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This paper is a continuation of [1] !. We shall use the same notations as those
in [1]. Let F(X)e R[X], X = (X}, - - -, X,), be a polynomial of degree d > 0 and
h(x) e SP(R"), i.e. h(x) is the sum of a polynomial and a Schwartz function. We
shall consider Dirichlet series of the type

Z(h,F,s) = Y h@F@®)™, s=o+ti,
veZ"—NFf
where Ny = {x e R" : F(x) = 0}. We proved, in [1], that Z(h, F, s) is regular for
6 > (n+p)/d and possesses the analytic continuation to the whole s-plane when
F,(x) (the highest homogeneous part of F(X)) # 0 for x 0. In this paper, we
shall say the following.

Z(h, F,5) = 0(j|** ™), for 6, 26 2 5, > n+Z—k.

Let A(x) be a Schwartz function and K be a suitable positive integer. Put

Jiy(s) = f h(x)F(x)’dx.
IxlzK
From the proof of [1, Theorem 1], we see that
Ja(s) = 0(e),  for |o] < 03,
where o, is a positive real number and
Jy(s) = 0(1), for |6| £ a,,

when F(x) > 0 for |x| = K.
Let G(X) € R[X] be a polynomial of degree p and

I(s) = Jlxl § KG(x)F (x)°dx.

1 The results in [1] have appeared in the Bulletin of the American Mathematical Society,
May, 1969.
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We can rewrite I(s) as
P
1) = 316
where

I(s) = flxl 2KG,‘(x)F (x)ydx

and G,(X) is the homogeneous part of G(X) of degree u. Following Mahler’s
method [2], we get

19 = % () Mo+ nito)
where '
M,(s) = fs f :G,,(w)F,,(w)SR(rw)“r"+"+”’"ldrdw,
Nis) = f N f : f & (;) G (W) F (W) R(rw)ty Futds=1
’ {142R(rw)F (1 —1)* "' drdrdw
and
R(x) = F"_l(x)_; (x) +Fo(x) , for x #0.

Then, it is easy to see that, for B, £ ¢ < B, < —(n+u—k)/d,

Ni(s) = o(jrl*e™)
and
Ms) = O(e"™).
We have (s/q) = O(|t]*) for f, < ¢ £ B, < —(n+p—k)/d. Hence
I6) = O(et)  for fy S0 5, < — THEE,
Put, for suitable K as in [1, Theorem 1],
Vi={veZ": —K+1 v, £ K, foralli=1,---,n}, V, =Z"-V,.

We see that
Z(h, F,s) = Z(h, F, s)+Z,(h, F, s)
where
Z(hF,s)= Y h@)F@)

veV1—NF
Zy(h,F,s) =) h(v)F(v)~".
veV 2
It follows immediately that

Z,(h,F,s)=0("), foro, z20=0,> n+5—k.
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If we apply the generalized Euler’s summation formula [1, Lemma 2] and
use Mahler’s method, we shall have the following.

Z,(h, F,s) = O(Jtf"* V), for 6, 2620, > 'ilg——k
Hence, we obtain
Z(h, F,s) = O(jt[*"* V™),  for o, 2020, 2 riz_—lf

Furthermore, we may assume that F(X) is homogeneous and n > 1. Since the
n-sphere S" ! is connected, we see that either F(x) > 0 for all x # 0 or F(x) < 0
for all x # 0. Without loss of generality, we may assume F(x) > O for all x # 0.
Thus
" +p—k .

Z(h, F,s) = O(If"*Y),  for o, 2 0 :
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