’"“(xo, -) =~ res(B,, Bpt1)-
03m

Therefore, combining (7.11) and (7.12), we conclude that

n—1
(7.13) sup g™ (xo, -) < C1 ) _ res(By, Bes).
OBy k=m
We next show that
n—1
(7.14) k; res(Bi, Byt) < G infg™ (x, -,

for some C, > 0. Indeed, since (&, F) is strongly local, we have (¢f. [23, Lemma 2.5,
p-157]) that

n—1

Z res(By, Bry1) < res(Bu, By).

k=m

Using (7.4), we have
res(By,, By) =~ })gng”(xo, ).

Therefore, we obtain (7.14).
Finally, combining (7.13) and (7.14), we obtain (7.7). [ |

7.2 Estimates of the Green Function

We give an upper estimate of the Green function under conditions (H) and (Er <).

Theorem 7.5 Assume that (€,F) is regular and strongly local, and that conditions
(H), (VD) and (Er <) all hold. Then for any ball B := B(xo, R), the Green kernel g®
exists and satisfies the following estimate: forall y € B\ {x0},

R F(s)ds
B
(Gr <) g ) SC/r/A;sV(xo,sV

where r = d(xo, y) and constant C > 0 is independent of the ball B.

Proof Fixapointy € B\ {xp}. Let r := d(x, y), and let n be an integer such that
27"R<r<2 VR
Fork=0,1,...,nlet

e = ZikR and Bk = B(an rk)'
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Let 0 < f € L% Note that for U C €,

) 1 Q
(7.15) ell}lfG f< m/UG fdu

_ ﬁ /U ( /Q &0 ) fO)u(y) ) dut)

%) / ( /U £ AR f()dpty)

E oo (
S

Since the function G? f — GP+! f is harmonic in By, for each k, we have by (H) that
it is Holder-continuous in 0 By and, using (7.15), (VD), and (Er <),

sup(GP f — GP1 f) < Cyy 1nf(Gka GP+1 f) < Cy 1nf GB f

OBy Bir1 Bis1
|| E% |z B F(Tk)
<C
< Oyl )y < c S

Therefore, fork =0,1,...,n,

F(ry)

Choosing f = f,, — &, weakly in Co(M), and using the facts that G® f, , = 0 and
|| fuylli = 1, we obtain that

G% f(x0) — G™1 f(xp) < C

n

F(ry)
GBf,,Ty(xo) = ;[GB Ty (x0) — GBk”fny(xO) Z M(g;)

Hence, letting n — oo and using (5.12), we have

(7.16) P, y) < Z ot

On the other hand, as both F and V (x, - ) are non-decreasing and r/4 < 2R =
Tus1, We have

R n Tk
/ F(s)ds S Z/ F(s)ds
r/a SV (x0,8) — =), sV (x0,9)

- F(res1) - F(rk41)
7.17 =1n2
(7:17) Z V(xo, 1) Sy, Z V(x0, %)
(7.18) >C’ Z _F) (using (3.3) ).
k=0 V(X(), rk)
Combining (7.16) and (7.18), we obtain (G <). [ |
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7.3 Continuity of G f

We investigate the continuity of the function G f. Before doing this, we need the
following general result.

Proposition 7.6 Assume that conditions (3.3) and (VD) hold, and let 0 < A\, A\; < 1,
and B := B(xg, R). Foranyt > 0, let

. R F(s)ds
J)= /A V)

Then we have
(7.19) CIF(R) < A F(dxo, ) du(y) < CE(R),
1B

where constants Cy, C, are independent of the ball B, but may depend on A\, A;. If further
condition (3.2) holds, then

(7.20) A F(d(xo, ) dily) < CO[ A In 2428+ 0] ),
1B

1
where C()) is independent of A, and R.

Proof Since f is non-increasing, we have that

(7.21) / f(d(xo,y))du(y) > f(MR)V(x0, \1R).
B
As the functions F and V (xg, - ) are non-decreasing, we see that, using (3.3),
R E(s)ds _ FOMR) (R ds F(R)
(7.22) (MR) = / > = >C' N ———.
S ank SV (x0,8) — V(xo,R) Jyngr S ! V(x9,R)

Therefore, it follows from (7.21) and (7.22) that, using (VD) again,

A £ (dGxo, ) duly) > FONRV (o ALR)
1B

V(x0, MR)F(R)

2 CI(>\7)\1) V(x R)
0>

> C'F(R),

thus proving the first inequality in (7.19).
We next show the second inequality in (7.19). Indeed, we have that

AR
(7.23) fld(xo, y))duly) = f@)dv (xo, 1)
0

B

MR
= OV (o, D — / Vo, ) f(0)dt
0

MR
< FOMRV (x0, MR) — / V(s 1) £ (£)d.
0
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By (3.1), we see that

1 R Vo, R _ (7)” 1
V(x0, \MR) — V(x0,R) V(x0, AMR) = U AN V(x0,R)’
and hence,
R F(s)ds F(R) R s
7.24 AMR) = < —
( ) FOuR) /MlR sV (x0,5) = V(x0, AMR) Jyar $
(GNP Co )a (L) _F®
o V(Xo,)\A]R) )\/\] A)\ V(XO,R).

On the other hand, using (3.1) and (3.3),

AR , B AR F()\t)
AR B MR B(AE) dt
<C(\) / —dt C(\)E(R) /0 TR
< C'(NF(R) / % = CONE(R).

Therefore, it follows from (7.23), (7.24), and (7.25) that

! L\ Vi MRIF(R) 5
/ o ) dut) < o 53) " (In330) =R F CONE®)

< C(A ADF(R).
Finally, it remains to show (7.20). Note that

R F(s)ds

AR SV (xo, )
AR R
) R EB(s)ds / F(s)ds
=V(x, )‘IR){ //\)\IR sV (xo, 5) " e SV (X0, 9) }

By the monotonicity of F and V (xo, - ), the first term

(7.26) FMR)V (x0, MR) = V(x0, \iR)

MR MR
% F(s)ds V(x9, A1R) o ds
7.27 V(x0, MR < F(\ R) —0 A1) ad
(7:27) (0, M) AMR SV(xo,S) i )V(an)\/\lR) AMR S
FOR)

< C(MF(AMR) = C(MF(R)

F(R)
< C'(WFR)(A)”  (using (3.3)).
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Similarly, using (3.3) and (3.2), the second term

R F(s)ds B F(s) V( xo,)\ R) ds
Vo, MR) //\IR sV (xg,s) )/1R F(R) V(x0,s) s

R a
e [ (3) (%)%

1
= cF(R)(\))* / P =1y,

Al

If 3 = o', we have f;l sP=a'=1ds = In 71]’ and if 8 # o, we have

1
o 1 P
B—a'—1 7. _ 1— B—a

Als ds ﬂfa’( (A1) )

Hence, the second term

R F(s)ds
2 1% cF @] W
(7.28) (xo,/\lR)/AlR Voo < (R)(A n>\ A0 N )
Therefore, it follows from (7.26), (7.27), and (7.28) that
, 1 , p
(7.29) FMR)V (x5, \IR) < C'(MF(R) (XI’ In N +AY + )\1“?) .
Combining (7.23), (7.29), and (7.25), we arrive at (7.20). [ |

Lemma 7.7 Assume that (E€,F) is regular and strongly local, and that conditions
(H), (VD),(RVD), and (Er <) all hold. Let §2 be a bounded open subset of M with
Amin(2) > 0, and let f € L*°(Q2). Then the function

@ﬂwszwmvmmw>

is continuous for x € ). In particular, the function E* = G%1q, is continuous in ).

Proof Without loss of generality, assume that || f|lcc < 1. Fix a point xy € €, and
let R > 0, p > 1 such that

B := B(xp,R) € Q C B(xg, pR).

Let {x}7°, C Bsuch that x; — xg as k — o0o. Let n > 0 be small, and let d(x, xp) <
d(nR) for any k > 1, where 4 is the same as in (H). Then

60— 6 )] = | [ ") St [ o) fy)duty)
Q Q

(7.30) < / ¢ (ex, y)du(y) + / g% (xo, y)du(y)
B(x0,nR) B(x,nR)

+/ |87 (xk, y) — 8% (%0, ¥)| dpay).
Q\B(Xo nR)
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We claim that

lim g% (xx, ¥) — g% (x0, »)|du(y) = 0.

k=00 J O\ B(xo.nR)

Indeed, as g is jointly continuous off diagonal, we have that, for any y € Q '\
Blxa, nR), Q Q

Jim g% (e, y) = g7 (%0, ¥).
Noting that x; € B(xg, d(nR)) for all k > 1, it follows from (5.4) that, for any y €
Q\ B(xo, nR),

g7 (xk, ) < Cug”(x0, ).
By condition (Er <), the function gQ(xo, -) is integrable in €2; that is,

/Q 0, )ily) = Exo) < CF(R).

Therefore, applying the dominated convergence theorem,
lim g% ek, y)dp(y) = / g% (x0, )du(y),
k—=o0 Jo\B(xo,nR) Q\B(x0,7R)

proving our claim.
We next estimate the two terms in (7.30). It is enough to consider the first term,
as the second one is treated similarly. Now fix k > 1, and let

B 2R B(s)ds
0=, Fos

By Theorem 7.5, we have that, using that fact that Q C B(xo, pR) C B; := B(xx, 2pR),

/ ¢, y)duly) < / & Get )da(y)
B(x9,mR)

B(xx,2nR)
<c / F(dCe 7)) duty).
B(xx,2nR)

Using (7.20) with A\ = n/p, A = i and with R, xq being replaced by 2pR, x; respec-
tively, we obtain that

’ 1 ’
(7.31) / f(dxe, y)) duly) < C(n“ In— +n + nﬂ) F(2pR) = o(n).
B(xk,2nR) n
Therefore, it follows from (7.30)—(7.31) that
Jdim G0 — G fx)| < 20(m),
thus proving the continuity of G f. ]

Remark 7.8 Under the hypotheses of Lemma 7.7, the essential supremum and es-
sential infimum in conditions (Er <) and (Er >) in Definition 3.10 can be replaced
by supremum and infimum, respectively.
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8 Proof of Theorem 3.12
8.1 Implication (H) + (Rp) = (Gf)
Proof Let B := B(xy, R) and choose K > 4 \V § . We split the proof into two steps.

Step 1. We prove the lower bound (Gr >). There exists some C > 0 such that for all
VaS K~'B \ {xO}a

R
_ F(s)ds
Gr > B,>cl/7, = d(xo, y).
(Gr >) g (x0,y) > V) r=d(xo,y)
Indeed, choose the integer #n > 1 such that
(8.1) K" R<r < K"R,
and for i > 0, set
(8.2) r;:==K 'R and B;:= B(x,r;).
As K~y > K=" 2R, similar to (7.17), we have that
R n+1 n+l
F(s)ds F(s)ds F(r;)
6y ] g K
K—1r SV X(),S) Tiv1 SV(X(),S) V('x07 rl+1)
n+1
F(r;
CZ Ui by (3.3)).

V(xo, i+1)

The last two terms for i = nand i = n + 1 in the sum can be bounded by the term

%, since we have that, using (3.3) and (VD),

F(rnJrl) F(rn) F(rnJrl) V(X(), rn) < F(rn)

Vo, rar1)  Vxora) Fr) Vo, ran) — Vo, )’

and a similar bound for the other term:

F(rnJrZ) < F(rn)
Vi(xo, rn2) = Vixo,7m)

Hence, it follows from (8.3) that

R F(s)ds = F(rit1)
8.4 T o B S P
(8.4) /Kflr sV(xp,s) — iz:; Vi(xg, ri41)
n—1
<c’ Z res(Biy1, Bi) (by condition (Rg >))
i=0

< C"infg"(xo, ) (by (7.7)).
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On the other hand, using the fact that y € B,, \ B,1, we have from (5.13) that
g (x0, y) > infg’(x, -) = infg’(xy, -)

This combines with (8.4) to prove that (G >) holds.
Step 2. We prove the upper bound (Gr <). There exists some C > 0 such that for all
y € B\ {xo},

R F(s)ds
B
(Gr <) g (x0,y) < CA_lr sV(xg,s)

, 1 =d(xo, y).

Fix y € B\ {x}, and set r = d(xo, y) as before.

Case (a) when y € K™ 'B\ {x0}. Let n,r; and B; be respectively defined as in (8.1)
and (8.2). It follows that

& (x0, ) < sup g(xo, -) = sup g8(xo, -) (by (5.14))
B\B,11 OBy
<C> res(Bi1,B) (by (7.7))
i=0
i F(rl+1) ope
<cC' by condition (Rp <)).
Z V(xo, ris1) (by (Re <))

Therefore, using (7.17), we obtain (Gr <).

Case (b) when y € B\ K~'B. We want to derive (Er <). If so, we are done using
Theorem 7.5.

Let x € B. We see that B C B(x, 2R) := B’. It follows that, using (5.14),
(8.5) E’(x) = / g (x, y) du(y) < / g% (x,y) du(y)
B B
— [ e [ ¢ ydu)
OB’ B’\6B’
S/ g% (x.y)du(y) + sup g" (x, )u(B).
OB’ 9(6B’)

By (7.4) and (3.3),

; F(26R) F(R)
sup g% (x, -) ~res(6B’,B') < C <c’ ,
a(azg)g () ( )= p(dB") = u(B’)

and hence,

(8.6) sup g% (x, - )u(B") < C'F(R).
d(6B’)
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It remains to estimate the integral on the right-hand side of (8.5). Indeed, by Case
(a), we have that for y € §B’,

2R
/ F(s)ds
B <C / .
g oyl < k-1, SV (x,5)
Therefore, by Proposition 7.6 where f(t) = Igljlr Sf,(af) , we obtain
() & du) <C [ f(dexy) ducy)
5B/ 5B’

< C'F(2R) < CF(R).

Finally, adding (8.7) and (8.6), we prove that condition (Er <) holds.
This finishes the proof. ]

8.2 Equivalence (HG') & (H)

We introduce an alternative Harnack inequality, denoted by (HG'), for the Green
function g? on a ball B, and will show that (HG’) < (H) by using Lemmas 6.4
and 6.2.

Definition 8.1 (Condition (HG')) We say that condition (HG’) holds if, for any
ball B in M, the Green function g exists and is jointly continuous off diagonal, and
forany y € By \ B, with some balls By = p1B,B, = p,B(0 < pa < p; < 1),

(HG") esupg®(-,y) < Cjreinfg?(-,y),
5'B, d'B,

where Cf; > 1 and 6’ € (0, 1) are independent of B and y, but 6’ may depend on
P2, P15 and CI/—[ on 6l7 P2, P1-

We now show the implication (HG') < (H).

Lemma 8.2 Assume that (€, ) is a local, regular Dirichlet form, and that A (B) >
0 for any ball B in M. Then (HG') = (H). If in addition (€, ) is strongly local and
(VD) holds, then

(8.8) (HG') <= (H).

Proof Fix aball Bin M, and let u € L°° (M) be non-negative in B and be harmonic
in B. We need to show that

(8.9) esup u < Cy einfu
5B 0B

for some constants Cy; > 1and d € (0, 1), which will imply condition (H). It suffices
to prove (8.9) assuming in addition that u € L°°(M), because then the Harnack
inequality for arbitrary u follows by the proof of [26, p. 1280, Theorem 7.4)].
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Assuming in the sequel that u € L°°, we split the proof into four steps. Let B; and
B, be the same as in condition (HG').

Step I We cut off the function u such that it becomes non-negative globally in M, but
still in F. For this purpose, let ¢ be a cutoff function of (B, B). Let u; := u¢. This
function u; will do. Indeed, it is easy to see that #; > 0 in M (noting that u; vanishes
outside B), and u; € F N L™,

Let us further show that u; is harmonic in By. Indeed, let ¢ € F(B;). We have that
E(u, ) = 0 by the harmonicity of u. Noting that u(¢ — 1) = 0 in a neighborhood
of By, we see that E(u(¢p — 1), ) = 0 by the locality of (€, F). Hence,

8(”17@) = 8(u¢7@) = 8(“(¢) - 1),(,0) + 8(u,<p) = 07

showing that u; is harmonic in B;.

Step 2 Let i1 be a reduced function of u; with respect to (B;, By), as defined in
Lemma 6.4; that is,

i € F(By),
i is superharmonic in By,

1//{\1 = u in Bz.
Let us show that #; is harmonic in B,. Indeed, let ¢ € F(B,). By Step 1, the function
uy is harmonic in By, and thus, €(u1, @) = 0. Since the function #; — 1 vanishes in
By, by the locality of (€, F), E(i1; — uy, ) = 0. Hence, we conclude that
E(ti1, ) = E(ur, ) + E(i — u1, ) = 0,

proving that #; is harmonic in B,.

Step 3 LetS = B; \ B,. By Step 2, the function i is harmonic in B, = By \ S. Since
Amin(B1) > 0, it follows by Lemma 6.2 that

in(x) = /gB‘ (x, y)dv(y) for p-a.a. allx € By,
S

where v := vy is a regular Borel measure determined as in (6.2) whose support is
contained in S. By condition (GH'), forany x;,x, € §’B;, and foranyy € B{\B, = S,

' (x,y) < ChLEM (xa, ).

Therefore, we conclude that, for almost all x;,x, € §’B,,
) = i) = [ £, y)dv(y)
S

< qu/gB‘ (x2, y)dv(y) = Cfy ity (x2) = Clyu(xy).
S
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Setting Cy = CJ; and choosing 6 > 0 such that 6B = 0'B,, that is, 6 = p,d’, we
obtain (8.9).

Finally, by Lemma 5.2, the opposite implication (H) = (HG’) is clear. Indeed,
we may choose p; = %, P2 = % and §’ = §,C/; = Cy, and then apply (5.4). Hence,
the equivalence (8.8) holds. This finishes the proof of (8.9) for bounded u and hence
the entire proof. ]

8.3 The Implication (Gr) = (H) + (EF)

Proof Fix a ball B := B(xp, R). Let K be the same as in condition (Gg). We split the
proof into three steps.

Step 1 (Gr) = (H). By Lemma 8.2, it suffices to prove that (Gr) = (HG’). Choose
& = % and
B, := (4K)"'B and B, := (6K)"'B.

We need to show that there exists a constant C = C(K) > 0 such that, for all x;,x, €
8'B, = (8K)"'Bandall y € B; \ By,

(8.10) C7'gP(x1,y) < &P(x2, ) < CgP(x1, y).

Let us prove the first inequality in (8.10).
For i = 1,2, we have that

d(y,x;)) < d(y,x0) + d(x0,x;) < (4K)"'R+ (8K) 'R = 3(8K) 'R,
and that
d(y,x;) > d(y,x0) — d(xo,x;) > (6K)"'R — (8K)"'R = (24K)™'R.

As B C B(y, 2R), we have by (Gr <) that

2R
F(s)ds
(8.11)  gP(x1,y) < g0 (xy, y) = U (y,x) < C /
K—d(y.x1) SV(}/7 5)

2R F(s)d F(R
<c / s _ o, FR) - milar to (7.24)).
k-124x)-1R SV (,5) V(y,R)

On the other hand, as B(y,R/2) C B, we have by (Gr >) that, using the fact that
d(y,x,) < 3(8K)~'R < K~'(R/2),

R/2 E(s)ds
(8.12)  gP(xa,y) > PR (xy, y) = gPORID( ,x)zc/
§ » g e 8 y% ’ K—1d(yx,) SV(}/’S)

(similar to (7.22)).

c /R/Z F(s)ds _ . F(R)
= k—2r2 SV (ys) — V(. R)

Combining (8.11) and (8.12), we obtain the the first inequality in (8.10).
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The second inequality also holds by interchanging x; and x,. Hence, condition
(HG") holds.

Step 2. (Gg) = (Ef). We first show that, for some C, > 0,

(8.13) supEB(x) < C,F(R).
xEB

Indeed, for x € B, we have that B C B(x, 2R), and thus
EP(x) = /gB(x, y)du(y) < /gB("’ZR)(& y)du(y)
B B

séh/m POE ) duty) (using (Gr <))

K—d(x,y) SV (x,5)

< C,F(R) (using (7.19)),

thus proving (8.13).
We next show the opposite inequality, that is, for some C; > 0,

(8.14) inf E3(x) > C,F(R),
XxXEOB

where § = K~!. Indeed, fix x € JB, and let B’ := B(x, (1 — §)R). Then B’ C B, and

thus
B = [ @endun = [ ¢ nduty
B B
(1=OR " F(s)ds
—1 .

> ~/K—13’ [C /K_ld(w) Sv(x75)} du(y) (using (G >))

> C,F(R) (using (7.19)),
thus proving (8.14). [ |

8.4 Implication (H) + (Er) = (H) + (Rg)
We need the following two lemmas.

Lemma 8.3 Assume that (€, F) is regular. Then for any two open subsets U € Q) of
M such that Apin(2) > 0, we have

Q
(8.15) res(U, Q) < %O

Proof Let u, be the capacitory potential of (U, ), that is, u, € F(Q),uply = 1,
and
E(up) = cap(U, Q).
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It follows that ||u,||3 > p(U) and

&(up) < cap(U, Q)

)\min(Q) S y )
[[up 13 wU)

showing that
(8.16) res(U.Q) < — 1

' ’ o ,U(U))\min(Q) ’
On the other hand, we claim that
(8.17) L <

) )\min(Q) - >

Let u, be a non-negative minimizing function for the first eigenvalue

)\min(Q) = inf iuga
ueF(\{0} [|ull3

(such a function u, exists since A\ i, (€2) > 0), thatis, 0 < u, € F(Q) and
E(Ue, ©) = Amin(€2) : u.pdp for any ¢ € F().
In particular, taking ¢ = G%1 = E®, we have
€1, 615) = Ami() | (G100

Observing that & (u,, G"1¢) = fQ u.du, it follows that

Jo el > Jo vedpt 1

Amin(Q): = - 5
Jo ue(GMo)dp — [|GMNqllos [ uedp [|GHalloo

proving our claim.
Finally, combining (8.16) and (8.17), we finish the proof. [ |

Lemma 8.4 Assume that (€, F) is regular and strongly local. Let 2 C M be open with
Amin(Q) > 0, and assume that the Green function g exists and is jointly continuous off
diagonal. Then, for any open set U € €,

(infyy E%)?

(818) reS(U,Q) Z m
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Proof Let u, be the capacitory potential of (U, £2). By (8.4),
cap(U, Q)
llupl13

We see that, using the Cauchy—Schwarz inequality,

([ updp)?
u 2:/1/[261 > Q"p .
” PHZ 0 p w = .U(Q)

Note that by Lemma 6.5, forallx € Q \ 9U,

() = /o ),

Amin (§2) <

where v, is the equilibrium measure of (U, §2) supported on OU. Hence,

/Q iy (x)dja(x) = /0 ) /Q &%, Y)dpu(x)dvy ()

= / EQ(y)dl/p(y) > z/p(aU)infEQ = cap(U,Q)infEQ,
U (510 oU

whence, it follows that

A () < cap(U, Du(Q2)  res(U, Q2)u(2)
T [eap(U, Q) infyy E2)2 (infyy E9)?
Substituting (8.17) into this inequality, we obtain (8.18). [ |

We now turn to the proof.

Proof of (H) + (Er) = (H) + (Rp) Fix a ball B := B(xg, R). We split the proof into
two steps.
Step 1. (H) + (Er) = (Rr <).
Indeed, this easily follows from (8.15): for any 6 € (0, 1),
B
IE _ F®

res(0B, B) < 13B) = m

Step 2. (H) + (Er) = (R >).
Let 0 < § < J;, where §; is the same as in condition (Er >), and let

U=6B and € =B.

Note that by Lemma 7.7, the function E? is continuous in B. Hence, by condition
(Er >), we have that

iar[l]fEQ > ir[}fEQ = ei[?fEQ > C'F(R).
Therefore, using (8.18) and condition (Er <), we conclude that
(infyy E*)? [C~'F(R)]? , F(R)
pUIE e — p(U)ICER)] ~ 7 u(B)’
thus proving condition (Rr >), as desired. [ |

res(0B, B) >
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A Appendix
A.1 Capacity

Recall that the capacity cap(A, €2) as well as the notion of a cap-quasi-continuous
function are defined in Section 3. It easily follows from Definition 3.5 that, for any
two Borel sets A, B € (),

(A.1) cap(A U B, Q) < cap(A, ) + cap(B, ).

It follows from (A.1) and (3.4) that, for any sequence {A;}?°, of precompact open
subsets of €2,

[es) k

cap( ﬂAi,Q) = klgx@lo cap( J 4;,Q) < anp(Ai,Q).

n= n=1 i—1

Lemma A.1 Assume that (€,3) is a regular Dirichlet form and that Q) is an open
subset of M. Then each function u € F(Q2) admits a cap-quasi-continuous version.

Proof We adapt the proof of [16, Thm 2.1.3 (p. 71)] to our capacity. We first show
that, for each u € F N Cy(2) and each A > 0,

4
(A.2) cap(G, Q) < pﬁ(u)v
where G := {x € Q: |u(x)| > A}. Indeed, let

G = {xeﬂ:|u(x)| > %}

Then both G and G’ are open and precompact in {2, because u is continuous in 2
with compact support. Also, we have

G={xeQ:|ulx) >\ CG.

Set p = )\L/Z A 1. Clearly, o € F N Co(£2), and ¢ = 1 on G, and hence, it is a test
function for cap(G, €2), that is

4
cap(G, 1) < E(p) < 5 €(u),
thus proving (A.2).
For each u € F(2), by the regularity of (£, F), there exists a sequence {u,}32, C

F N Cy() such that u,~u as n — oco. Without loss of generality, we can assume
that, forany / > 1,

(A3) & —uy) <270
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Set
G={x€Q:|up(x) —ux)| > 2_1}7

Fo=Q\ (QGZ) - l(j(ﬂ\(;l).

Note that each Gj is a precompact open subset of (2. Fix some k > 1. For any x € F;
and any | > k, we have |u,; (x) — u(x)| < 27" Tt follows that the sequence {u;(x)}
is Cauchy in C(F), and hence it converges uniformly to a continuous function on
Fr. Let ti(x) = lim;_, o w(x). Then u is defined on UR® | Fy, and u|p, is continuous for
each k > 1. Moreover, using (A.1), (A.2), and (A.3), we obtain

oo o 4
cap(@\ Fi, ) < D _cap(G, ) < D ——5 (1 — )
I=k I=k

. 4

-3l __ —k
<D g2 t=s2h
I=k

We conclude that # is continuous on F, the set  \ Fy = Fi° is open, and
cap(Q\ F, Q) < 8-27% Since # = u p-a.e., it follows that 7 is a cap-quasi-
continuous version of u in ). [ |

The next proposition shows that the capacitory potential u,, of (A, (2) exists for
any compact subset A. In the classical potential theory, this issue is called the equilib-
rium problem or the Robin problem (cf. [35, p. 189]). It turns out that the capacitory
potential u, of (A, 1) is a reduced function of any cutoff function of (€, M) for any
precompact open 2 with A (€2) > 0.

Proposition A.2 Assume that (€,5F) is a regular Dirichlet form. Let Q C M be
precompact open such that A\pin(Q) > 0, and let 1 be any cutoff function of (Q, M) and
let A be a compact subset of Q. Then the capacitory potential u, of (A, Q) is a reduced
function of v with respect to (A, Q). If in addition (€,F) is strongly local, then u, is
superharmonic in ).

Proof Let u, be the capacitory potential of (A, £2). By the standard approach, there
exists a minimizing sequence {u} 2, of cutoff functions of (A, 2) such that u—=u,
as k — oo, and &(u,) = cap(A,2), and moreover, the function u, € F(£2),0 <
u, < 1in €, and up|A = 1. Note that this potential u, is unique. Also, u, is
harmonic in U = Q \ A, since for any ¢ € F N Cyp(U) and any number a, each
function uy + ap for k > 1 is a cutoff function of (A, €2), and thus

cap(4, Q) < E(ux +ap) = () + 2a€(ur, @) + a*€(p)

— E(up) +2al(uy, ) + aZE(cp),

which implies that 2a&(u,,, ) + a?&(yp) > 0, showing that E(up, ) = 0.
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Since 1 is a cutoff function of (Q, M), it is straightforward to verify that u, is a
reduced function of ).

Finally, if (€, J) is strongly local, the cutoff function v is harmonic (in particular
superharmonic) in €2. Therefore, we obtain from Lemma 6.4 that u, is superhar-
monic in 2. [ ]

A.2  Functions in F(Q2\ A)

The following gives a sufficient condition for a function to belong to the space
F(Q2\ A), and it can be viewed as a supplement of [21, Proposition 2.8].

Proposition A.3 Assume that (E,F) is a regular Dirichlet form. Let Q) C M be open,
and let S C Q be compact. If v € F(QQ) vanishes in a neighborhood V of A, then
vEF(Q\A).

Proof Note thatv = vy —v_,andv, = v_ = 0inV, and that v,,v_ € F. It
suffices to assume that v > 0 in ). We can also assume that v is bounded, because
otherwise consider a sequence v, := v A k that tends to v in F-norm as k — oo
by [16, Theorem 1.4.2(iii), p. 28]; if we already know that v, € F(Q \ A), then we
can conclude that also v € F(2 \ A). Hence, we can assume in the sequel that v is
non-negative and bounded in M, say 0 < v < 1.

Let  be a cut-off functlon of (A, V). Let {v}2, be a sequence of functions from
F N Cy() such that vk—w as k — oo. Consider uk = v} — ¥ A . Note that each
ur € FNCy(£2), ux = 01in A, and hence, the support of uy is outside a neighborhood
of A, that is,

ug € FNCo(Q\ A).

We claim that {u} converges to v weakly in F:

F
up = vask — oo.

hSH

Indeed, asv > 0and vi 7, v, we have by [16, Theorem 1.4.2(v), p. 28] that |v; —

|v — ¢|, as k — oo. It follows that
1
kN = E[Vk‘“P_ |Vk—80”
7 1
= Slvre-lv—oll =vre,
and hence, uy = vk — vk A R ( = v, proving our claim.
Since uy € FNCo(2\ A), we conclude that v € F(Q \ A). [ ]

As a conclusion of this subsection, we will give a decomposition of a function
u = u +u € FUUV)such that u; € FU,),u, € F(V;) for any disjoint
neighborhoods Uy, V; of U, V respectively.
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Proposition A.4 Assume that (€, F) is a regular Dirichlet form. Let U,V be two pre-
compact open subsets of M such that their closures U,V are disjoint. Ifu € F(U UV)N
L (M), we can decompose u = uy + up, where uy € F(Uy),uy € F(V,), and where
Uy, V), are any respective neighborhoods of U, V with disjoint closures Uy, V.

Proof Let ¢ be a cutoff function of (U,U;). Since u € F N L, we also see that
u = up € FNL®. We show that u; € F(U;). In fact, the support of u; is
contained in the set

supp(u) Nsupp(¢) STUV NU, =U C U,.

Hence, as U is precompact, we obtain by [21, Prop. 2.8, p. 2620] that u; € F(U,).
To show that u, := (1 — ¢)u € F(V), observe that the support of u, is contained
in the set
supp(u) Nsupp(l — ) STUUVNM\U =V C V.

Hence, using [21, Prop. 2.8, p. 2620] again, we have that u, € F(V7).
Finally, note that
u=up+(1—d)u=u +u.

We finish the proof. ]
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