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Abstract

In this note, we provide an exa}mple of a Banach space X for which C nJ(X) =1 that is not isomorphic
to any Hilbert space, where Cy(X) denotes the infimum of all von Neumann—Jordan constants for
equivalent norms of X.
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1. Introduction

Let (X, || - ||) be a real Banach space. The von Neumann-Jordan constant of X,
denoted by Cy ;(X), is the smallest constant C for which

2 o2
1 < lx + yll 2-i- [|x 2yII <
C 2l x 1=+ Nlyll=)

for all x, y € X such that ||x 1%+ | y||2 # 0. Classical results state that:

(1) 1<Cpyys(X) <2 for any Banach space X, and X is a Hilbert space if and only
if Cnyy(X) =1 (Jordan and von Neumann [2]);
(i) Cny(Lp)=2%'"1 wheret=min{p, p'yand 1/p+1/p’ =1 (see [1]).

The constant Cy 7(X) is defined by
C‘NJ(X) =inf{Cn;(X,|-]):|-|is anorm equivalent to | - ||}.

Let Y be a subspace of X. It is easily checked Ehat C‘NJ(Y) < éNJ(X).
Many results on the constants Cp ; (X) and Cy y(X) for various X have peen proved
by Kato et al. [3-8]. In particular, Kato and Takahashi [5] showed that Cy;(X) <2
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if and only if X is superreflexive. Moreover, in [8], they gave the following stronger
result: Cy7(X) < 2 if and only if X is uniformly nonsquare.

We are concerned with the question whether a Banach space X with Cys(X)=1is
necessarily isomorphic to a Hilbert space. In this note, we provide a negative answer
to this question, by giving an example of a Banach space X for which Cny(X)=1
that is not isomorphic to any Hilbert space.

We denote ¢;-direct sums using the & symbol: we write, for example, both
P Xpand X DY.

2. Main results

DEFINITION 2.1 [7]. The nth von Neumann—Jordan constant, where n > 1, is defined
by

C;@(X) = sup{ Z

6;=+1

n
Z 0jx;

j=1

2 n n
/(2" > ||x,-||2) txj € XY |l 7&0}.
j=1 j=1

It is evident that C ) (X) = Cn s (X).

THEOREM 2.2. Let {X,};2 | be a sequence of Banach spaces satisfying the following
conditions:

(i)  the dimension of each X, is finite;

(i) sup,, , CU)(X,) = o00;

@iii) lim, o Cyy(X,) = 1.

Let X be the £)-direct sum @Zil Xy. Then éNJ(X) = 1 and X is not isomorphic to
any Hilbert space. In particular, CnJ (X) < Cny(X).

EXAMPLE. The following example satisfies conditions (i), (ii)) and (iii) above.
Suppose that 1 < p < 2, and ¢; are the unit coordinate vectors in Z'[’), where 1 <i <n
and n € N. Then

n 2 2
Zej:il l Zj:l Ojejll B Zejzil n*/P . 2"p?/p

23 el 21n n2n

=n?/P1,

Hence, CI(@ (E’;,) >n?/P~1 When1 < p < 2, we have lim,,_, oo CI(\'Z} (ZZ) = 00, and so

we can take a sequence {a,} C N satisfying CI(\%) (6‘21”_1/,1) >n. We put X,, = Zg"_l/n,

then (i) and (ii) hold. As mentioned in the introduction, (iii) holds since Cy;(X,) =
p1/@n—1)

LEMMA 2.3. If X is isomorphic to a Hilbert space, then

sup CI(\'f} (X) < 4o0.
n
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PROOF. We assume that the Banach space (X, | - ||) is isomorphic to a Hilbert space
(X, |-1). Then there exists M > 1 such that
1
— x|l < x| < M|lx|| Vx e X. 2.1
M
For all x1, x, ..., X, € X such that Z?:l ||)cj||2 £ 0,
n 2 n
D |2 0| =2 ) Il
g;==11j=1 j=1
by the parallelogram law in Hilbert space. Using this equality and inequality (2.1)
above,
n 2 n 2 n n
> Oixil =M YD 0| =MP2" Y xR < M2 Y xR
9;==%11j=1 9j==x1!j=1 j=1 j=1
Hence,
n 2 n
% [Zen| [ (X mor) <u
0;==%11j=1 j=1
and we conclude that CI(\?} (X) < M*. O

LEMMA 2.4. Let {X,} be a sequence of Banach spaces; then
o0
cm(@ x) =sup{Cy(Xy) | n € N}.
n=1
PROOF. We first show that
[e¢]
Cny (EB Xn> < sup{Cn;(X,) | n €N}, (2.2)
n=1
To prove this, it is sufficient to show that when C > 0,

o.¢]
sup(Cny(Xn) |n €N} < C = CNJ(@ X) <C.

n=1
Moreover, it suffices to show that this assertion holds for the case of two terms:
max{Cny(X1), Cnj(X2)} < C = Cny(X1 ® X2) <C.
Forall x, y € X1 & X», we write x = (x1, x2) and y = (y1, y2), and then
e+ Y17+ e = yI2 = D+ y1l o+ =yl + e+ y2l + e = ya
<20l + Iyl 4+ 2C el + 1201

=2C(IIx111> + [x20%) + 2C Uyl + ly211%)
=2C(Ix|I* + Iy,
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and hence
Ix + Y%+ llx — yl?
20112+ 11>

In the same way,

I x+ylP+ e =yl
C = 20X+ Iyl

Thus, Cy (X1 @ X3) < C and hence (2.2) holds.
The other inequality is obvious as @,fil Xy 2 X, foralln e N. O

COROLLARY 2.5. For any two Banach spaces X and Y,
Cny(X @ Y) =max{Cyy(X), Cny (V).
PROOF. We first show that
Crns(X ®Y) <max{Cns(X), Cys(Y)). 2.3)

By the definition of Cyy, for any & > 0, there exist Banach spaces X’ and Y’
isomorphic to X and Y, such that

Cny(X)<Cnj(X)+e and Cny(Y)<Cns(Y)+e.
Using Lemma 2.4,

max{Cy7(X), Cns(Y)} + & > max{Cy;(X"), Cns(Y")}
=Cynj X' ®Y)
>Cnj(XDY).
As ¢ > 0 1is arbitrary, (2.3) holds.

As mentioned in the introduction, the opposite inequality to (2.3) can easily be
derived from the inclusion of both X and Y in X @ Y. O

PROOF OF THEOREM 2.2. By Corollary 2.5, for all n € N,

Cni(X) = 6NJ<@ xio P Xk)
k=1

k=n+1

= max{éN,<§:51 Xk>, CN]< é Xk>}

k=n+1

< max{ém@é Xk>, CN]<k§é Xk>}

n+1
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Since @;_, Xy is finite-dimensional, it is isomorphic to a Hilbert space and thus
C NJ (@Zzl X) = 1. Further, by Lemma 2.4 and condition (iii),

o]
nll)IIgOCNj< @ Xk) =1.

k=n+1

Hence C‘NJ(X) < 1 and so C‘NJ(X) =1.

On the other hand, X,, C X for each n € N and condition (ii) holds, so

sup{C")(X) | m € N} > sup{C")(X,,)) | m, n € N} = 0.

Thus from Lemma 2.3, X is not isomorphic to any Hilbert space. O
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