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1. Introduction* Let T denote a tournament of order n, 
n 

let G(T ) denote the automorphism group of T , let | G | denote 
n n 

the order of the group G, and let g(n) denote the maximum of 
|G(T ) | taken over all tournaments T of order n. Goldberg and 

n n 
r n- 1 

Moon conjectured [2] that g(n) < V3 for all n >_ 1 with equality-
holding if and only if n is a power of 3. In an addendum to [2] it 
was pointed out that their conjecture is equivalent to the conjecture 
that if G is any odd order subgroup of S , the symmetric group 

. n 
of degree n, then | G | <_ N/3 with equality possible if and only 
if n is a power of 3. The latter conjecture was proved in [1] by 
John D. Dixon who made use of the Feit-Thompson theorem in his 
proof. In this paper we avoid use of the Feit-Thompson result and 
give a combinatorial proof of the Goldberg-Moon conjecture. 

2. Prel iminary resul ts . If in a tournament T there is an arc 
n 

from a vertex u to a vertex v we say u dominates v and use the 
notation (u,v) e T . Let 0*(u) = {v e T : (u,v) € T } and 

n n n 
j(v) = { u G T : (u, v) € T } . If A is a subset of the ver tex set of 

n n 
T , then / A \ denotes the subtournament of T with vertex set A. n x ' n 

Let A be a finite set of n elements. Arbitrari ly label the 
elements of A with integers chosen from 1, . . . , r , 1 <C r <C n, 
such that each integer between 1 and r inclusive is used as the 
label for at least one element of A. Pick subsets A ^ 0, 

l £ p < C r , 1 _< q £ n , such that the following hold: 

n 
r p 

(i) LJ U A = A and the A are mutually disjoint; 
p=l q=l P ' q P ' q 

(ii) each element of A is labelled p; 
p»q 

(iii) AJ is a singleton for q = 1, 2, . . . , n ; 
l ,q 1 
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P-1 i 

(iv) | A | < 2 | U U A. J + 1 for each p,q satisfying 

1=1 J=l 

Z < p < r and 1 < q < n . 

A collection G = {A : l < p < r , l < q < n } satisfying 
p,q - - - - p 

conditions (i) - (iv) will be called a partition of A with r labels 

r 

and S n partition sets. 
p=l P 

LEMMA. Let A be a finite set with n elements, n > 2, 

and let k be the unique positive integer such that 

k-1 k 
1 + 3 + . . . + 3 < n < 1 + 3 + . . . + 3 . Then for any partition 
G of A with k-r labels, 0 < r < k-1 , one of the following is true: 

(1) G has at least k + r + 1 partition sets if 

k-1 
n > l + 3 + . . . + 3 

(2) Q- has at least k + r + 2 partition sets if 

] 7~ .k-1 JkTÏ 
n > l + 3 + . . . + 3 + 3 

Proof. Since the result is true for n = 2 we assume n > 3. 

k- 1 
Let G be a partition of A with k labels. I f n > l + 3 + . . . + 3 , 
condition (iv) implies q has at least k + 1 partition sets, and if 

k-1 k-1 
n > l + 3 + . . . + 3 + 3 , condition (iv) implies G has at least 
k + 2 partition sets. Thus (1) and (2) hold for r = 0. Let G be a 

partition of A with k-r labels, 1 £ r < k-1 , and s partition 

sets. It suffices to show that tnere exists a partition Gf of A with 

with k-r+1 labels and s-1 partition sets. 

If there exists an i, 1 < i < k-r, such that n. > 3, 

we may assume without loss of generality that 

|A J < IA ^ I < . . . < |A I. The sets A' of G « are defined 
i , l — i,2 ' - - i,n. p,q 

as follows: A1 = A for p = 1 , . . . , i-1 and q = 1, . . . , n . 
p.q p>q p 

A! = A. _ for q = 1, . . . , n. -2, A» A = A . A U A. _ , and 
i»q i,q+2 i 1+1,1 1,1 1,2 

•^1 • A „ - A for p = i + l , . . . , k - r and q = 1, . . .., n . Label the 
P+1»q p,q p 

elements of A1 with p for p = 1, . . . , k-r + 1 and q = 1, . . . , n . 
p»q p 

It is easy to verify G1 is a partition of A with k-r+1 labels and 

s-1 partition sets. 

If there is no i, 1 < i < k-r, such that n. > 3, then there 
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ex i s t i and j , 1 <_ i < j < k - r , such tha t n. = n. = 2. F o r if t h e r e 

w e r e not t h e r e would be at m o s t k - r + 1 pa r t i t i on s e t s and by condit ion 
(iv) t h e r e would be at m o s t 

1 + 3 + . . . + 3 < l + 3 + . . . + 3 < n 

e l e m e n t s of A. P i c k the s m a l l e s t i and j for which n. = n. = 2 
i J 

with i < j . Without loss of gene ra l i ty we m a y a s s u m e 
lA- I £ lA- ? I £ l A - 9 I £ lA- J ' Define the se t s of G1 a s fo l lows, i» 1 1> 2 j , 2 j , 1 
P i c k an e l e m e n t of A and define Af to be th i s s ingle ton . 

j , 2 1,1 * 
D i s t r i bu t e the r e m a i n i n g e l e m e n t s of A, in the following way in 

l ex icograph ic o r d e r with r e s p e c t to the ind ices of A : for 

P < j> P ^ i» f rom the e l e m e n t s of A. r e m a i n i n g af ter the p r e v i o u s 
j» 2 

s t ep (the f i r s t s t ep is the definition of A1, ) p ick a subse t X such tha t 
1, 1 

(3) |A U X | = 2 | U A» | + 1 
Pi± k=l k > 1 

and define A1 = A U X. If p = i p ick X such that 
p + 1 , 1 p , l 

(4) |A U A U X | = 2 | U A ' I + 1 
i , l i, 2 k = 1 k, 1 

and define A1 = A J U A _ U X. If at some stage t h e r e a r e 
l+ l i, 1 i , 2 

not enough e l e m e n t s of A. r e m a i n i n g to achieve equal i ty in 
j , 2 

(3) or (4), then use a l l the r e m a i n i n g e l e m e n t s and the p r o c e s s t e r m i n a t e s . 
In any c a s e , the p r o c e s s t e r m i n a t e s before or with A. a w h e r e we 

define A\ t . to be A. . t oge the r with a l l e l e m e n t s of A. ^ r e m a i n i n g 
j + 1,1 j , l 6 j , 2 6 

after the p r e v i o u s s t a g e s . If the p r o c e s s t e r m i n a t e s with A w h e r e 
P» 1 

p < i , then let A* = A t LJ A „ . If A is any se t tha t r e c e i v e s 
l + l , 1 i , l i , 2 p , q 

no e l e m e n t of A . define A1
 t = A . Labe l any e l e m e n t of 

h z p+i>q p»q 
A ! with p for p = 1 , . . . , k - r + 1 . 

p»q 
Gf c e r t a i n l y sa t i s f i e s condi t ions (i) , ( i i) , and (i i i) . Condit ion (iv) 

is sa t i s f ied by A1 for p 4- i + 1. If the p r o c e s s t e r m i n a t e s before 
P ,q F T J 

r e a c h i n g A. . tha t i s , if A! = A . t , then A] t t . r, 
j , 1 J+1 ,1 J , l J + 1,1 s a t i s f i e s 
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condi t ion ( iv) . A s s u m e A „ c o n t r i b u t e s e l e m e n t s to A' . Then 
J ,2 J + l . l 

(5) | U A- I = 1 + 3 + . . . + 3 J _ 1 . 
p=l P > 1 

B e c a u s e of the choice of i and j and condi t ion (iv) 

|A I < 3 P " d for p = 1 , . . . , i - 1 
P, 1 -

I A . I < 3 1 " 1 for q = 1, 2 

|A I < 3 P - 1 + 2 * 3 P ' 2 for p = i + 1 , 
p , q -

n 

Then | U U A I < 1 + 3 + . . . + 3 j " 1 + 2 - 3 j ~ 1 + 2 « 3 j " . 

^ *=* P ' q " •_! - .2 • 
T h e r e f o r e , by (5) A» t con ta ins at m o s t 2 - 3 J + 2 * 3 J < 3 J 

j + 1,1 
j 

= 2 | U A ' 1 + 1 e l e m e n t s . Thus G1 i s a p a r t i t i o n of A wi th 
P = I P ' 1 

k - r + 1 l abe l s and s - 1 p a r t i t i o n s e t s . The proof of the l e m m a i s 
c o m p l e t e . 

3 . Main r e s u l t . It i s e a s y to ve r i fy t ha t g( l ) = 1, g(2) = 1, 
and g(3) = 3. We a r e now in a pos i t ion to p rove the fol lowing: 

T H E O R E M . If g(n) i s the m a x i m u m va lue of | G(T ) | t aken over 
— n 

a l l t o u r n a m e n t s T of o r d e r n , then g(n) < \T3 , n = 1, 2, . . . , 
n ^ _ 

with equa l i ty holding if and only if n = 3 for s o m e n o n - n e g a t i v e 
i n t e g e r k. 

Proof . We p r o c e e d by induct ion af ter o b s e r v i n g the r e s u l t is 
t r u e for n = 1 , 2 , and 3 . Let T be a t o u r n a m e n t of o r d e r n > 4. 

n — 
P i c k a v e r t e x u € T and let D = {v G T : a(\i) = v for s o m e 

n n 
a £ G(T )} . Let T = / D > and T , = < T - D > . If d < n, then 

n d \ s n - d >> n S 
by the induct ion hypo the s i s we have 

|G(T ) | < | G ( T . ) | |G(T ) | < ^ 3 n " 2 . 1 n — d ' ' n - d — 
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If T = T , then it i s c l e a r n m u s t be odd. Let t ing 
d n 

G = { a. £ G(T ) : a{\i) = u} and wr i t ing n = 2m + 1 we have 
u n 

|G(T ) | = ( 2 m + l ) | G I by [3 , T h e o r e m 3 . 2 , p . 51. Any y £ G m a p s 1 n u u 
J(u) onto i t se l f and O(u) onto i tself . T h u s , we can view G a s a 

subgroup of the d i r e c t p roduc t of G(<^C(u)^>) and G(<^9(u)^>). 
T h e r e f o r e , |G | < |H | | G ( < ^ 0 ( U J ^ ) | w h e r e H i s v iewed a s the 

group of a u t o m o r p h i s m s of T leaving u and each v e r t e x of 0{u.) 

fixed and, I G i < IH» I | G « j ( u j » | whe re H1 i s v iewed a s the 1 u — e ^ e 
group of a u t o m o r p h i s m s of T leaving u and each v e r t e x of J(u) fixed. 

F o r v , v £ J(u) let v ^ v if v = v or if v and v 
\ Là j . Là i Là J. u 

have the s ame s c o r e in <^A ( u £ > and domina te exac t ly the s a m e v e r t i c e s 
of Otu). It i s c l e a r tha t ^ is an equiva lence r e l a t i o n in J ( u ) . 
M o r e o v e r , for any two d i s t inc t v e r t i c e s v , v € & (v) t h e r e e x i s t s 

an a £ H such tha t a(v t ) = v^ only if v , -v v_. Hence , by the 
e 1 2 1 2 

induct ion h y p o t h e s i s , if s i s the n u m b e r of equiva lence c l a s s e s in 
^ m - s 

e ' 
j ( u ) , then | H | < ^3* 

L«et s < s < . . . < s be the d i s t inc t s c o r e s that occur in 
1 2 r 

^ J ( u ) N > . If we a s s i g n the labe l i to the v e r t i c e s with s c o r e s. , then 

we c l a i m tha t the equiva lence c l a s s e s r e l a t i v e to ^ f o r m a p a r t i t i o n 
of c9(u) with r l a b e l s . Condi t ions (i) and (ii) obviously a r e sa t i s f i ed . 
If t i s the n u m b e r of v e r t i c e s in some equiva lence c l a s s C whose v e r t i c e s 
a r e labe l led i , then t h e r e i s some v e r t e x v e C which i s domina ted 

• N by at l e a s t q = ] /^ | o ther v e r t i c e s of C, say v , v , . . . , v , 

w h e r e [] denotes the g r e a t e s t in tege r function. C l e a r l y 
V J » v-»> • • • » v € *5(v) and any v e r t e x of Cf(\i) domina ted by v i s 

1 2 q 
in C(v) a long with u i tself . T h u s , the s c o r e of v. in 

^ J ( v ) ^ > , i = 1, . . . , q, i s s t r i c t l y l e s s than i t s s c o r e in ^c9(u)^> . 
Since ^ J ( u J ^ and < c 9 ( v £ > a r e i s o m o r p h i c , t h e r e a r e at l ea s t q v e r t i c e s 
of J(u) with s c o r e s t r i c t l y l e s s than s. . T h e r e f o r e , condi t ions (iii) and 

i 
(iv) a r e sa t i s f i ed . 

F o r any two v e r t i c e s w , w_ ç ^ (u ) , let w % w if 
1 2 1 2 

1 2 
or if w and w have the s a m e s c o r e in *^j5t u )^^ a n d a r e 

1 L> 

domina ted by exac t ly the s a m e v e r t i c e s of J ( u ) . Again , |H ! | < NT3 

w h e r e s is the n u m b e r of equiva lence c l a s s e s r e l a t i v e to % =» If 

m - s 
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s > s > . . . > s a r e t h e d i s t i n c t s c o r e s in < T ^ ( u ) \ a n d v e r t i c e s w i t h 
1 Z r N / 

w i t h s c o r e s . a r e g i v e n t h e l a b e l i , t h e n t h e e q u i v a l e n c e c l a s s e s 

r e l a t i v e t o % f o r m a p a r t i t i o n of &(u) w i t h r l a b e l s . 

r 2 k 
L e t k b e t h e u n i q u e p o s i t i v e i n t e g e r s u c h t h a t \I3 < 2 m + 1 

r- 2k+2 k-1 r
 2 k 

< N/3 w h i c h i m p l i e s 1 + 3 4- . . . + 3 < m if 2 m + 1 > N/3 
k - 1 k - 1 2 k + 1 

a n d 1 + 3 + . . . + 3 + 3 " < m if 2 m + 1 > ^ 3 L e t q b e 
t h e l e a s t n u m b e r of d i s t i n c t s c o r e s o c c u r i n g i n \vV(u)^> o r ^ J ( u ) ^ > . 
W i t h o u t l o s s of g e n e r a l i t y s u p p o s e q i s t h e n u m b e r of d i s t i n c t s c o r e s 

in ^ c ^ u J S . If q > k + 1, t h e n b y t h e i n d u c t i o n h y p o t h e s i s | G ( T ) | = 

, , , . . . , . , vV i r 2k+2 r m - k - 1 r m - k - l 
( 2 m + l ) | G | < ( 2 m + l ) | G ( < j ( u r > | | G ( < ; C 1 u ) > | < \T3 ^ 3 ^ 3 

= \/3 = \ / 3 n " . If q = k - r f o r 0 < r < k - l , t h e n u s i n g t h e 

e q u i v a l e n c e c l a s s e s r e l a t i v e t o ^ w i t h t h e l e m m a a n d t h e i n d u c t i o n 

• . , - m - k - r - l . r 2 k _ J , - 2 k + l 
h y p o t h e s i s , w e o b t a i n | H | < <s/3 if N/3 < 2 m + l < \I3 

i . vi i i r - 2 k + l , - m - k - r - l , - m - k + r 
w h i c h i m p l i e s G(T ) = ( 2 m + l ) G < N/3 N/3 N/3 

n u — 
r 2 m r n - l „ R 2 k + 1 „ A p,2k+2 

< N/3 = N/3 . S i m i l a r l y , if N/3 < 2 m + 1 < N/3 , t h e 
i . vi ,^ - , i i ^ 2 k + 2 ^ m - k - r - 2 , - m - k - r 

l e m m a i m p l i e s G(T ) = ( 2 m + l ) G < \[3 N/3 N/3 
n u — 

< N/3 = N/3 

F r o m t h e a b o v e i t i s i m m e d i a t e t h a t if n i s n o t a p o w e r of 3 , 

n— d n - 1 
t h e n g(n) < N/3 . F o r m u l a (6) of [ 2 ] s h o w s t h a t g(n) >̂  N/3 

n - 1 ~~ 
if n i s a p o w e r of 3 a n d t h u s g(n) = N/3 if n i s a p o w e r of 3 . 
T h i s c o m p l e t e s t h e p r o o f of t h e t h e o r e m . 

4 . C o n c l u s i o n . A s p o i n t e d o u t i n [ 3 ] , t h e f o l l o w i n g r e s u l t 

i s a c o n s e q u e n c e of t h e p r e c e d i n g t h e o r e m . 

C O R O L L A R Y . F o r e a c h n = 1, 2 , . . . if G d e n o t e s a s u b g r o u p 

of S of m a x i m u m odd o r d e r , t h e n \G | < N/~3 w i t h e q u a l i t y if a n d 
n n — 

o n l y if n = 3 f o r s o m e i n t e g e r k . 
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