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SOME REMARKS TO ONO’S THEOREM ON A GENERALIZATION
OF GAUSS’ GENUS THEORY

RYUJI SASAKI

Let K/k be a finite Galois extension of finite algebraic number fields
with Galois group g. We denote by G, the multiplicative group defined
over the rational number field @ and put

G, x = Spec(K) X G,, G,..=Spec(k) X G, .

Spec(Q) Spec(Q)

Let R%)(G,) denote the kernel of the norm N: Ry,(G, x) — G, where
R, is the Weil functor of restricting the field of definition from K to k;
then we have an exact sequence of tori defined over k and split over K:

l—> R%Zk(Gm) —> RK/k(Gm,K> —> Gm,k —>1.

In [3] T. Ono defined the class number A(7) of an algebraic torus 7T
intrinsically and it follows that A(R.,.(G,, r) and A(G, ) coincide with
the class numbers of algebraic number fields K and £k, respectively. As
a generalization of Gauss’ genus theory, he investigated the alternating
product

EKE) = ME)
WRARE)(G,.)

and proved in [7] the following, using the class number formula and the
Tamagawa number of tori established by himself (cf. [3, 4]),

E(Kk) = Card (H'@, Uy)) Card (Ker (H(g, K*) —> H'g, K1)
[g: ¢'] Card (H(g, 0%))

where K} and U, are the idele group of K and its unit subgroup, g’ is
the commutator subgroup of g and H%g, —) is the 0-th cohomology group
modified by Tate.

The purpose of this paper is to give an analogous formula for class
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numbers in the narrow sense. Forgetting the total positivity, the proof
of our formula becomes a simple proof of the Ono’s theorem.

After we explain the tools we use in Section 1, we recall the defini-
tion of the class number of algebraic tori following [3] in Section 2. In
the following Section 3, we shall prove our main theorem. Applying our
formula to cyclic extensions, we shall obtain the formula for the number
of ambigous classes in Section 4. In the last section we shall notice that

E(K./K3) =1

where K, and K; are the n-th cyclotomic field and its maximal real
subfield.

§1. Preliminaries

In this section we enumerate tools we use. For a group A, let |A]
be the order of A. We treat abelian groups multiplicatively. If a homo-
morphism f of abelian groups has finite kernel and cokernel, we put

__ |Coker f|
D= kel

which is due to Tate.

SNAKE LEMMA. Let
1 > A’ > A >A” —> 1

ol

1 > B’ > B > B’ >1

be a commutative diagram of abelian groups whose lines are exact; then
we have an exact sequence:

1 —— Ker f/ —> Ker f —> Ker f”
—— Coker f/ —> Coker f —> Coker f/ —> 1.

LEMMA 1. Let the notation be as in the above lemma. If two of q(f"),
q(f) and q(f"’) are defined, then the third one is defined and we have

a(f) = a(fa(f") .

LemmA 2. Let f: A — B be a homomorphism of finite abelian groups;
then we have

q(f) = |BINA].
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LemmA 3. Let f:A— B and g: B— C be homomorphisms of abelian
groups such that both of q(f) and q(g) are defined; then q(g-f) is defined
and we have

q(g-f) = q(Ha(g) .

§2. Class number of algebraic tori

Following [3], we recall the class number of algebraic tori.

Let T be an algebraic torus defined over a finite algebraic number
field k. For any place v of &, let k, be the completion with respect to
v, then the group T(k,) of k,-valued points of T becomes a locally com-
pact abelian group and if v is finite it contains the unique maximal com-
pact subgroup 7T'(0,) where O, is the ring of integers in k,. The group
T(k,) of the adele ring valued points of T can be identified with

11 T(k.)

where v runs over the set of places of £ and ’ is the restricted direct
product with respect to {T(0,)}. We define the unit group by
Ur =[] T(0) x [] T(k,)

P v

where p runs over the set of finite places and v runs over the set of
infinite places. We define the class number A(T) of T by

WT) = [T(ky): T(k)- U]

where the group T(k) of k-rational points of T is regarded as a subgroup
of T(k,), and it is known that A(T) is finite (cf. [3], Theorem 3.1.1).

Let K/k be a Galois extension of finite algebraic number fields. Let
G, x and G, , be multiplicative groups defined over K and k, respectively.
We define the norm torus R{)(G,) by the kernel of the norm homomor-
phism N: Ry ,(G,, x) — G, where Ry, is the Weil functor of restricting
the field of definition (cf. [12]). Let N,: KX — kX, Ny: Uy — U, and Ny,:
K* — kX be the norm maps, where U, and U, are unit groups of K and
k%, and Ny is the restriction of N,. We put K¢ = Ker N,, UP = Ker N,
and K® = Ker N,. In general, for a commutative ring R, we denote
by R* the group of units.

ProprosiTioN 1. Notation being as above, we have

WEREG,) = [KP: KD U] .
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Proof. Using some results proved by Weil (cf. [12], Chapter I), we
have the following commutative diagrams:

RunlGo, 00 2E5 G, ()

(1) Ik i

K Nz k
N(ky)
Rl Gu k) —225 G, ()
(2) ll lz (v: any place)
Viv Ky N, k3

where V runs over the set of places of K lying over v and N,((x,),) =

H Viv N Kv/ko(xv)-
N,
Rip(Gn.)(0) 25 G, (0)
(3) lz lz (p: finite place).
ﬁli_]lp (053 Np (OP
N
Ren(G )l 05 G, (k)
(4) lz lz
Kf T kA

By (1) and (4), we have

RY(G)(E) = K©
and

RZ Gk = K .
Moreover by the maximal compactness we have

R(Gu)(0,) = Ker N, N [T 0§

and

Ur®,om = UR . Q.E.D.
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§3. Ono invariants E(K/k) and E*(K/k)

If F is a finite algebraic number field, denote by P, I, and H, the
group of principal ideals, the group of fractional ideals, and the ideal
class group of F. For a subgroup A of F we denote by A* the subgroup
of A consisting of totally positive elements. Let K/k be a finite Galois
extension of finite algebraic number fields with Galois group g. We define
relative class numbers A(K/k) and hA*(K[k) by

hK[k) = [KP: K©-Ug]
and
h'(Klk) = [KP: KO+ UP] .

Let I be the kernel of Ny,: [ — I, PP = P, N I and PP* the sub-
group of P{ consisting of principal ideals generated by totally positive
elements.

ProprosiTioN 2. Notation being as above, we have

WKJR) = HR: PRUOE O NgyK*: NgjyO5]
[Ue N NKF: NyUg]

and

h*(K/k) = UR: PR 10 N NyK* : Ny 0% .
[U. N NK: N Ug]

Proof. We shall prove the second equality only, because a similar
argument without “+”’ yields the first one. Consider the following com-
mutative diagrams:

11— Ug— K, —> I —>1
A
1—U, —>ky, —> I, —>1
and
1—> 03t —> K** —> Pt ——>1
P

1 o k** P} 1.

Applying the snake lemma to these diagrams, we have two exact sequences:
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1—> UP —> K —> 19 -5 UINU, —> k3INKx

and

0
1—> 0P —> K®* PP+ 5 X [NOS* —> k**[K*+

where Imd, = U, N NKS/NU,, Imd, = 0* N NK**|NO%* and these are
finite abelian groups. Therefore we have a commutative diagram:

1—> KO 0P ——> PP ——> 03 N NK**INO3* —> 1
b |
1—> KQIUY ~——> I —> U,N NK;INU, —>1;
hence, by Lemma 1, we have

[R: PR*] = |Coker f| = q(f) = q(f")a(f")

_ (k®: gor. U] LU N NEZ: NU]

. Q.E.D.
[0 N NK**: NO(*]

We define Ono invariants by

_  hK)
E(Klk) = h(E)-h(K]k)

and

E KRy = NE)

h*(k)-h*(K[k)
where A*(k) is the class number in the narrow sense, i.e., the order of
the group H; = I,/P; and so on. By Propositions 1 and 2, we see that
E(K/E) is nothing but the original one defined by Ono (cf. [5,7]). The
first part of the following Theorem 1 is due to T. Ono and the second
one is our main theorem, whose proof becomes a simpler one than the
proof given by Ono (cf. [5, 7]), which is our motivation to write this paper.

TueEOREM 1. Let K|k be a finite Galois extension of finite algebraic
number fields with Galois group g; then we have

E(KJE) = |H%g, Uy)||Ker (HYg, K*) —> H%g, K))|
[g: g']-|H*g, 0%)]

and

E*(K[k) = |H(g, Ux)||Ker (H(g, K*) —> H%g, KJ))|
la: ¢]-[0%*: O%*1a(p)
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where ¢: B**[NK** — k*X[NK* is the canonical homomorphism.

Proof. We shall prove the second formula only. Let d:k*/NK* —
ki/NK} be a canonical homomorphism; then, by Lemma 3, we have q(@-¢)
= q(p)-q(@) and we put @-¢ = a. Consider the commutative diagram:

1 - @I>,<+/@I>c<+ m NKX+ > kx+/NK><+ _)kx+/@‘zf+.NKx+ __>1

a I " a”
Y Y Y

1— UJUNNK; —> kJNK, —> R{/U, NK; —>1;

then we have
(0) q(a) = q(p)-q(@) = q(a’)q(a”) .

First we shall compute g(a’). Ap»nlying Lemmas 1 and 2 to the com-
mutative diagram:

1— 0;»“‘ m N ><+/N@1§+ — @;<+/1V(QI>2+ —_ @;u-/mk+ m N Xty 1
iy p I
1—> U,N NKgNU, —> UJNU, —> UJU NNK; —>1,

we have

(1) @y~ 9B _ [WNU [0 0 NE*: Nog)
q(®’) [0 NOg']  [U, W NKJ: NUg]
where [U,: NU,] = [H(g, U,)|, because U, = Uk.
Secondly we shall compute g(a’’). Avpplying the snake lemma to the
commutative diagram:

1_—)P;{ \IK rH;{ 1

ke

1—>P;—>1 —>H —>1,
we have an exact sequence:

1—> PP+ —>IP —> Ker N”

_’, P:INP: %> IJNI, —> Coker N” —>1

v b

RO+ - NK*+ e R5|Ug -NK3 .
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Therefore we have

(2) q(a”) = q(c) = |Coker N”|/|Ker ¢| = |Coker N”'|-[IP: PP +]/Ker N”
= qN")-UIR: PR*1 = [IY: PRIh*(B)/h*(K).

Thirdly we shall compute g(a). From the exact sequence
1—>K*—Kf—>Cr—>1

where C is the idele class group, we have a long exact sequence:

. — H(g, C) —> H(g, K*) —2> HY(g, K5) —>
l l
kX |NK k*|NK
—> H%g, Cx) —> H'(g, K*) —> - --

where H'(g, K*) = {1} and H(g, Cx) = g/g’ (cf. [1]). Thus we have

_ &) — (o 180 a7
(3) q(@) = qlp)-q(@) = q(¢) Kerd] "
Combining (0), (1), (2), (38), we have the formula. Q.E.D.

§4. Cyclic extensions

Let K/k be a finite cyclic extension of finite algebraic number fields
with Galois group g = {¢) and |g| = n. We denote by p the number of
real infinite places ramified in K/k. We put

€ = I;I €y

where 9 runs over all finite places and e; is the ramification index of
any place B lying over .
LemMA 4. Let K|k be a finite cyclic extension; then we have

[U, N NK;: NUg =1.

Proof. We use the commutative diagram:

11— Uy —> K55I —>1

oo lw
1 U —> kf —> I, —>1.

Tk
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Let @ be an idele in K} such that Naec U, Set ny(a) = qa, then (1) =
1(Na) = N(rx(a)) = Na. By Hilbert’s Theorem 90 for ideals, we get an
ideal q in I, such that a = ¢'-°. If b is an idele in KY such that .(b)
= ¢, then we have z (a-(b'"")"") = a-a™" = (1); hence there exists uc Uy,
such that ¢ = b'-"-u. Therefore we have Na = N(b'")N(u) = Nu e NU,.

Q.E.D.

LemMA 5. Let ¢: B**[NK** — k*|[NK* be a canonical homomorphism
for a finite cyclic extension K|k; then we have

qlp) = 2°.
Proof. We denote by p, the group consisting of +1 and — 1. Let

{o1, -+, a,} be the set of real imbedding of £ and {1 <i<r—p, 1<
J < n =|gl} the set of real imbedding of K where {¢{’|]1 <j < n} is the
set of extensions of g; to K. Define Si: K — 1Y, R = n(r — p), by

SK(“) = (Sgn o‘il)(a), toc, 88N o‘;n—)p(a)) ,
and S,: k— yf by

Sk(c{) = (Sgn 0'1(&), cct, SN 0'7((3()) s

then we have a commutative diagram:

. Sk
1 > K>~ KX ur—>1
|
N b N
v Y Y
1-—> Y —— k¥ —S—>#§ —>1
k
where N’ is the homomorphism defined by
p-times
(oD (n) < Q) ® () @ (n)
N(Ela"'#sl,"',Er—pa'.',er>p):(51 "'615"';er—p"'er—pyls"'71)~

Applying the snake lemma to this, we have an exact sequence:

. —>Ker N/ — > k**|NK** — 5 pX|NK* —> Coper N —> 1.
By Proposition 1.1 in [2], we have |Ker ¢| = 1. Therefore we have

q(p) = |Coker N”| = 2¢,
Q.E.D.

THEOREM 2. Let K[k be a finite cyclic extension; then we have
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E(K/R) = 20 - ___¢ _ e
n-|Hg, 09  |H(g, 09  [0%:(0%)]

and

E«(K/k) = € )
(k) n-[05: NOE*]

Proof. Since K|k is cyclic, we have
|Ker (H(g, K*) —> H%g, KY))| =1
and
Hg, Ugx) = e-2°
(cf. [1]). As is well known, we have
H'(g, 03) = n-27"H'(g, 0%)

(cf. [10] CH. 13). Therefore, by Theorem 1, we have the first two equalities
in the first formula. Since the following two homomorphisms are isomor-
phisms:

0P = {u e 0§|Nu = 1} —> Z'(g, 0%) (u——(u, u'*°, .- -, Nu))
and

(0)~"—>BYg, 0p) (W (@, @), -, N@"),
we have the third equality.

Now we shall prove the second formula. By Theorem 1, Lemma 5
and the above argument, we have

.90
E*(KR)= &% = .
n-[0;*: NO¥*]-q(e) n-[0;*: NOg*]

Q.E.D.

Let a(K/k) and a*(K/k) be the numbers of ambigous classes, i.e., the
numbers of ideal classes in H, and H} invariant under the action of g.

CoroLLARY. Notation being as above, we have

2¢.e-h(k)
K/k) =
AKIR) = o ox 0 NE]

and

. -h*(k)
K/k) = e .
o (KIR) = o o 1 NEY
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Proof. By Proposition 2, Lemma 4 and Theorem 2, we have the above
two formulas. Q.E.D.

Remark. The first formula in the Corollary is classical (e.g. cf. [10]).
The second one is proved by G. Gras [2] in the case where K/k is a cyclic
extension of a prime degree.

§5. Cyclotomic fields*®

Let K be a CM field, i.e., a totally imaginary number field containing
a totally real subfield K* with [K: K*] = 2. We denote by W the group
of roots of unity in K. Define a homomorphism

g: O3 —> 0%
by g(u) = u/u’, where J is the complex conjugation. Then g induces an
isomorphism

O%10% - W —> g(0%)/g(Wy)

and we have g(0%) C W,, Kerg = 0%, and g(W,) = W% We denote by @
the index [0%: 0F, - W,]; then it is equal to 1 or 2. For details we refer
to [11].

THEOREM 3. Let K and K* be a CM field and its maximal real sub-
field; then we have

E(K/K*) =2'.Q
where t is the number of finite places ramified in K/K*.

Proof. If a unit u in 0 satisfies u'*’ = u-u = 1, then any conjuga-
tion u’ (o€ Gal (K/Q)) of w satisfies |u’|' = v’ v’ = v’ - (@)’ = (v -0)" = 1;
hence, by Kronecker’s Theorem, we have we W, Since W, C 0P =
{u e O%|u'*’ =1}, we have W, = 0% ; hence we have

OR[(0%) 7 = W/g(0%) .
Therefore we have, by Theorem 2,

E(KIK) = 2| W 209 = 2[2(00): Wil[[We: Wil = 2 -Q,
Q.E.D.

* T, Ono obtained the results in this section.
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CoroLLARY. Let K, and K be the n-th cyclotomic field and its maximal
real subfield; then we have

EKJK:) = MED _
U R KK

Proof. If n is odd, we have K, = K,,; hence we may assume that
=1 (mod 2) or n =0 (mod 4). If n is equal to a power p™ of a prime
p, then @ =1 and K,./K,: is ramified at the only prime lying above p.
If n is not a power of a prime, then @ =2 and K,/K; is unramified
except at the infinite places (cf. [11]). Q.E.D.
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