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1. Introduction

1.1. The flexibility program. Important attributes of smooth dynamical systems such
as entropies and Lyapunov characteristic exponents with respect to a relevant invariant
measure (that is, a volume, a Sinai—-Ruelle-Bowen (SRB) measure, or a measure of
maximal entropy) reflect the asymptotic behavior of orbits and, with rare exceptions,
cannot be calculated in a closed form. Exceptions are systems of algebraic origin, such
as translations on homogeneous spaces and affine maps on compact abelian groups and, in
the case of topological entropy, structurally stable discrete time hyperbolic systems where
topological entropy can be calculated using an algebraic or symbolic model. Beyond that,
there are few general relations for various classes of systems, in the form of equalities or
inequalities, either involving only dynamical characteristics themselves or relating those
with other quantities coming from geometry, topology, or analysis. Let us list some of
those relations. Those marked with an asterisk are valid for topological dynamical systems
on compact spaces; others require some smoothness assumptions. We refer to original
sources only if no standard monograph or textbook exposition is available.

“Katok passed away in April, 2018, when this paper was in the final stages of preparation.
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e Variational principles for entropy* [28, Theorem 4.5.3] and pressure* [28, Theorem
20.2.4].
Ruelle inequality for C' systems [28, Theorem S.2.13].
Pesin entropy formula for C'*¢ systems preserving an absolutely continuous measure
[6, Theorem 10.4.1].

o Inequality between fundamental group growth and topological entropy* [28, Theorem
8.1.1].
Yomdin—Newhouse solution of the Shub entropy conjecture for C* systems [35, 44].
For Anosov systems on infranilmanifolds, Shub entropy inequality becomes equality
(for the torus case, see [28, Theorem 18.6.1]).

e Conformal inequality for entropies for geodesic flows on manifolds of negative
curvature [27].

At a more basic level, preservation of a geometric structure imposes restrictions on
dynamical invariants. For example, for a volume-preserving system, the sum of Lyapunov
characteristic exponents is zero; for a holomorphic system, all exponents have even
multiplicity; and for a symplectic map, exponents come in pairs \.

The general paradigm of flexibility can be rather vaguely formulated as follows:

(8) Under properly understood general restrictions (like those listed or mentioned
above), within a fixed class of smooth dynamical systems, dynamical invariants take
arbitrary values.

In the context of smooth ergodic theory, one of the most natural flexibility problems
concerns Lyapunov exponents for volume-preserving systems with respect to the volume
measure. We mostly restrict our discussion to classical discrete-time invertible dynamical
systems, that is, the actions of Z. The continuous time case, in some key situations, follows
directly from the discrete one via the suspension construction; in the others, this can be
treated in a parallel way and, in certain respects, is easier since the homotopy restrictions
(see below) do not appear.

The case of multidimensional time is very different. There, the phenomenon of rigidity
that, in a sense, is complementary to flexibility is prevalent: see e.g. [29].

Previous to the appearance of this paper, some instances of flexibility have been
investigated by Hu, M. Jiang, and Y. Jiang [24, 25], Erchenko [19], Erchenko and Katok
[20], and Barthelmé and Erchenko [7, 8].

1.2. General conservative diffeomorphisms. Let M be a smooth compact connected
manifold of dimension d > 2, with or without boundary, f: M — M be a diffeomor-
phism of M, and u an f-invariant ergodic Borel probability measure. By the Oseledets
multiplicative ergodic theorem, the limits

1
lim — log(ith singular value of Df" (x)) (L.1)
n

n—=+00

exist and hence are constant p-almost everywhere (a.e.). They are called Lyapunov
characteristic exponents, or often simply Lyapunov exponents, of f with respect to u
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and are denoted by \1,(f) > - - - = g, (f). For the full Oseledets theorem (which also
describes the growth of tangent vectors), see e.g. [3, 6]. The Lyapunov spectrum is defined
as the vector

A () o= O () oo hau (). (12)

We say that this spectrum is simple if none of these numbers is repeated.

Let m be a smooth volume measure, normalized so that m(M) = 1. The particular
choice is not important, because for any pair of such measures, there exists a diffeo-
morphism taking one to the other [34], [28, Theorem 5.1.27]. Given r € {1, 2, ..., 0o},
let Diff’, (M) denote the set of m-preserving (also called conservative) diffeomorphisms
f: M — M of class C". We will discuss the case when f is ergodic with respect to m; for
simplicity, we write \; (f) = Nim(f), M(f) = M (f). We always have Zflzl)\i (f)=0.

Now we formulate and discuss several representative questions concerning the flexibil-
ity of Lyapunov exponents for general conservative diffeomorphisms.

Conjecture 1.1. (Weak flexibility—general) Given any list of numbers &1 > - - - > §; with
Zfizléi = 0, there exists an ergodic diffeomorphism f € Diffo’ (M) such that h(f) =
&1, -5 6.

Conjecture 1.2. (Strong flexibility—general) Given a connected component C C
Diff>’ (M) and any list of numbers &; > - - - > &; with Z?:lgi = 0, there exists an ergodic
diffeomorphism f € C such that A(f) = (&1, ..., &y).

If all exponents are equal to zero, then Conjecture 1.1 is known; this has been proved
long ago [1, 2]. In this case, Conjecture 1.2 holds for the identity component provided that
the dimension is at least 3. The existence of ergodic diffeomorphisms with zero exponents
on any manifold with a non-trivial action of the circle S! including the two-disc D?,
two-sphere Sz, the annulus, and the Klein bottle, has been established in the paper [2],
which can be viewed as the earliest work on flexibility. However, in the case of D? in those
examples, the action on the boundary is an irrational rotation with a Liouvillean rotation
number. The existence of zero entropy ergodic examples that are identity or have a rational
rotation number on the boundary is an open and probably very difficult question.

On an opposite direction, the existence of conservative ergodic (actually Bernoulli)
smooth diffeomorphisms without zero Lyapunov exponents on any manifold was estab-
lished by Dolgopyat and Pesin [18] (the two-dimensional case was settled earlier [26]).
These examples are homotopic to the identity.

In this paper, we will not attack Conjectures 1.1 and 1.2 directly. Instead, we will
establish flexibility results for a particular and more tractable class of systems, namely
Anosov diffeomorphisms admitting simple dominated splitting. Nevertheless, we believe
that our methods (combined with techniques from the aforementioned works) should
provide the basis for an approach on the conjectures, at least under some restrictions.

1.3. The Anosov case. Anosov systems represent a natural class for the flexibility

analysis. We work with conservative Anosov diffeomophisms which are at least C?; then,
by a classical theorem of Anosov and Sinai, the volume measure m is ergodic.
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All known Anosov diffeomorphisms are topologically conjugate to automorphisms
of infranilmanifolds that include tori and nilmanifolds as special cases. Hence, the
metric entropy with respect to invariant volume (equal to the sum of positive Lyapunov
exponents) does not exceed the sum of positive Lyapunov exponents for the corresponding
automorphism that is determined by induced automorphism of the fundamental group. The
main flexibility question is whether this is the only restriction.

To simplify the notation, we restrict our discussion to the torus case. Let L € GL(d, Z)
and assume that L is hyperbolic, that is, the absolute values of all of its eigenvalues are
different from one. The matrix L determines the automorphism F; of the torus T¢ :=
R4 /Z¢, which is a conservative Anosov diffeomorphism.

Every Anosov diffeomorphism f of T¢ (conservative or not) is homotopic and,
moreover, topologically conjugate via a homeomorphism isotopic to identity, to an
automorphism Fr, where L is a hyperbolic matrix [28, Theorem 18.6.1]. In fact, L is
the matrix of the automorphism induced by f on the fundamental group of T¢, which
is naturally isomorphic to Z? (however, for large enough d, it is not always true that there
is an homotopy between f and F consisting of Anosov diffeomorphisms: see [21]).

Given a hyperbolic matrix L € GL(d, Z), the Lyapunov spectrum of the automorphism
N(Fp) is the vector N(L) whose entries Aj(L) > - - - > f\g(L) are the logarithms of the
absolute values of the eigenvalues of L, repeated according to multiplicity. The number
u = u(L) of positive elements in this list is called the unstable index of L; so N, (L) >
0 > Xy41(L). The quantity Y 7', %; (L) is equal to both topological entropy hp(F1,) and
to the metric entropy /,, (F7) with respect to Lebesgue measure m on T¢. Therefore, for
any conservative Anosov C!*¢-diffeomorphism f: T¢ — T¢ homotopic to Fy,

u u
"M = hn(f) < hiop(f) = hiop(FL) = Y M (L), (1.3)
i=1 i=1

using Pesin’s formula, the variational principle, and the above-mentioned topological
conjugacy. (In reality, the inequality > /& < >/ ;%;(L) also holds when f is only
C'; indeed, it follows from the C'*¢ case using C!-continuity of the right-hand side and
Avila’s regularization [4].) Are there other restrictions on the spectrum of f? We pose the
following problem.

Problem 1.3. (Strong flexibility—Anosov) Let L € GL(d, Z) be a hyperbolic matrix, and
let u be its unstable index. Given any list of numbers & > --->§, >0> &, > .- >
&, such that

d u u
Y &=0 and Y &<y wn(D), (14)
i=1 i=1 i=1

does there exist a conservative Anosov diffeomorphism f homotopic (and hence topologi-
cally conjugate) to Fr such that N(f) = (&1, ..., &4)?

Regularity of f may vary but it does not seem likely that the answer depends on
regularity, at least above C! (it may be more challenging to make some exponents equal in
regularity above C1).
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For d = 2 (and so u = 1), the problem reduces to the existence of Anosov diffeomor-
phisms on T2 with any positive value of metric entropy below the topological entropy. Here
the answer is positive. It is not difficult to produce such examples even in the real-analytic
category by a fairly straightforward global twist construction (see [11]). The existence of
C* examples also follows from our Theorem 1.5 below.

In its weak version, that is, without considerations about homotopy, the flexibility
problem is likely to have a positive solution.

Conjecture 1.4. (Weak flexibility—Anosov) Given any list of non-zero numbers & >
- > &; such that Zleé,- = 0, there exists an Anosov diffeomorphism of T¢ such that

M) =1L

The case of this conjecture with strict inequalities easily follows from our main result:
see Corollary 1.6 below.

1.4. Dominated splittings. Given a diffeomorphism f: M — M, a Df-invariant split-
tingTM = E| @ - - - @ Ej into bundles of constant dimension is called dominated if each
of the bundles dominates the next. This means that given a Riemannian metric, there exists
ng > 1 such that for every x € M and all unit vectors v; € E1(x), ..., vy € Er(x),

IDf* il > IDF ) vall > - -+ > [IDF () gl (15)

It is always possible to find an ‘adapted’ Riemannian metric for which ng = 1: see
[23]. Dominated splittings are automatically continuous, and their existence is a C'-open
condition; see e.g. [14, §B.1] for these and other properties. We say that a dominated
splitting is simple if all the sub-bundles E; are one-dimensional (and so k = d). In this
case, the Oseledets splitting coincides with E1 @ - - - @ E; a.e., the Lyapunov spectrum
is simple, and the Lyapunov exponents with respect to invariant volume m are given by
integrals:

M(f)=/M10g IDfE; |l dm. (1.6)

In particular, in the class of diffeomorphisms admitting a simple dominated splitting, the
Lyapunov exponents depend continuously on the dynamics, and therefore, the flexibility
analysis becomes more manageable. However, in the absence of domination, small
perturbations (with respect to the C! topology) of the dynamics may have a large effect on
the Lyapunov spectrum and even send all Lyapunov exponents to zero [9, 13] (but the C?
norm of such a perturbation generally explodes [31]).

Existence of a dominated splitting also imposes restrictions on the topology of the
manifold.

1.5. Formulation of results. Let us recall the classical notion of majorization, which
has a wide range of applications (see e.g. [32]; also see [12] for another instance where
majorization plays a role in the perturbation of Lyapunov exponents).

Suppose that & = (§1,...,&;) and p = (51, . . ., ng) are ordered vectors in R4, in the
sense that & > - - - > &5 and g > - - - > ng. We say that & majorizes 3 (or 5 is majorized
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by &) if the following conditions hold:
El+-+& =m+- o+ forallje(l,....d—1), and (17)
14 F+&a=m+- - +na (1.8)

This is denoted by & = y (or y < &), and defines a partial order among ordered vectors. If
all the inequalities (1.7) are strict (and the equality (1.8) holds), then we say that & strictly
majorizes y (or 3 is strictly majorized by 3), and denote this by & > 5 (or 5 < &).

Intuitively, & > n means that the entries of 5 are obtained from those of & by a
process of ‘mixing’. Let us state this precisely: If & majorizes 5 then there exists a
doubly-stochastic d x d matrix P such that = P&; conversely, given an ordered vector
& and a doubly-stochastic matrix P, the vector obtained by reordering the entries of P§& is
majorized by £&—see [32, Theorem B.2].

‘We now state the main result of this paper. Recall that M is a smooth compact connected
manifold of dimension d > 2, and m is a smooth volume measure, normalized so that
m(M) = 1; note that we do not assume that M is a torus (nor even an infranilmanifold).
The unstable index of an Anosov diffeomorphism is the dimension of its unstable bundle.

THEOREM 1.5. Letr € {2,3, ..., 00}, and let f € Diff,, (M) be a conservative Anosov
C”-diffeomorphism with simple dominated splitting. Let § € RY be such that:

@ & >--->&,>0>%&,41>---> &y, where u is the unstable index of f;
(b) & < N(f), that is, & is strictly majorized by \(f).
Then there is a continuous path (fi)iefo,11 in Diff,, (M) such that:

* fo=1f:
e cach f; is Anosov with simple dominated splitting;
e /D =§&

COROLLARY 1.6. (Anosov diffeomorphisms display all hyperbolic simple Lyapunov
spectra) Given any list of non-zero numbers & > - - - > &; whose sum is equal to 0, there
exists a conservative Anosov C* diffeomorphism of T with simple dominated splitting
such that N(f) = (&1, ..., &q).

Corollary 1.6 is obtained as follows: first, we take an Anosov linear automorphism
whose spectrum is simple and ‘large’ with respect to the majorization partial order;
then, Theorem 1.5 allows us to deform the linear automorphism and obtain a conser-
vative Anosov diffeomorphism with the desired Lyapunov spectrum. (See §7.1 for full
details.)

Note that as a consequence of Corollary 1.6, we obtain a positive solution of the
general weak flexibility Conjecture 1.1 on tori for simple spectra: if the desired spec-
trum contains 0, then we just take the product f = g x Ry of an appropriate Anosov
map g on T¢~! and an irrational rotation Rg on T; this f is ergodic because g is
mixing.

While condition (b) in Theorem 1.5 asks for strict majorization, there are specific
situations where this requirement can be relaxed to ordinary majorization. This is
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demonstrated by the next theorem, which also shows that the majorization condition is
indeed necessary.

THEOREM 1.7. Let Fy be an Anosov linear automorphism of T2 with simple Lyapunov
spectrum and unstable index u. For any given & = (€1, &, &) € R3, there exists an Anosov
diffeomorphism f € Diff}; (T3) homotopic (and hence topologically conjugate) to Fy and
with simple dominated splitting such that \(f) = & if and only if

§1>86>8, & >0>4&4, and &< ML) (1.9)

Furthermore, one can choose a homotopy between Fi and f consisting of conservative
smooth Anosov diffeomorphisms with simple dominated splitting.

In d = 3, the condition & < \(L) is strictly stronger than the ‘entropy condition’ in
equation (1.4). Therefore, if Problem 1.3 has a positive solution, it necessarily involves
Anosov diffeomorphisms without a simple dominated splitting, even in the case of
simple Lyapunov spectra. The existence of a single conservative Anosov diffeomorphism
f: T3 — T3 whose spectrum & = \(f) is not majorized by (L) is already a very
interesting question.

Let us note that Hu, M. Jiang, and Y. Jiang [25] have constructed deformations of
conservative Anosov diffeomorphisms and of conservative expanding endomorphisms
having arbitrarily small metric entropy. In the case of diffeomorphisms with dominated
splittings, their result follows from Theorem 1.5. Their construction is very different
from ours.

1.6. Comments on the proofs. Let us summarize the ideas of the proof of Theorem
1.5. Motivated by the work of Shub and Wilkinson [42], Baraviera and Bonatti [5] have
proved the following ‘local flexibility’ result: given a conservative stably ergodic partially
hyperbolic diffeomorphism, one can perturb it so that the sum of central Lyapunov
exponents becomes different from zero. Their idea was to perturb the diffeomorphism
on a small ball around a non-periodic point (so to avoid fast returns) by rotating on
a center-unstable plane so that the central bundle borrows some expansion from the
unstable bundle. Actually, their argument allows to slightly mix Lyapunov exponents in
any pair of consecutive bundles in a dominated splitting, while the Lyapunov exponents
in the other bundles move extremely little. So it is conceivable that with a sequence of
Baraviera—Bonatti perturbations, one could mix Lyapunov exponents basically at will.
Though this idea is ultimately correct, several difficulties need to be overcome to turn
it into a proof of Theorem 1.5. First, how can we ensure that the effect of the perturbations
is not too weak? Second, how can we obtain a prescribed Lyapunov spectrum exactly?
Let us discuss how to overcome the first difficulty. Instead of using a single ball as
the support of a perturbation, we select several small balls whose union has a large first
return time but non-negligible measure: this is done with a standard tower construction
(in the style of [9, 13], for instance). In each of these balls, one composes with the same
‘model” perturbation of the identity that rotates the appropriate plane. However, this trick
by itself is not sufficient to conclude. If the domination or the hyperbolicity gets weak,
the rotations should be smaller and their effect on the Lyapunov exponents are also small.

https://doi.org/10.1017/etds.2021.78 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.78

Flexibility of Lyapunov exponents 561

The solution is to select carefully not only the location of the balls but also their shape.
This is done using a specially adapted Riemannian metric such that, on the one hand,
domination and hyperbolicity are seen in a single iterate (as in [23]), but on the other
hand, for a large proportion of points with respect to the reference measure m, the rates
of expansion on a single iterate with respect to the adapted metric are very close to the
Lyapunov exponents. We only perform the perturbations on balls around those good points.
In this way, we can ensure that the effect of the perturbation on the Lyapunov exponents is
considerable. In this regard, we also remark that we have no bound for the C! size of the
deformation (f7)s¢(0,1] that we eventually construct in Theorem 1.5. Therefore, we need
to be careful with the quantifiers to ensure some effectiveness of the perturbation without
knowing which diffeomorphism we are perturbing.

Concerning the second difficulty, we note that the type of perturbations sketched above
always has some small ‘noisy’ effect on the Lyapunov exponents that cannot be made
exactly zero (except if some of the invariant sub-bundles are smoothly integrable). To
resolve this, we define our perturbations depending on several parameters, allowing us
to move the Lyapunov spectrum in all directions. By topological reasons, this eventually
permits us to obtain open sets of spectra. Now, to construct these multiparametric
perturbations, in principle, one could try to compose several Baraviera—Bonatti-like
perturbations that mix different pairs of Lyapunov exponents. This idea turns out to be
impractical, essentially because one would need to consider adapted metrics and towers
depending on parameters. Luckily, it is possible to define a new type of multiparametric
model perturbation that includes Baraviera—Bonatti perturbations as a particular case,
freeing us from the trouble of working separately with each pair of exponents.

Now let us outline the proof of Theorem 1.7. To manipulate, say, the first two Lyapunov
exponents while keeping the third one unchanged, we follow the same strategy as in
the proof of Theorem 1.5, but using Baraviera—Bonatti perturbations that preserve the
center-unstable foliation. This is possible because we start with the automorphism Fp, for
which this foliation is smooth. In the converse direction, suppose that f is a conservative
Anosov diffeomorphism of T3 homotopic to F; whose Lyapunov spectrum is simple
but is not majorized by the spectrum of L. For example, consider the case u = 2 and
M (f) > N (L). If f had a simple dominated splitting, then the exponential growth rate
of the strong unstable foliation of f would be bigger than the corresponding rate for Fy,
and this would contradict the quasi-isometric property of this foliation obtained by Brin,
Burago, and Ivanov [15].

1.7.  Further directions of research and other instances of the flexibility program.

1.7.1. Extensions of our methods. Hyperbolicity is not fundamental to our constructions;
as in Baraviera and Bonatti [5], domination is the important keyword. In fact, this
perturbation method seems much more versatile, and should apply if domination is allowed
to degenerate in a controlled way on a certain singular set, as is the case in [18, 26].
Therefore, the conjectures of §1.2 seem approachable, at least in some cases.

Let us briefly discuss what happens when we approach the boundary of the set of
allowable spectra & in Theorem 1.5. We consider the principal case f = Fr. Let u be

https://doi.org/10.1017/etds.2021.78 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.78

562 J. Bochi et al

the unstable index of Fy. Consider the set of & that meet conditions (a) and (b) in the

theorem. There are three types of components of the boundary.

(@ &, =0or&,11 =0. One can carry our construction across either of those. The
resulting map of course is not Anosov anymore but partially hyperbolic with a
one-dimensional central bundle (a similar construction appears in [37], but starting
with an automorphism F, of T3 whose central exponent is already close to 0).

() Y & =% %) for some ke (l,...,d—1}. Cases k=1and k=d — 1
are feasible: as in the proof of the ‘if’ part of Theorem 1.7, the perturbations
preserve codimension-one Fp-invariant foliations. For other values of k, we get into
difficulties: our construction is iterative, but after the first step, the foliation that
needs to be preserved would no longer be smooth.

(c) & =& forsome i €{l,...,d— 1}. Our construction degenerates because the
amount of domination decreases and the Lyapunov metric explodes.

Related to the last point, to realize non-simple Lyapunov spectrum (e.g. to prove
Conjecture 1.4), one should be able to manipulate Lyapunov exponents at least in some
cases of non-simple dominated splittings. However, then formula (1.6) does not apply, so
finer methods would be required.

1.7.2. Explicit constructions and bounds. ~As mentioned before, in dimension 2, there
exists a simple construction of conservative Anosov diffeomorphisms with prescribed
Lyapunov spectra. It would be interesting to have such explicit constructions on
higher-dimensional tori as well.

Here is an exciting general questioni: What would be the effect of bounds on the C”
norms on the flexibility results? Our constructions are certainly very ‘expensive’ in terms
of C? norms, and probably in terms of C' norms as well (because do not have estimates
on the eccentricities of the Lyapunov balls).

1.7.3. Other measures. 1In other settings, the invariant measure (or measures) one is
interested in is not necessarily fixed in the class of dynamical systems under consideration,
but varies with the dynamics itself. The prototypical example consists of equilibrium states
of sufficiently hyperbolic dynamics with respect to relevant potentials. The flexibility
paradigm then applies. See [19] for a result in this direction, where expanding maps on
the circle are considered.

1.7.4. Symplectic systems. The problems that we have posed in the volume-preserving
setting have symplectic counterparts, where symmetry of the spectrum appears as an extra
requirement. It is plausible that our methods can be adapted to the symplectic setting, but
not in a straightforward way.

1.7.5. Flows. Structural stability for flows does not imply topological conjugacy, so
topological entropy becomes a free parameter even in the uniformly hyperbolic case.

Thus, for conservative Anosov flows on three-dimensional manifolds, the basic flexibility

T We thank a referee for suggesting it.
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problem involves the realization of arbitrary pairs of numbers as values for topological
and metric entropy subject only to the variational inequality. This problem can be solved
fairly easily for suspensions of T2 and unit tangent bundles of surfaces of genus g > 2
using time changes of homogeneous models but becomes more interesting (probably still
tractable) for exotic Anosov flows where homogeneous models are not available.

The problem becomes really interesting in the standard setting when one considers
special classes of Anosov flows. The prime example here is provided by geodesic flows on
compact surfaces of negative curvature. In this case, a natural normalization is available
by fixing the total surface area. The variational inequality is strengthened by the conformal
inequality [27] and possible values of the metric entropy A,, and topological entropy hiop
for Riemannian metrics of negative non-constant curvature are restricted to:

4(g — 1)\ /2
hy < <$> < hyop,

where g is the genus of the surface and V is its total area. For any constant curvature metric
those inequalities become equalities. The fact that equality of the metric and topological
entropy implies constant curvature is a prototype case of rigidity that is discussed below.
The flexibility problem in this setting is solved in [20]. The solution uses methods which
are totally different from those of the present work. For flexibility results where the
conformal class is fixed (and also taking other invariant quantities into account), see [7,
8]. More problems are posed in [20, §4] and [8, §7].

The higher dimensional case is wide open. One of the difficulties of dealing with
geodesic flows on higher dimensional negatively curved manifolds is that algebraic models
have a non-simple Lyapunov spectrum (in fact, either one or two Lyapunov exponents are
of the same sign and full splittings never exist).

1.7.6. Flexibility and rigidity. In the context of conservative smooth dynamical systems,
the strongest natural equivalence relation is smooth conjugacy. For symplectic systems, it is
similarly a symplectic conjugacy, for geodesic flows—isometry of the underlying metrics,
and so on. A general phenomenon of rigidity in this context can be described as follows:

(OR) Values of finitely many invariants determine the system either locally, that is, in
a certain neighborhood of a ‘model’, or globally within an a priori defined class of
systems.

The space of equivalence classes, at best, can be given some natural infinite-dimensional
structure and, at worst, is ‘wild’. This is proven in a number of situations but, in
general, it has to be viewed as a paradigmatic statement, not a theorem, and, beyond
the C! case, almost every meaningful general question is open. Thus, rigidity should be
quite rare because it should appear for very special values of invariants. (Nevertheless,
for zero entropy systems, local rigidity of toral translations appears in the context of
Kolmogorov—Arnold—Moser theory and global rigidity for circle diffeomorphisms with
Diophantine rotation number. Those situations do not concern us here.)

A natural question in our context is whether particular values of Lyapunov exponents
(for conservative systems, or symplectic systems, or geodesic flows) imply rigidity. In
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FIGURE 1. The top graph shows j € {0, .. ., d} > % j (f) for some f. The bottom graph corresponds to 7' () for
some ordered vector & satisfying assumptions (a)—(b) from Theorem 1.5.

agreement with the general flexibility paradigm, one may expect this to happen at the
extreme allowable values of exponents. This tends to be true in low dimension, not
true in full generality, and probable in a number of interesting situations. Several recent
results fit this pattern: see the papers [22, 33, 40] (concerning conservative Anosov
diffeomorphisms, mostly) and [16, 17] (concerning geodesic flows).

1.8. Organization of the paper. The rest of this paper is organized as follows. In §2, we
state the technical Proposition 2.1, which is a local multiparametric version of Theorem
1.5, and we show how it implies the theorem. In §3, we construct the adapted metrics
mentioned above. In §4, we use them to define damping perturbations; these are actually
‘large perturbations’, but we show that their results are still Anosov under the appropriate
conditions. In §5, we define the local model of our multiparametric perturbations and
perform some computations concerning those. In §6, we use the results of the previous
sections and a tower construction to prove Proposition 2.1. In §7, we prove Theorem 1.7.

2. Reduction to a central proposition
Let H := {(£1,...,&) € RY; > &; = 0}. Define a linear isomorphism 7': H — R4-1
by:

T1,6,.... 861,60 =E1,&6 +&, ...+ - +&-1). 2.1

Given an ergodic f € Diff], (M), recall that \( f ) denotes the Lyapunov spectrum of f
with respect to the volume measure m. We define )\(f) = T(\(f)), that is, )\(f) is the
vector whose jth entry X ; j(f) is the sum of the j biggest Lyapunov exponents. This is a
natural object to consider because N 7 (f) equals the top Lyapunov exponent of the j-fold
exterior power of the derivative cocycle. It is also convenient to define )A\o( f)=0=
)A\d(f). The fact that N (f) > - - - > hg(f) means that the function j € {0,...,d} —
)A\j (f) is concave: see Figure 1.

In this section, we state Proposition 2.1, which roughly says that we can perturb f to
slightly lower the graph of j € {0,...,d} — & j(f) and that different vertices of the
graph can be moved somewhat independently. We also show how Proposition 2.1 implies
the main theorem (Theorem 1.5).

Givenu € {1,2,...,d — 1}, define a ‘gap function’ g, : RY — R by:

g.&1, ..., &) :=min{§) — 8,5 — &, ..., 81 — &1, &4, —Eut). (2.2)
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(5(1,2

e

5@1

FIGURE 2. Illustration of Proposition 2.1 for d = 3. The images of the edges of the square [0, 11? under the map
t — N(f:) stay on the strips determined by conditions (2.4) and (2.5). Corollary 2.2 tells us that the image of this
map is a set A that contains the small gray square and is contained in the big square.

Note that if f is a conservative Anosov diffeomorphism of unstable index u and admitting
a simple dominated splitting, then g, (\(f)) is strictly positive; indeed it is the minimal
gap between the d + 1 numbers

M) > > M) > 0> N1 (f) > - - - > Mg (f).

PROPOSITION 2.1. (Central proposition) Letu € {1,2,...,d — 1}, andletay, ..., a4—1,
o, and & be positive numbers. Then there exists 5 € (0, 8o) so that the following holds.

If f eDiff, (M) is a conservative Anosov diffeomorphism of unstable index u,
admitting a simple dominated splitting, and such that g,(\(f)) > o, then there exists a
continuous map

t €0, 117" > £, e Diff, (M),

where fo,.0) = f and for eacht = (t1, ..., t4-1) € [0, l]d_l, the conservative diffeo-
morphism f; is Anosov of unstable index u, admits a simple dominated splitting, and, for
each j e{l,...,d —1},

() —4a; < Ni(f) <N+ baj, (2.3)
=0 = %(H)— daj <Nj(f) <i(f)+ baj, (2.4)

ti=1 = Ni(f)—48a; <Nj(f)) < hj(f) —28a;. (2.5)

So the numbers a; allow us to move some of the summed exponents x j faster than
others, but the overall movement is controlled by the scaling factor §. Let us emphasize
that a main point of the proposition is that the dependence of § on f is only through u and
o, and that is the key for the possible iteration of the proposition to obtain Theorem 1.5.

The following consequence is intuitively obvious (see Figure 2).

https://doi.org/10.1017/etds.2021.78 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.78

566 J. Bochi et al

COROLLARY 2.2. In Proposition 2.1, the set A = {)A\(f,) ;€ [0, l]d_l} satisfies
d—1

[T —28a, %;(f)—8a;] < A < [][x(f) 48aj, %;(f) + 8a;l.

j=1

The second inclusion comes from inequality (2.3). For the first one, we need the
following topological fact.

LEMMA 2.3. Let ¢ = (¢1,...,0a—1): [—1, l]d_l — R4 pe a continuous map such
that for every z = (21, . . ., 2a—1) € [—1, 1]”1_l andevery j e{l,...,d—1},
z;j=—1 = ¢j@@< —%,
zi= 1 = ¢i@> i
Then the image of ¢ contains the cube [—— —]d L
Proof of Corollary 2.2. Let C :=[—1, l]d_l. Note that:
for all z € dC, the segment [z, ¢(z)] does not intersect the cube %C . (2.6)

Consider the map ¥ : C — R?~! that coincides with a rescaled version of ¢ on the
subcube %C, and on the remaining shell, interpolates linearly between ¢|3c and id|yc.
More precisely, letting ||-||oo denote the maximum norm in R4=1 (whose unit closed ball
is the cube C), we define:

©(2z) if [|zlleo < 1/2;

O 20 - Kelaptlelo) + @ - el otherwise

In particular, 1 coincides with the identity on the boundary aC.

By contradiction, suppose that %C \ ¢(C) contains a point w. Then it follows from
observation (2.6) that the image of ¥ does not contain w. Fix a retraction 77 of R?~1 \ {w}
onto dC. Then 7 o ¥ is a retraction of the cube C onto its boundary. It is a known fact that
no such map exists. This contradiction completes the proof of the lemma.

Now Corollary 2.2 follows by an affine change of coordinates. Namely, consider the

map:
9(2) == B(M(fa))
where A = (A1, ..., Aq4-1), B=(By,..., Bj_1) are the maps:
—Zj 28 —ni(f) A (f)
Ai(zZly ..y 2d-1) = =, Bi,.. =1
izt 2d—1) > i 8a-1) + - i 5,
By equatlon 2.4), if z] =1, then . 3 < @j () < 5, while by equation (2.5), if z; = —1,
then —3 < ¢;(z) < ——. So we can apply Lemma 2.3 and conclude the proof of
Corollary 2.2 O

Proof of Theorem 1.5. Let f and & be as in the statement of the theorem. Let

o = 4 min{g, (L(/)). g, ().
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FIGURE 3. Illustration of the proof of Theorem 1.5 with d = 3, u = 1. The function g, o T~! is positive on the

sector between the horizontal positive semi-axis and the diagonal. The gray region is the neighborhood V, and the

marked points along the segment [é Y f)] are the n; values. For the first perturbation (go,), the corresponding
hatted Lyapunov vector )A\(go,,) stays inside the upper right rectangle and hits 5, for some parameter ¢t = .

Recalling equation (2.1), let é :=T() and (ay,...,aq—1) := )A\(f) — é Because A(f)
strictly majorizes &, each a; is positive. The function g, o T-': R-! R is concave
(because it is the minimum of affine functions), and it follows that this function is > 2o
on the segment [é L h( f)]. By continuity, we can find a small positive §o < 1 such that
the function g, o T~! is > o on the following neighborhood of the segment (pictured in
Figure 3):

d—1

V=&, M1+ [ [1-450a;. S0a;1.

j=1

Let 6 =6(ay,...,aq—1,0,8) be given by Proposition 2.1. Let n := |_8_1J; this is a
positive integer because 0 < § < §9 < 1. Foreachi € {0, 1, . .., n}, let

n; = (1 —~ 1) A+ Lk
n n

Note that % € [, 28]. Therefore, foreachi € {0, ...,n — 1},

d—1
Mg —0; € | [[=26a;, —5a;]. 2.7)
Jj=1

We now construct a continuous path (fy)seqo,1] of conservative Anosov diffeomor-
phisms as follows. Applying Proposition 2.1 to the diffeomorphism fj := f, we obtain
a certain family of Anosov diffeomorphisms (go), where ¢ runs in the cube [0, 1791,
Because )A\( Jfo) = ng, by Corollary 2.2 and equation (2.7), there exists fy in the cube
such that )A\(go,,o) =1;. Let fi/n := 8oy, and define f for s in the interval [0, 1/n] by
fs 1= 80.n1ys- Note that these diffeomorphisms obey the gap condition g, (A(f;)) > 0. We
continue recursively in the obvious way: we apply Proposition 2.1 and Corollary 2.2 to the
diffeomorphism f1/,, extend the family f; to the interval [1/n, 2/n], and so on. We end
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up defining a path ( f;)se(0,1] of conservative Anosov diffeomorphisms of unstable index u
admitting simple dominated splittings, such that NG /n) =1; foreachi € {0,...,n}. In
particular, N f1) = &, or equivalently, \(f1) = &, as desired. O

Remark 2.4. (Prescribing paths of spectra) The proof of Theorem 1.5 can be easily adapted
so that the path (M(f;)):e[0,1] 15 CY-close to any given path from ©\(f) to & that satisfies
property (a) and is monotone with respect to the majorization partial order.

In §§3 to 5, we establish several preliminary results which will be eventually used to
prove the central proposition (Proposition 2.1) in §6.

3. Lyapunov metrics and charts

3.1. Lyapunov metrics. There are different ways to introduce Riemannian metrics that
are suitable to study particular classes of hyperbolic dynamical systems. Such metrics are
usually called Lyapunov or adapted metrics, and both terms are used in more than one
meaning. For various versions of such Lyapunov metrics, see e.g. [6, 23, 28]. Here we will
construct a variant which specifically fits our setting.

Suppose that f e Diff], (M) is a conservative Anosov diffeomorphism admitting a
simple dominated splitting TM = E; & --- @ E4. Givena C 0 Riemannian metric (-, -)),
let ||-]| denote the induced vector norm, and consider the expansion functions xi, . . .,
Xd: M — R defined by

IDf Gl
il

xj(x) :=log for arbitrary nonzero v € E;(x). (3.1)
It is clear that each y; is continuous and its integral is \;(f). We say that (-, -)) is a
Lyapunov metric if:

o the bundles E; are mutually orthogonal with respect to (-, -));
e the expansion functions satisty, for every x € M,

x1(x) > x2(x) > > xu(x) > 0> yup1(x) > - > xa(x), (3.2)

where u is the unstable index of f.

PROPOSITION 3.1. (Lyapunov metric with L! estimate) Let f € Diff,, (M) be a conser-
vative Anosov diffeomorphism admitting a simple dominated splitting. Furthermore, let
e > 0. Then there exists a Lyapunov metric such that each expansion function is L'-close
to a constant:

/M Ixj(x) = ()l dm(x) <e. (3.3)

We could smoothen the metrics given by the proposition, but in that case we would lose
the orthogonality of the bundles of the dominated splitting, which is convenient for our
later calculations.
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Proof of Proposition 3.1. We fix an arbitrary Riemannian metric on M. Consider the
following continuous functions:

D" ()]
vl

For each j, the sequence above forms an additive cocycle with respect to the dynamics f.
By domination and hyperbolicity, if N is sufficiently large then

9](-") (x) :=log for arbitrary non-zero v € E;(x).

forallx € M, 6V (x) > - > 6N ) > 0> 6N 0 > >0V 0. (34

However, the functions 9](-") /n converge m-a.e. to the constant X ;(f). So, increasing N if
necessary, we assume that

6} ()
N Ni(f)|dm(x) < e. 3.5)
M
Now, foreachx € M, j € {l,...,d},and v € E;(x), we let
N-1
ol == JT 1o @ull'/?. (3.6)
n=0

This defines a norm on each one-dimensional bundle E;(x). Consider the unique inner
product on 7y M that makes those bundles orthogonal and whose induced norm agrees
with the definition above.

If v € Ej(x) is non-zero then, by telescopic multiplication,

IDf @l _ IDFY @l Y
vl oI/~

This means that the expansion function x; defined by equation (3.1) equals 9](_1v) /N.
Therefore, the desired properties shown by equations (3.2) and (3.3) are just those of
equations (3.4) and (3.5). O

Remark 3.2. 1t follows from the proof that the Lyapunov metrics can be constructed so
that the tempering property |x; o f — x| < & also holds.

Remark 3.3. Our proof used that the bundles of the dominated splitting are one-
dimensional, so that the geometric average defined by formula (3.6) defines a norm. If the
bundles E; are higher dimensional, one can still adapt this trick by taking an appropriate
notion of averaging on the symmetric space of inner products: see [10, p. 1839].

3.2. Lyapunov charts.

PROPOSITION 3.4. (Lyapunov charts) Suppose that f e Diff], (M) is a conservative
Anosov diffeomorphism of unstable index u admitting a simple dominated splitting TM =
E1®---® Ey, andthat (-, -) is a Lyapunov metric.

Then for all x € M, there exists a map ®,: By — M, where By C RY is a fixed closed
ball centered at 0, with the following properties:
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(@ Dx(0) =x;

(b) @, is a smooth diffeomorphism onto its image;

(¢) @, has constant Jacobian, that is, the push-forward of Lebesgue measure on By
equals the restriction of the measure m to @, (By) times a constant factor;

(d) thederivative L, := D®,(0) takes the canonical basis {e1, . . ., e} ofRd to a basis
{Li(e1), ..., Ly(eq)} of Te M which is orthonormal for the Lyapunov metric (-, -))
and, moreover, L, (e;) € E;(x) for each j.

Furthermore, {® ; x € M} is a relatively compact subset of C*°(By, M).

Proof. As it is well known and elementary (see e.g. [30, p. 6]), the manifold M admits
a conservative atlas, that is, an atlas whose charts F;: U; C RY — M are such that the
push-forward of Lebesgue measure on U; coincides with the measure m restricted to
F; (U;). By compactness, we assume that this atlas is finite.

Now, given x € M, let L, : RY — T.M be a linear isomorphism that sends the
coordinate axes to the bundles E1, . . ., E4, and such that the push-forward of the standard
inner product is the Lyapunov metric (-, -)) .. Choose i such that F; (U;) > x, and define

D, (2) == F(F7'(x) + (DF ' (x) 0 L)(2)),

for every z in a sufficiently small closed ball By C R¢ around 0. It is clear that these maps
have the asserted properties (a)—(d). Moreover, all their derivatives are uniformly bounded,
so we obtain relative compactness of the family. O

The maps &, given by the proposition are called Lyapunov charts. Note that the
derivative of f at an arbitrary point x € M can be diagonalized using the Lyapunov charts
as follows:

+eX1(x) 0
D(cb;(lx) o fo®)(0) = . (3.7)
0 4 eXd(X)

4. Damping perturbations

In this section, we define a certain type of perturbations f of an Anosov diffeomorphism f,
called damping perturbations. The idea comes from Baraviera and Bonatti [S] but, as one
of the referees has pointed out to us, constructions of this type go back to Newhouse and
Mafié.

Damping perturbations are actually ‘large perturbations’, in the sense that the C!
or even the C” distance between f and f may be large. However, the support of the
perturbation, that is, the set Z := {x ; f (x) # f(x)}isrequired to be ‘dynamically small’:
the return times from Z to itself are not smaller than a large number N. On Z, we impose a
transversality condition: essentially we want the spaces D f (x)E"(x) and D f (X)ES(x)
to be transverse to ES(f(x)) and EU(f(x)), respectively, where E" @ E® denotes the
hyperbolic splitting of f. We show that if the least return time N is large enough, then
the perturbed diffeomorphism f is still Anosov. Moreover, on the set Z, the new unstable
bundle E" is close to the old one E", while on the set f(Z), they can be far apart. As
we go upwards in the tower with base Z, the bundle E" is attracted by EV, so it suffers
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FIGURE 4. A damping perturbation f of an Anosov diffeomorphism f:

some ‘damping’ before returning to Z and getting ‘kicked’ again. See Figure 4. Actually,
we work with Anosov diffeomorphisms with simple dominated splitting; we show that
domination also persists under damping perturbations. Let us give precise statements.

4.1. Definition of damping perturbations. Assume given a conservative Anosov diffeo-
morphism f € Diff], (M) of unstable index u and admitting a simple dominated splitting
TM =E| & ---&® E,. Fix a Lyapunov metric ((-, -)). Let us use the following notation:

X@) = (x1(x), .. ., xa(x)), 4.1)

where the x; terms are the expansion functions of equation (3.1). By definition of
the Lyapunov metric, g,(x (x)) > O for every x € M, where g, is the gap function of
equation (2.2).

For each x € M, let

LR T M 4.2)
be a linear map that takes the canonical basis {ej,...,e4} of RY to a basis
{L:(e1), ..., Li(eq)} of T, M that is orthonormal for the Lyapunov metric (-, -)), and,
moreover, Ly (e;) € E;(x) for each j. Note that the map £, is unique modulo composing
from the right by a matrix of the form diag(%1, ..., +1). Taking quotient by this finite
group, L, becomes unique and continuous.

Foreach j € {1,...,d — 1} and T > 0, we define the standard horizontal and vertical

cones of index j and opening T as the following subsets of Euclidean space R?:
— .2 2 2,2 2
Hi(r) =={(z1,.-.,2a) st <t (z1 + - -+zj)}U{0}, 4.3)
Vi) ={z1,...,24); z% +... —i—z? < rz(ziﬂ +... +z§)} U {0}. 4.4)
Then we define the following continuous fields of cones on the tangent bundle 7'M

Hj(x, 1) == L(Hj (), Vjlx, 1) = L(Vj(0)).

https://doi.org/10.1017/etds.2021.78 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.78

572 J. Bochi et al

By equation (3.7), we have the following invariance properties, for every t > 0:
Df (x))H;j(x, T) © H;j(f (x), e L0711y, (4.5)
DF T Vi, 1) € V(7 ), eV T Ot U (4.6)

Let P" and P® : TM — T M be the projections on the unstable and stable bundles of f,
respectively, so that their sum is the identity.

Fix numbersa > > 0,« > 0,0 > 0,and N > 2. We say that a diffeomorphism f €
Diff), (M) is a («, B, k, 0, N)-damping perturbation of f with respect to the metric (-, -))
if the following conditions hold.

(i) Forallx e Mandje{l,...,d—1},
Dfx)H;(x, B) € H;(f(x), @),
D' @V(x, B) S Vi(f (), ).

(ii)) Forallx e M,

veH,(x, ) = P DF) vl =« 1P vll,

ve V. ) = P DF ') vll =« [I1P°vll.
(iii) Letting

Z:={xeM; f(x)# f(x)or Df(x) # Df(x)},

the sets Z, f(Z), . .., fN~1(Z) have disjoint closures.
(iv) Forall x € Z, we have, in terms of notations (4.1) and (2.2):

[, " . 1 0 . .
8u <ﬁ ; x(f x)) 7 & <ﬁ n:_XA;_zX(f x)) =7

Note that the definition is symmetric under time-reversal, that is, f -1 s a
(o, B, k, 0, N)-damping perturbation of f~1. Indeed, {x € M ; f’l(x) # f~'x)or D
f7'@) # D) = £(2).

Remark 4.1. Note that condition (iv) is weaker than the condition g, o x > o/2, which
is always satisfied in this paper. The reason why we insist in working with the more
complicated condition (iv) is that it may be useful for future applications of our methods.
Moreover, working with the stronger condition would not make the proof of Proposition
4.2 below any simpler.

4.2. Properties of damping perturbations. We will show that damping perturbations
are still Anosov with simple dominated splitting, provided the ‘damping time’ N is large
enough. It is important that the condition on N depends only on the other parameters «, S,
k, o (together with a parameter y that controls the desired closeness between the new and
the old spaces), but not on f itself. Furthermore, given the other parameters, the damping
time N must be at least of the order 1/o. This should not come as a surprise, because
Lyapunov exponents are inversely proportional to the time it takes to obtain a prescribed
factor of expansion or contraction.
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Given numbers@ > 8 >y > 0,« > 0,and o > 0, let
2 -1 —1
No :=| — log(max{x™ ", ay™"}) | +2. 4.7
o

Let f € Diff), (M) be a conservative Anosov diffeomorphism of unstable index u admit-
ting a simple dominated splitting TM = E{ & - -- @ Ey4, and fix a Lyapunov metric
for f.

PROPOSITION 4.2. Let N > Ny and let f € Diff}, (M) be a (a, B, k, o, N)-damping
perturbation of f with respect to the Lyapunov metric.
Then f is a conservative Anosov diffeomorphism of unstable index u, and it admits a
simple dominated splitting Ei® - @ Ey.
Moreover, letting Z :={x € M ; f(x) # f(x) or Df(x) # Df (x)}, then for all x €
Mandje{l,...,d—1}:
@ Ex® & Ej(x) and Ej1(x)®---® Ey(x) are transverse, and if x ¢
LIN=' f7(2), then E\(x) & - - - @ Ej(x) C Hj(x, y);
(b) Ej+1(x) D---B Ed(x) and E{(x) ®---® Ej(x) are transverse, and if x ¢
L=y S(2), then Ej1(x) & - - - & Ea(x) € V;(x, y).

Observe that Ny > 2 and that

eMNo=D9/2 o max{k !, ay ). (4.8)

The first step is to construct continuous fields of cones that are invariant with respect to
the perturbation f.

LEMMA 4.3. For each j € {1,...,d — 1}, there exists a continuous function w; on M
such that, for every x € M,

@ y=ojx o )

0 o0 =yifx L5 M@

© Dfx) Hjx, wj(x)) CH;(f(x), wj(f(x)).

Proof of Proposition 4.2. Fix j. By equation (4.8), we can choose & > 0 such that

& <inf(xj — xj+1) and ae~N=D0/2=8) _

Let
A={xeM;Dfx)H;x,y) CH;(fx), )

Then A is an open set and AUZ = M. Let p; + p2 =1 be a partition of unity
subordinated to this open covering. Define the function w; as follows:

o ifxg¢ U,]:/;ll f™(Z), then we let w; (x) := y;
o ifx e f(Z)= f(Z),then we let

w;(x) := yp1(f () + apa (F 1 (x)).
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o if x € f"(Z), where 2 <n < N — 1 then, assuming w; was already defined on
F"=1(Z), we let

wj(x) = max{y, w; (£~ (x)e U Ot r (T @) rey

The function w; is continuous and has properties (a) and (b). Next we check property (c)

case by case. First, consider x € Z.

o IfxeZNA, then wj(x) =y and w; (f(x)) >y, so property (c) follows directly
from the definition of A.

If xeZ\ A, thenw;j(x) =y < B and a)j(f(x)) = o, so property (c) follows from
condition (i) in the definition of damping perturbations.

Next we consider the cases where x ¢ Z, and so f(x) = f(x) and Df(x) = Df(x).
Ifx ¢ |_|,11V=_01 f"(Z), then w;j(x) = w;j(f(x)) =y, so property (c) follows from the
invariance property (4.5).

o Ifx e f"(Z)forsomen € {l,..., N — 2}, then

0j (f(0) 2 w;(x)e™ M FACIFE,

and so property (c) again follows from the invariance property (4.5).
e Finally, if x € fN=1(Z) then, letting y := f~N*2(x),

N-2

;(x) = max {y, wj(y) exp Y [=xi(f )+ a1 (F1o) + e]}.

i=0

Using the fact that w;(y) < «, condition (iv) from the definition of damping perturba-
tions, and the choice of £, we obtain that w;(x) = y. Of course, w;(f(x)) also equals
y, so property (c) again follows from the invariance property (4.5).

This completes the proof of lemma.

Property (c) from Lemma 4.3 means that for each j, the continuous cone field
C;j(x) := H;(x, wj(x)) is strictly forward invariant. This implies that the diffeomorphism
f has a simple dominated splitting E1®---@® E, such that for all x and J» we have
El(x) D---D Ej (x) C Cj(x); see e.g. [41, Proposition 2.2]. In particular, conclusion
(a) of Proposition 4.2 is satisfied. Because the definition of damping perturbations is
symmetric under time-reversal, it follows that conclusion (b) is also satisfied.

Next, consider the sub-bundles:

E''=E & ---®E,, E°:=E;1©---®Eqy,
E‘'=FE\® - ®E, E=E. 1& -  -®Ey.
Let us check that the D f -invariant splitting E'"® ESis uniformly hyperbolic.
Recall that P*: TM — T M denotes the projection onto E" with kernel ES. Then, for
everyx € M andv € Ty M,

I P Df (x) vl = X PUol| = a || P v]l, (4.9)
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for some constant a; > 1. Now consider x € Z and v € C, (x); then,

P DN xyll = 1P DY (F(x) Df(x) vl
N-2

> exp [ > xu(f"<f<x>)>}|||P“Df(x> ll
i=0

> eN=DO2) PUD f(x) vl (by (iv))

> iceN =072 puy)| (by (ii)).

Let ay =: ke™W=D9/2 which, by inequality (4.8), is bigger than 1.
Let a3 := min{ay, azl/ N} > 1. We claim that there exists a constant ¢ > 0 such that for
allx e M,v e Cy(x),and n > 0,

IPY D" (x) wll = caf || P* vll. (4.10)

Indeed, the inequality holds with ¢ = 1 if the segment of orbit {x, f(x), ..., /"~ 1(x)}:
e cither does not intersect Z;
e or, for each time it enters Z, it goes through the tower Z U f(Z) U ---U fN-L(7)
completely.
In general, the segment may end inside the tower; in this case, its contribution is uniformly
bounded, so we conclude that equation (4.10) holds for an appropriate value of c.
Next, note that for all x € M,

Cu(x) = {v € TeM ; [IPs()I* < @ (x)2I Pu(w)II*} U {0}
={ve M ; [[P.* > (1 + w,x)*) vlI*} U {0}.

By Lemma 4.3(a), o, (x) < «. Using equation (4.10), we conclude that for all v € C, (x)
andn > 0,

IDF"(x) vll = I1P* D" (x) vl = cal P vll = c(1 + o)~ 2a}|v]|.

In particular, the bundle EV is uniformly expanding. By symmetry, the bundle ES is
uniformly contracting. This shows that f is an Anosov diffeomorphism of index u,
completing the proof of Proposition 4.2. [

5. The model deformation

In this section, we define a special family of diffeomorphisms called the ‘model deforma-
tion’ that will be the basis for the construction in §6. We also establish a few properties of
those maps.

Let ||-|| denote the Euclidean norm in R?, and let B := {z ; ||z|]| < 1} be the unit ball.
Denote by m the Lebesgue measure on R¢. All the constructions in this section are in R?,
so there is no risk of confusion with the volume measure on the manifold M.

Let Diff;°(B, 9B) denote the set of all maps h: B — B that can be extended
to volume-preserving C*-diffeomorphisms of R¢ that coincide with the identity
outside B. _

Foreach j e {l,...,d —1}and 6 € R, let Ré] ) be the orthogonal matrix that rotates
the plane {0}/~! x R? x {0}¥~7~! by angle 6 and is the identity on its orthogonal
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complement, that is,

Id; 4
o) cosf —sinf
R = . 5.1
0 sin 6 cos 0 .1

Idg—j—i
Fix a rotationally symmetric (that is only depending on the norm) C°°-function
p: R? — R which is not identically zero and is supported on B. Foreach j € {1, ...,d —
1} and s € R, define 1\’ € Diff>° (B, aB) by
n (@) =RV (@) (5.2)

S,

such a map is indeed conservative because it preserves the family of spheres with
center at the origin and it acts on each of these as an orthonormal map. The diffeo-
morphisms hg" ) will be called the elementary model deformations. See the figure in
[p. 334].

Foreacht = (t1,...,t5_1) € R¢™!, define h, € Diff>°(B, 8B) by

hei=h@ Vo onl. (5.3)

This d — l-parameter family of diffeomorphisms will be called the model
deformation.

Ifr € R4 !is sufficiently close to (0, . . . , 0), then the diffeomorphism £, is sufficiently

C!-close to the identity so that the following transversality condition holds: for all z € B
and j e {1,...,d — 1},

Dh(2)(R7 x {0}977) is transverse to {0}/ x R/, (5.4)

Adjusting p if necessary, we assume from now on that every ¢ in the unit cube [0, 1]¢7!
satisfies the transversality condition.

If Ais any d x d matrix and I, J C {1, ..., d} are non-empty subsets of the same
cardinality, let us denote by A[I, J] the submatrix formed by the entries with row in [/
and column in J. Recall that the determinants of those matrices are called the minors
of A; the kth principal minor corresponds to I = J = {1,...,k}, and is denoted by
det; A.

Note that the derivatives of the maps (5.2) have the following form (where asterisks are
placeholders for unspecified entries):

1

DhY (z) =

* % =
*

* %
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Moreover, because these matrices have unit determinant, we conclude that their principal
minors are

1 ifk # j,

)
detk Dh (Z) = .
’ AV @) itk =,

(5.5)

where Aﬁj )(z) is defined as the (j, j)-entry of the matrix Dhgj )(z), that is, the circled
entry above.

The matrices Dhgj )(z) have no common block triangular form, so the derivative of the
composition (5.3) is intricate. Nevertheless, there is a simple expression for its principal
minors.

LEMMA 5.1. Forallze€B, t=(t1,...,tq—1) eR L andje{l,...,d -1},

det; Dhy(z) = A o b/ Voo ().
Proof. Fix z and 1, and let P := Dh;(z). Let z© :=z. For each k € {1,...,d — 1},
let 70 .= hglf) 0---0 hﬁll)(z) and Ay := Dht(f)(z(k_l)). By the chain rule, P =
Ag—1---A2Aq.
Fixje{l,...,d—1},andlet J :={1,..., j}. Weclaimthatif I C {1, ..., d} has
cardinality j and I # J then:

det Ax[I,J]=0 foreveryk < j; and (5.6)
det Ag[J,I]1=0 foreveryk > j. 5.7

Indeed, for all i > j, the row matrix Ag[{i}, J] vanishes if k < j, and the column matrix
AglJ, {i}] vanishes if k > j.
By the Cauchy—Binet formula for the minors of a product,

det P[J,J1 =) det Ag_1[J., Ia—2] - - det A;[I;, I;—1] - - - det Ay[I1, J],

where the sum is over all d — 2-tuples (I, ..., I;—2) of subsets of {1,...,d} of
cardinality j. Consider a non-zero term of this sum. Using equation (5.6) recursively, we
obtain J = I} = I =--- = I;_1. However, using equation (5.7) recursively, we obtain
J =142 =143=---=1;. Therefore, the sum contains a single non-zero term, which
by equation (5.5) equals At(f)(z(j_l)). O

The transversality condition (5.4) is equivalent to the non-vanishing of the minors
det; Dh;(z). When t = 0, these minors equal 1. So the minors are always strictly positive.

In particular, by Lemma 5.1, the functions A§j ) are strictly positive for s € [0, 1]. We will
need information about the logarithms of these functions. By definition,

; 0
A1 za) = 5.2 cos(sp(@) = 241 sin(sp(2))).
-]

Because p is rotationally symmetric,

A @iz = AV @zt zan 2t Zjm).
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In particular, for each s € [0, 1], the integral

Qs) = — log AY dm, (5.8)

m(B) Jp

is independent of ;.
LEMMA 5.2. Forevery s € [0, 1], we have Q(s) > 0, with equality if and only if s = 0.

Proof. Consider j = 1 in equation (5.8). Then the lemma follows from Jensen inequality
and a geometric argument: see [5, Lemma 1.2]. O

Because each h;/f ) is volume preserving, we obtain from equations (5.8) and Lemma 5.1
that '

1
WB) /IB log det; Dh; dm = —Q(t;). (5.9

This formula will be essential for our deformations of Lyapunov exponents: roughly
speaking, it will allow us to move the summed exponents N j simultaneously and
independently, as we will see in the next section.

Let us discuss a few other features of the model deformation.

Recall the definitions (4.3) and (4.4) of standard cones in R<. By the transversality
assumption (5.4), if & > 1 is large enough and 8 := o~ L thenforallz € B, t € [0, 1]d_1,
and j € {1,...,d — 1},

Dhi()H;(B) € Hj(@) and Dh; ' (2)V;(B) S V(). (5.10)

In fact, the inclusions are equivalent to one another because the complement of a horizontal
cone H;(t) is (modulo sets of non-empty interior) a vertical cone V(7). Let us fix these
numbers o > B > 0 from now on.

Let Pj and Q;: R? — RY be the projections on the spaces R/ x {0}~/ and {0}/ x
R4~7 respectively. We fix ¥ > 0 such that

{ veH;(B) = |IPj Dh(2) vl =k |IP; vl 5
ve V) = 11Q; Dh @) vl =« [|Q; vl.

Let us recall a few facts about exterior powers. Let {eq, . . ., eq} denote the canonical
basis in R¥. Then, for each k € {1,...,d}, A*RY is a vector space with the canonical

basis {e;, A~ Aej}i,<..<i,- We endow AFKR? with the inner product that makes the
canonical basis orthonormal. There is a wedge operation (v, w) € (AFR?) x (A'RY) >
v Aw e AMRY which is associative, mutilinear, and skew-symmetric (that is, w A
v = (—=D)*v A w). Given a linear map A: R? — R4, there are induced linear maps
AKA: AFRY — AFR? such that (A¥A)(ei, A - - Aei,) = Aei, A~ - - A Ae;,. The entries
of the matrix of the exterior power A¥A with respect to the canonical basis are exactly
the k x k minors of A; this is called the kth compound matrix of A. More precisely, if
I={i1<---<iryand J = {j; <--- < ji}, then

(eiy A+~ Aeip, (AFAY(ej A---Aej)) =det A[T, J].
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So the Cauchy-Binet formula used before is nothing but the functoriality of the exterior
powers, that is, AF(AB) = (A¥A)(A¥B). If Ais an orthogonal linear map, then so is AFA.
Therefore, the inner product on A¥R? depends only on the inner product on R? and not
on the choice of orthonormal basis; equivalently, the k-fold exterior power of an inner
product space is an inner product space. From a more geometrical viewpoint, if vy, . . .,
Vg are vectors in R then the norm of U1 A - - - A v is the k-dimensional volume of the
parallelepiped spanned by these vectors.

Coming back to the model deformation, let us note for later use that for any v > 0, there
exists y € (0, B) such that forallz € B, 7 € [0, 117!, j € {1,...,d — 1} and all linearly
independent vectors wy, . .., w; € 7‘(j ),

((Ath,(z))(wl/\~~~/\wj),el/\~~/\ej)
(wlA---/\wj,elA---/\ej)

—log det; Dh,(2)| <v; (5.12)

this statement includes the fact that the numerator and the denominator in the expression
above are both non-zero and have the same sign.

6. Proof of the central proposition

We now assemble the material of the previous three sections to prove Proposition
2.1 (which, as we have seen, implies Theorem 1.5). Recall that we need to define a
multiparametric perturbation (f;) of f whose Lyapunov exponents ‘spread out’ in a
controlled way (see Figure 2). Our diffeomorphisms f; will be damping perturbations of
the given f. Recall from §4.2 that the damping time N (that is, the minimal return time to
the support of the perturbation) must be roughly proportional to 1/o, where o is the bound
on the gap. By preservation of the measure, the volume of the support of the perturbations
cannot be larger than 1/N < o. This upper bound can be essentially attained using the
Rokhlin tower lemma to select convenient places to perturb. The actual maps f; will be
defined by inserting copies of our model deformations on many ‘Lyapunov balls’ (that
is, balls with respect to the Lyapunov charts constructed in §3.2). Our preparations will
ensure that such maps f; are Anosov with simple dominated splittings E1; @ - - - @ E4,
and what we are left to do is to estimate their Lyapunov exponents. It is convenient to
work with the summed exponents n j(ft), which equal the average log of the expansion
of j-dimensional volume along the invariant sub-bundle E;; @ - - - ® E; ;. It boils down
that, modulo a small error (arising from the lack of smooth integrability), n j (fr) drops
compared with the unperturbed x j(f), and the drop is proportional to two things (see
equation (6.16)): the integrals (5.9) that control the basic effect of each model perturbation,
and the total measure of the supports of the perturbations. The integrals are bounded
by constants, and the measure of the support of the whole damping perturbation is, as
explained above, of the order of o. So ultimately, we are able to move Lyapunov exponents
by an amount that depends on the gap o but not on f itself, which is an essential feature of
Proposition 2.1.

Proof of Proposition 2.1. Letu e {l,...,d —1}and ay, ..., a4—1, 0, 5o > 0 be given.
Recall that Q(s) denotes the quantity defined in equation (5.8), which is a continuous
function of s € [0, 1], vanishes at s =0, and is positive for s > 0 (by Lemma 5.2).
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Reducing &y if necessary, we may assume that

380 max{ai, ...,aqs_1} < Q(1).
Foreach j € {1,...,d — 1}, define
b; := the least value in [0, 1] such that Q(b;) = 3dpa;. (6.1)

We fix several other constants. Let « > 8 > 0 be openings with property (5.10). Let
k > 0 be a constant with property (5.11). Let v := (69/2) min{ay, . .., aq—1} and take
y € (0, B) with property (5.12). Let N := Ny(«, B, v, k, o) be given by equation (4.7).
Let § := §p/N; this will be the scaling factor as in the statement of Proposition 2.1. Choose
a very small ¢ > 0; this choice will be apparent at the end of the proof.

Now let us pick f e Diff], (M) as in the statement of Proposition 2.1, that is, a con-
servative Anosov C”-diffeomorphism of unstable index u, admitting a simple dominated
splitting, and such that g, (M(f)) > o.

We apply Proposition 3.1 and find a Lyapunov metric so that the associated expansion
functions 1, . . ., x4 obey the L!-estimate (3.3) with the chosen value of . Consider the
sets

Rj:={xeM:;|xjx)—Nj(f)l =0/2}
By a trivial estimate (Markov’s inequality), m(R;) < 20~ !e. Thus, the open set
d—1 N-1
v=m\lJ UJ r®p
j=1 n=—N+1

has measure m(U) > 1 — 4dNo ~'e.
By the Rokhlin lemma, there exists a measurable set Z; disjoint from f(Z;), f 2(Z)),
o, fN_l(Zl) with measure

1
V4 — —&.
m(Zy) > N e
Then
1
mzZinu) > - - (1+4dNo Y.

Let Z, be a compact subset of Z; N U satisfying the same bound. Then take an open
neighborhood Z3 C U of Z; that satisfies the same bound, and, moreover, is disjoint from
f(Z3), f2(Z3), ..., fN71(Z3).

Let ®,: By — M be the Lyapunov charts coming from Proposition 3.4; here, By is a
rescaling of the unit closed ball B, that is, By = soB for some so > 0. For every x €¢ M
and every s € (0, sol, let us define a Lyapunov ball as

B(x, s) := O, (sB).
Reducing s if necessary, we assume that the following properties hold:

y. Y €8Bx,5) = Ixj(y)— x;O) <& (6.2)
yeB(x,s) = DO (y)L, —1d] < & 6.3)

where Ly, := D®,(0).
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Because the Lyapunov charts @, form a relatively compact subset of C'(Bg, M),
the family of Lyapunov balls contained in the open set Z3 forms a Vitali covering of
Z3. Therefore, there exists a finite collection of disjoint Lyapunov balls B(xy, s1), . . .,
B(xp, sp) € Z3 whose union Z4 has measure m(Z4) > m(Z3) — ¢. To simplify notation,
let B; := B(x;, s;) and define

Vi B—> M byW(z) = Py (s:2); 6.4)
so W; has constant Jacobian and image B;.

For each 7 € [0, 1197, let us define g; € Diffo° (M) as follows: g; equals the identity
outside of Z4, and on each $; it is defined as

g =W ohg oW !, (6.5)

where B(t1, . ..,14-1) := (b1t1, ..., ba_1t4—1), and b; comes from equation (6.1). The
sought-after deformation of f is defined as

fi:=fog fortelo, 1197
We now need to check that the maps f; have the properties asserted in Proposition 2.1.
As a first step, we show the following lemma.

LEMMA 6.1. Each f; is a («, B, k, o, N)-damping perturbation of f. O

Proof. Condition (i) in the definition of damping perturbations follows from the inclusions
(5.10) and the fact that Df (respectively Df~!) decreases the opening of horizontal
(respectively vertical) cones: see equations (4.5), (4.6). Let us check condition (ii). If
v € H,(x, B) then, using property (5.11),

P D f(x) vll = [|P*Df (g:x) Dgi(x) vl = | P*Dg;(x) vl| > « [P ]I,
while if v € V,(x, B), then D f~1(x) v € V,(f ' (x), B) and so
IPSDf~1 ) vl = 1P Dg; ' (fF DD f o) vl = k IPSD f~1 (x) vlll = & | PSv]l.

Condition (iii) follows from the fact that the set Z4 is disjoint from its N — 1 first
iterates, while condition (iv) follows from the fact that Z4 is contained in U. ]

Now Proposition 4.2 ensures that each f; is an Anosov diffeomorphism of unstable
index u and admits a simple dominated splitting TM = E1; & - - - & E4,;. Moreover, by
part (a) of the proposition,

Ei;(x)®---® Ej(x)istransverse to E;1(x) @ - - - ® Eg(x), (6.6)
EL@ @ @ Ej,(x) CHi(x.y) ifx e Z. ©6.7)

The rest of the proof consists in estimating the summed Lyapunov exponents N (D).
For each x € M and j € {1, ...,d}, let vj(x) := L,e;, which is a vector that spans

Ej(x). Because these vectors form an orthonormal basis of 7 M, using the definition
(3.1) of the expansion function y;, we obtain that for every vector w € T, M,

(Df ()w, v; (f (X)) = X (w, v;(x)). (6.8)
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In each exterior power of the tangent bundle, we consider the corresponding exterior
power of the Lyapunov metric, denoting it by the same symbol. Let
Di(xX) =0 (X) A AV (x) € AT M.
Note that for every w € A/ T M,
(ATDf ), 0;(f (1)) = M OFFHO (i, §;(x)). (6.9)

Foreachx e M, j e{l,...,d},and t € [0, 1191, let us choose a vector vj(x) that
spans E ;(x) in such a way that it depends continuously on ¢ and equals v; (x) when t = 0.
Let

Dj0(x) =01, () A - Avj,(x) € AT M.

Define the functions

|(ATDf;(x) Dj(x), 0 (fi(x)))]

(07, (x), 0 (X)) '
Note that the numerator and the denominator in this formula are both positive, thanks to
equation (6.6).

(6.10)

1ﬂj,t(x) =

LEMMA 6.2. We have / log ¥j, dm = % (fo).
M

Proof. The top Lyapunov exponent of the linear cocycle A/Df; equals x j(ft), has
multiplicity 1, and the corresponding Oseledets space at a regular point x is spanned by
¥;(x) (see [3, Theorem 5.3.1]). In particular, the corresponding expansion function

I A Df; (x) D0 ()l )
= 1 .
19, )l og V.1 (x)

has integral x j(f1). Furthermore,
ATDFfy(2) Dy, (x) = £, (x) D4 (fi(x)).

Substituting into equation (6.10), we see that the functions log ¥;, and log v ¢ are
cohomologous. In particular, they have the same integral, proving the lemma. O

Let us analyze the function log v, to estimate its integral.
LEMMA 6.3. If x & Z4, thenlog ¥ ,(x) = x1(x) + - - -+ x; (x).

Proof. If x ¢ Z4, then f; = f on a neighborhood of x and so the lemma follows from
equation (6.9). O]

However, on Z4 = |_|i B, we have the following estimate.
LEMMA 6.4. Ifx € B; and 7 := \I/lfl (x), then

[log ¥ (x) — [x1(x) 4+ - -+ x;(x) +log det; Dhp;(2)]| < v+ O(e). (6.11)
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Here and in what follows, O (¢) stands for anything whose absolute value is bounded by
& times something depending on the numbers fixed at the beginning of the proof and on
the model deformation.

Proof. Consider the case j = 1. Because f; = f o g;,

{Df(g:(x))Dgr(x)v1(x), vi(f(gr (X)) ‘
(Dg: (x)v1,4(x), v1(g (X))
(Dgr(x)v1(x), v1(gr(x)))
(V1 (x), v1i(x))

log ¥, (x) = log ‘

~|—log’

=D+ 0Q.

The first term is easy to estimate, using equations (6.8) and (6.2):

O = x1(g(x)) = x1(x) + O(e). (6.12)
Consider x as fixed and denote e;; := L;lvl,t (x). Then
@ = (U1 (x), vi()) = (Lrers, Lrer) = (ers, e1),

because £, sends the Euclidean metric on RY to the Lyapunov metric at 7, M. Recall
from equation (6.7) that vy ;(x) € Hj(x, y), thatis, e;, € H)(y). So the inner product(3)
is always positive (by continuity) and actually satisfies the bound:

@ = L+ ¥ Pllerdl. (6.13)
Recall that 7 := d>i_1 (x). By equation (5.12), (Dhp;(z)e1, e1) is positive and

(Dhpi(2)e1y, er)

log
<el,ls el)

— log det; Dhp(z)| < v. (6.14)

Next, consider the quantity
@ :=(D) g (x)v1,(x), v1 (g (x))
= (Dgi(x)Lxe1s, Lo, wer) = (L, Dei(x) Leer s, er).
Applying the chain rule,

Dg;(x) = DV;(hp:(z)) Dhp:(z) D\Ill._l(x) (by equation (6.5))
= DCIDXI.(CID;il(gt(x))) Dhp(2) DdD;il(x) (by equation (6.4)).

Therefore,

@ = ([D®' (8:(x) Lg,x)] " Dhpi(2) [DPL (x) Lilers. er)
=: ((Id+ P)~' Dhp,(z) 1d+ Q)eyy, e1),

where, by equation (6.3), the linear maps P, Q: RY - R4 satisfy || P, | @Il < &. So

@ = (Dhpi(2)e1r, e1) + Oellers), (6.15)
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and, in particular, (4) is positive. Now we can estimate

@ =log(®/®) (by definition)

— log (W + 0(5)) (using equations (6.13) and (6.15))

(e1,r.€1)

=log <M) 4+ O(e) (using equation (6.14)).

Combining this with equations (6.14) and (6.12), we obtain the desired estimate (6.11) for
the case j = 1.

The proof for j > 2 follows exactly the same pattern, taking exterior powers, of course.
The only point that deserves notice is that estimate (6.13) should be replaced by the
following: if e;, := L 'v;,(x), then

2\—7/2
Here A--Aejer A-Aepdl = A +y) e A Aejyll.

Indeed, the orthogonal projection onto the space spanned by ey, . . ., e; cannot contract
a vector in the cone H;(y) by a factor smaller than (1 + y2)~1/2 and hence it cannot
contract the volume of a j-dimensional parallelepiped in the cone by a factor smaller than
(1+y>)=i2. O

We obtain from equations (6.11) and (5.9) that for each Lyapunov ball B;,
' / log ¥j, dm — / O+ -+ x) dm +m(B8)QDb;t;)| < m(B;j)v + O(e).
B B

This together with Lemmas 6.2 and 6.3 yields
Ihj () = % (f) + m(ZQDbjt))| < m(Za)v + O (e). (6.16)
Because v < §paj/2 and 1/N —m(Z4) = O(e),

. . Qbit)|  Soa;
R =R+ T < g—Nf+0<e>.

By the definition (6.1) of b},
Q0 =0< Q(bjtj) < 380aj = Q(bj).
Combining these two pieces of information, and recalling that § = 9/ N, we obtain

) — i) = 1733 8a) = 0 foralls
o : I 561/ - 0(8) if lj — O;
0.58aj 4+ O(e) forallt;

AT
j (D) J(f)E{—Z.SSaj—I-O(e) iftj =1.

So a sufficiently small choice of ¢ ensures that inequalities (2.3)—(2.5) are satisfied.
Proposition 2.1 and, therefore, Theorem 1.5 are proved.
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7. Proof of additional results for tori
In this section, we prove two supplements to Theorem 1.5, namely Corollary 1.6 and
Theorem 1.7.

7.1. Anosov diffeomorphisms display all hyperbolic simple Lyapunov spectra. To
deduce Corollary 1.6 from Theorem 1.5, we need the following fact.

LEMMA 7.1. Given integers d > u > 0, there exists an Anosov linear automorphism of T%
with unstable index u and simple Lyapunov spectrum.

Proof. We need to show the existence of a polynomial P(x) with integer coefficients,
leading term x%, constant term &1, whose roots are all real and simple, being u of them
with modulus bigger than 1 and d — u of them of modulus smaller than 1. Then the
companion matrix of P(x) will be an element L € GL(d, Z) that induces an Anosov
linear automorphism F7 : T¢ — T¢ with unstable index u and simple Lyapunov spectrum.
Though the existence of such polynomials can be quickly deduced from Dirichlet’s unit
theorem, we will provide a completely elementary proof. The idea comes from a proof of
existence of Pisot—Vijayaraghavan numbers of arbitrary degree [43, Theorem 1].
Fix integers

ap>--->a,>0>ay41 > -+ >aq
whose sum is O and such that a; —a;4+; > 2 foreachi € {1,...,d — 1}. Let b > 3 be
another integer, and consider the polynomial

d
Px) = Z(—l)ib‘“xd# where 4; :==ay; +---+a;, ap:=0.
i=0
Note that a; > 0 for each i and so P has integer coefficients. Furthermore, P is monic and
has constant term (—1)4.

Let us locate the roots of P. We claim that, foralln € Z \ {ay, . . ., aq},
d
P(b") is non-zero and has the same sign as l_[ (n—aj), (7.1)
j=1

and so, by the intermediate value theorem, P has d — u simple roots on the interval (0, 1)
and u simple roots on the interval (1, +00). To prove the claim, fix n and consider the

expression:
d A
P(b") = (=1)'plitn@=0, (7.2)
i=0
The function i € {0,...,d} +— a; +n(d —i) is integer-valued, strictly concave, and

attains a maximum at { = k, where k is the number of negative factors in the product
]_[7:1(71 —aj). Using that 2 230:1 b=/ < 1, we see that the term corresponding to i = k
in the right-hand side of equation (7.2) is bigger in absolute value than the sum of all other
terms. So the sign of P (b") is (=DF, thus proving equation (7.1). O]
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Proof of Corollary 1.6. Consider non-zero numbers & > - - - > £; whose sum is equal to
0, and let & := (&1, ..., &;). By Lemma 7.1, there exists an Anosov linear automorphism
Fr: T¢ — T whose Lyapunov spectrum A(L) is simple and has the same unstable
index as &. If n is sufficiently large, then N(L") = n\(L) strictly majorizes &. Hence
by Theorem 1.5, there exists a conservative Anosov C* diffeomorphism f: T¢ — T¢
homotopic to Fy» with simple dominated splitting and such that A\ ( f) = &, as we wanted to
prove. O

7.2. Spectra of Anosov diffeomorphisms with simple dominated splitting on T3. 1In
this subsection, we prove Theorem 1.7. Fix a hyperbolic matrix L € GL(3, Z) whose
eigenvalues are all real and simple. So the induced automorphism Fy : T3 — T2 is Anosov
and its Lyapunov spectrum is simple. Let u € {1, 2} be its unstable index.

Proof of the ‘only if’ part of Theorem 1.7. Let f € Diff’ (T3) be an Anosov dif-
feomorphism homotopic to the automorphism Fy, and admitting simple dominated
splitting. Because f and Fj are topologically conjugate, they have the same unstable
index u. Taking inverses if necessary, we can assume that u = 2. So the Lyapunov
spectrum N(f) = (M (f), Ma(f), M3(f)) satisfies N (f) > ha(f) > 0 > N3(f). Let us
show that N(f) is majorized by N(L). As explained before, the inequality \i(f) +
M (f) < N (L) + M (L) is immediate: see equation (1.3). Therefore, we need to show that
M) = M(L).

Let f be a lift of f to the universal covering R>. Because f is homotopic to Fy, we have
f = L + ¢ for some Z3-periodic map ¢: R3 — R3. So, for every n > 0,

n—1
J?n :Ln_i_ZLkowofnflfk.

k=0

Because ¢ is bounded, it follows that there is a constant C; > 0 (independent of n) such
that, for all x, y € RY with lx —yll <1,

1" ) = "l < €1 YD ILH.

k=0

Because the top eigenvalue of the linear map L is simple, there is another constant C, > 0
such that ||L¥|| < C2¢5*1() for all k > 0. In particular,

/") = f" )l < Cze™®,

where C3 > 0 is another constant.

By [15, Theorem 1.3] (see also [38, Corollary 7.7]), the strong unstable foliation in the
universal covering is quasi-isometric; this means that there is a constant C4 > 0 such that
if I ¢ R? is a segment of strong unstable manifold, then its length, denoted by len(7), can
be bounded as

len(/) < C4 diam(/) + Cy4.
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Hence, for every such a segment with diam(/) < 1, and every n > 0,
len(f" (1)) < C4C3e™ ™) 4 Cy.
If follows from the next lemma that N1 (f) < N\q(L), as we wanted to prove. L]

LEMMA 7.2. For each x € T3, let Wy C T3 be the segment of strong unstable leaf of
length 1 for which x is a midpoint. Then, for m-almost every x € T3,

log len( f" (W,
gl ),

lim sup
n—oo

(See [39] for related results.)

Proof. Let £ denote a one-dimensional Hausdorff measure (that is, length) on T>. For
every x € T3,

e(f" (W) =/ IDf" £, Il dE(y).

Wx

Because £(W,) = 1, Jensen’s inequality yields:

log £(f" (Wy)) = / log | D" |z, 4£(y).

Wx

Let R be the set of points y € T3 for which lim,,_, oo (1/1) log IDf" g, |l = M1 (f); then
m(R) = 1. By absolute continuity of the strong unstable foliation [36, Lemma 10], for
m-almost every x € T3, we have £(W, N R) = 1. Therefore,

el [ RO )
W.OR n n—oo

" = O
Proof of the ‘if’ part of Theorem 1.7. Now we fix a vector & = (&1, &, &3) such that
&1 >8& >8&, &§ >0>§&,41, and &§ < N(L). We want to find a smooth conservative
Anosov diffeomorphism f homotopic to Fz, admitting a simple dominated splitting, and
with spectrum A(f) = &. If & is strictly majorized by A(L), then the existence of f is
guaranteed by Theorem 1.5. So let us assume that majorization is not strict, that is, either
& =M (L)oré& +& = N (L) 4+ N (L). We can assume that only one of these equalities
is satisfied, because otherwise, we can simply take f = Fp.

Let £ lL, EZL, E3L denote the eigenspaces of L corresponding to the Lyapunov exponents
N1 (L), M (L), N3(L), respectively. In the case £&; = h1(L), we shall perform the deforma-
tion in Theorem 1.5 in such a way that the foliation ¥ parallel to Eé‘ G E 3L is preserved,
while in the case &1 + & = N (L) + A2 (L) (or equivalently A3(f) = N3(L)), we shall do
it in such a way that foliation F12 parallel to E f‘ @ EQL is preserved. Because both cases
are dealt with similarly, we will concentrate on the second case, namely &3 = A3(L).

The following observation will make the argument simpler.

LEMMA 7.3. Let f be a conservative Anosov diffeomorphism of T homotopic to Fr. If f
preserves the foliation F12, then 13 (f) = N3(L). O
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Proof. Let f be a lift of f to the universal covering R3. Because f is homotopic to Fy,
we have f = L + ¢ for some Z3-periodic map ¢. Let P, P», P; be the projections
associated to the splitting R? = Ef“ &) E2L &) Eg‘ The fact that f preserves the foliation

Fi2 implies that f preserves the foliation %1 2 of R3 along planes parallel to £ IL @ EzL For
every x € R3 and every v € EF @ EL, we have Py o f(x) = P3 o f(x + v) and therefore
P30¢p(x) = P3o@p(x +v). Because Fp is a three-dimensional Anosov automorphism,
the plane EZL @ E3L projects to a dense subset of T3, and because the map P3 o ¢ is
7Z3-periodic, it must be constant. So the derivative of f written with respect to the splitting
R? = E @ Ef @ EZ is necessarily of the form

* * 0
* * 0
x  Fe™dD)

Because f is volume preserving, this implies that the absolute value of the determinant of
D f restricted to E 1[‘ ® EZL is everywhere constant ¢~ *3%)_ The same is true for Df and
hence M1 (f) + M2(f) = —h3(L), that is, A3(f) = h3(L) (actually, X3, (f) = \3(L) for
any f-invariant probability measure u, by the same proof). O

Coming back to the proof of Theorem 1.7, we need a variation of the central proposition
(Proposition 2.1) where all diffeomorphisms preserve the foliation Fi2,

PROPOSITION 7.4. Let ai, o, and 8y be positive numbers. Then, there exists & € (0, 8y)
with the following properties.

Let f € Diff)? (T3) be an Anosov diffeomorphism homotopic to Fy admitting a simple
dominated splitting, and such that g,(\.(f)) > o. In addition, assume that f preserves the
foliation 12 (and so N3(f) = \3(L), by Lemma 7.3). Then there exists a continuous map

1 €[0,1] — f; € Diff°(T?),

where fo = f and for each t € [0, 1], the conservative diffeomorphism f; is Anosov,
admits a simple dominated splitting, and its top Lyapunov exponent satisfies

M(f) —4dar < M(fr) < M(f) + bay,
M (f) —4dar < M(f1) < M(f) —28ay.

In addition, each f; preserves the foliation F12 (and so \3(f;) = N3(L), by Lemma 7.3).

Once this is established, we mimic the proof of Theorem 1.5; namely, we concatenate
paths produced by the proposition and obtain a deformation of Fp that ends with a
diffeomorphism having Lyapunov spectrum equal to &.

To prove Proposition 7.4, we begin by modifying the construction of the Lyapunov
charts in Proposition 3.4. Because we are working in the torus T> = R3/Z3, we can
identify tangent spaces T, T> with R3. Let 7: R? — T3 be the quotient projection. For
each x € T3, let Ly: R3 — R3 be a linear map that takes the canonical basis {ey, 2, €3}
of R? to a basis {Ly(e1), Ly (e2), Ly (e3)} of R? which is orthonormal for the Lyapunov
metric (-, -)),, and, moreover, Ly(e;) € E { (x) for each j. Then we define the Lyapunov
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charts
Dy (2) = x + 7 (L (2)).

These charts have all properties from Proposition 3.4 and the following additional one:

(e) @, is a foliated chart, that is, if z1, z2, z3 denote canonical coordinates in R3, then
@, maps level sets of z3 (horizontal slices) into leaves of F12.

Indeed, the derivatives D®, (z) are constant and equal to Ly, and £, maps the plane
Rej @ Res to the plane E‘]f(x) ® E{(x) = ElL ® EL, which is tangent to F12.

Then we follow the proof of Proposition 2.1 (but with a; = 0). To summarize, the
deformation f; of f is constructed as follows:

e we select a disjoint family of Lyapunov balls B4, . . ., 8,; each ball B; equals ®;(IB),
where B is the unit ball B in R3 and W; (z) = @, (5;z) is arescaled Lyapunov chart;

e on each Lyapunov ball B;, the deformation is defined as f; = f o g;, where g, =
Y; o hlgll)t o \Ili_l; here b1 > 0 is a constant and hgl) is the first elementary model
deformation.

Inspecting the equations (5.1), (5.2) that define the diffeomorphism h;l): B — B, we
immediately see that it preserves horizontal slices (that is, level sets of z3). Because
W; maps horizontal slices into leaves of F12, the upshot is that each diffeomorphism f;
preserves the foliation F12_ This proves Proposition 7.4. As explained before, Theorem 1.7
follows.
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