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Introduction. Let f(x) be a complex function of a real variable, defined over the whole
real line, which possesses n derivatives (the nth at least almost everywhere) and is such that

fO(x) = * f™(t)dt. Then, if k is any integer for which 0 < k < n, Kolmogoroff’s inequality
may be written as

sup| f®)| = Kfsup| SO} {sup| S} 7+, (0.1)
or, by putting || f ||y = sup| f(x)| and ¢ = k/n,
(P PE-P 4 WA 11 WV 02)

The constant K = K(k, n) is known explicitly and is the best possible, i.e., there is a (real)
function for which equality holds (see Bang [1]).

In the first section of this paper we show that in (0.2) the norm | - ||, can be replaced by
any one of the norms used in defining classes of almost periodic functions by Stepanoff,
Weyl, Besicovitch, Love and the present author [2, 9, 11)], but no assertion is made as to
whether K is still the best possible constant. Part of the proof utilises a convolution introduced
by Ogiewetski [10], who established a special case of Theorem 4 of this paper.

In the second section similar extensions involving fractional integrals are made to
inequalities between trigonometric polynomials, originated by Bohr, Favard and Bernstein
and generalized by Bang.

In the third section various classes of almost periodic functions are introduced, and the
theorems of the previous section are applied to them. Finally, a theorem proved in the first
section is used to establish alternative characterizations of the almost periodic functions
defined by the present author.

DeriNiTIONS.  For completeness we state here the definitions of the various norms which
will be considered. Let p =1 and L > 0; then

£ =sup] 5C0)1. ~

x

+L
17l = sup (e [ o pag e,

x
I e

Jim | {se. : (0.3)

1= B4 S P = imsuo 2y 1o pag,

[70ve =11 lo+sup V(S 5, x+1),
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2 C. J. F. UPTON

where the Wiener pth variation

Vi(fi a,b)=sup 3 | f) ~f x|, (0.4

the supremum on the right hand side being taken over all partitions
R A=Xp <X, <...<Xp=b

of the interval (g, b).
If either L or p is equal to 1, it is omitted.
We also consider the norms

k-1
1 low= 5 1/ T+ 15 0o, (2D, ©3)

where f(x) is assumed to be differentiable x times and G o, stands for any one of U, S*, V?,
W? and B?. However, for reasons that will appear later, the use of ]l . "Gm when G o, stands

for any one of WP” and BP will be restricted to the first two sections of the paper.
If p > 1, we define p’ by 1/p+1/p' = 1.

1. Extensions of Kolmogoroff’s inequality.

THEOREM 1. Let f(x) be any complex function of a real variable such that f*(x) exists for
r=1,2,..., n—1, f®(x) exists almost everywhere and f*"~X(x) = [*f™(t)dt; and let k be
any integer for which 0 <k <n. Then, if G is any one of S?, WP or B (p = 1),

110l K |5 | £157

where K is a constant independent of f(x) and ¢ = k/n.

Proof. For any bounded measurable set E, we define the convolution

H(x) = Lf (x+y)g(y)dy,

where g(y) is a bounded measurable function whose specific values will be determined later.
Then, if m is any non-negative integer (0 < m < n),

H™(x) = f S™(x+y)g(y)dy. (1.1)
E
We first suppose that p > 1 and that g(y) satisfies the condition
J |9 [P dy = 1. (1.2)
E

Then, by (0.1) and Hélder’s inequality,
| H®(0)| £ sup | H®(x)| < K{sup| H"(x)|}{sup | H(x)|}* ~°

1/ o 1/py1~¢
éK{SUPUEIf("’(xH)I’dy] }{sngElf(ery)I”dy] } .(13)

https://doi.org/10.1017/50017089500001300 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500001300

EXTENSIONS OF INEQUALITIES OF KOLMOGOROFF AND OTHERS 3

If we now put

1/p
9 = fPW)|P~ sgn [FP()] / {L POl dy} ’

then g(y) satisfies (1.2) and, from (1.1),

1/p
HO(0) = {Ll £9) lﬂdy} .

It therefore follows from (1.3) that

1/p a/p ’ (1=a)/p
{Llf""(y)l’dy} éK{sngEII‘"’(x+y)|’dy} {sgpLIf(xH)l"dy} . (1.9

We next suppose that p = 1 and that g(y) satisfies the condition
suplg(y)‘ =1. (1.5)
y

Then, by a similar argument,

|H®0)| = K {st:p J‘ . | F™x+ )| dy}c{sng.E | flx+y)|d y}

-a

If we now put g(y)=sgn[f*¥(y)), then (1.5) is satisfied and, from (l.1),
H®(0) = {¢| f%)|dy. It follows that (1.4) is true for p = 1 and hence for all p > 1.
We complete the proof of the theorem by replacing G in turn by S¥, W? and B’.

Case 1. Let Gbe SP(p=1). In(1.4) we let E be the interval (¢, 7+ L). Then

r+L 1/ t+x+L of
{L_lf |f(k)(}’)lpdy} pé K{supL‘lj If(n)(y)lpdt} ?

t+x
t+x+L (1—a)/p
Ao [ o]
x t+x
<Kz 1S sz (16)
Put L = 1. Then, if we take the supremum of the left hand side of (1.6) over all ¢, we find that
1@ lse = K|S N3 11 S s (1.7)

Case 2. Let G be WP (p 2 1), and let ¢ > 0 be chosen arbitrarily. Then, by (0.3) and
(1.6), there exists Ly(e) > O such that, if L > L,,

1+L 1/p
{L" | lf“"(y)I"dy} < K| £ o 4517 £ o -}

If then, on the left hand side, we first take the supremum over all ¢ and then let L — o0, we see
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4 C. I. F. UPTON

that the left hand side can be replaced by || f® [|y». As the resulting inequality is true for all
&> 0, it follows that

19 hwe = K[ S 5 |1 1 55 (1.8)
Case 3. Let G be B? (p = 1). We first note that, for fixed x and T > ]xl ,
T-|x] 1 T=1=l ,
T 2(T—|x|)j—r+lx||f(t)| “
1 T

+x T+|X| 1 T+ |x]
- 14 < 14
o[ lsopast 2(T+|x|>J-T-.x,|f(‘)‘ at.

If we let T — o0, it follows easily that
MJ{| f(x+0) |7} = M{| O} (= 1 ||5»)- (1.9)
In (1.4) we now let E be the interval (— T, T'), obtaining the inequality

1 [T 1/p
- mora)

1 T a/p 1 T (1-0)p
<K {sup 57:4[ | F®0x+ y) I"dy} {SUP 27[ | flx+) I"dy} -
x T x -T

Let ¢ > 0 be chosen arbitrarily. Then, from (1.9), there exists Ty(g) > 0 such that, if T> T,

T 1/p
{flff_r|f‘k)(Y)|de} < K{| £ gote}7{]| f oo +2}*

If we let T— o0, it follows that the left hand side can be replaced by ” AR |]B,,; and the
resulting inequality is true for all ¢ > 0. Therefore

| f®le = KIS 5 1 S 5 (1.10)
The inequalities (1.7), (1.8) and (1.10) establish Theorem 1.

CoROLLARY. If in (1.4) we replace E by the interval (— T, T') and then let T — oo first on
the right-hand side and then on the left-hand side, we obtain the inequality

[~ 1eoras skl eoraf{]” 1oprs)

In the case when n = p = 2 and k = 1, this inequality is proved in [8, p. 193], and the best
possible value of K is shown to be 1. (For the same values of n, p and k, the least value of
K obtainable by the present argument is 1/2.)

Before we consider extensions of Kolmogoroff’s inequality which involve the remaining
norms defined in (0.3) and (0.5), we first obtain an inequality analogous to (1.4) for the
Wiener pth variation defined in (0.4).

https://doi.org/10.1017/50017089500001300 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500001300

EXTENSIONS OF INEQUALITIES OF KOLMOGOROFF AND OTHERS 5

LeMMma 1. Let ©t be the partition a = xy < x, < ... < x,, = b of the interval (a, b), and let
p > 1. Then, with the definitions and notation of Theorem 1,

m /
{ 2 O) =B - p) l”}l pé K{sup V,(f™; a+x, b+x)}{sup V,(f; a+x, b+x)}' 77,
i=1 x x

where K is the constant defined in (0.1).

Proof. As in the proof leading to (1.4), we define a new function

Hy(x)= Z {fGe+x)—f(x+x,- DHg(x) — 9(xi- 1)}

i {f(x+x)—f(x+x;_ )} Ag;, say,
where g(x) is an auxiliary function to be determined later. Then
HOE) = 3 {fO+n)~fO+x-Dlba G=01..om. (1D
If g(x) satisfies the condition
ii IAg,l"' =1, (1.12)

it follows, by (0.1) and Holder’s inequality, that
|H¥(0)| < sup| HP(x) |

< K{sup| HY(x)|}{sup | H() [}~
< K{sup [} | f®x+x)—f e +x,-1) P17
X {S‘iP [Z | fGe4x)—f(x+%;-4) |p]1/p}l-”
S K{supV,(f™; a+x, b+x)}{sup V,(f; a+x, b+x)}'~°. (1.13)

We now define g(x) as a function whose values at the points of the partition n are as
follows. We fix g(x,) arbitrarily and set, fori=1,2, ..., m,

9(x) = glxi- ) +| AR~ L sgn [Aﬁ""]/{,i | Af® Py,

where Af® = f®(x)—f%(x,_,). No restriction is placed on the values that g(x) takes
elsewhere. Then g(x) satisfies (1.12) and, from (1.11),

HOO) = {3 | AP,
i=1

This and (1.13) complete the proof of the lemma.
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6 C. J. F. UPTON

We also state as a second lemma the following inequality.

LEMMA 2. Ifu;andv,and a arereal, u; 20,0, 20(=1,2,...,m),and0 < a < 1, then
3 utoi~ 5 (% uy(F, oy

For proof see [8; 2.9.2].
We now extend the result of Theorem 1 to other norms.

THEOREM 2. Under the hypotheses and notation of Theorem 1,
1@l K| 5 | f137° (@>D).
Proof. In Lemma 1l puta=y,b=y+1. Then
{T |AfP P37 < K{sup V,(f @5 y+x, y+x+ D} {sup Vy(f; y+x, y+x+1)}' ~°
i=1 x x
= K{sup V,(f ®; y, y+ D}*{sup V,(f; y, y + D} ~°.
¥y ¥y

If, on the left-hand side, we take the supremum firstly over all partitions of the interval
(¥, y+1) and then over all values of y, it follows that

sup Vi(f @y, y+1) = K{Sl;p Volf™; v, y+ 1)}"{839 Vlfsys y+ 1)} e
Hence, by (0.2) and Lemma 2,
| f@ e =] f® "u'*'S‘:P V(¥ 9, y+1)
SK{| sz s I]b"’+[sgp V. (/™5 y, y+ 1)]"[81;p V(S ¥, y+ 1]}
<K{|f® "u'*'S‘:P V(s v, y+ 0¥ f ”u‘*'Sl;P VS y y+ D}

=K@l f o=

When p =1 we note that | f |y = | f |u+]f'|s=] f s, This norm is included in the
next theorem.

THEOREM 3. Let f(x) be an (n+k)-times differentiable complex function of a real variable
(the (n+x)th derivative existing at least almost everywhere) such that f®+*~ (x) = [*f@+(1)dt,
where n and x are positive integers. Then, if k is any integer such that 0 < k < n and ¢ = k/n,

119 lews S KDl 1655

where || - |¢,., is any one of the norms defined in (0.5) and K is a constant independent of f(x)

and o.
Proof. If, in (0.2), fis replaced in turn by f*, ", ..., 7%, it follows from Lemma 2 that
=1 x=1 x~-1
A oS KCE 1L (E 50 (1.1
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EXTENSIONS OF INEQUALITIES OF KOLMOGOROFF AND OTHERS 7

From the definitions of the norms in (0.5), the proof of the theorem then follows from (1.14),
Theorems 1 and 2 and a further application of Lemma 2.

2. Extensions of inequalities of Bernstein and others. Let #(x) be a trigonometric
polynomial

(x)= Y a,e**  (a, complex, 4, real)
A=1
and let « be any complex number. Then the derivative of #(x) of order « is

((x)= Y ayid)e™,

where (id)* = exp [(Jinsgn A +log|4|)x). Similarly the integral of #(x) of order « is

L= 3 aim) e (= (90)

provided that none of the 4, is zero.
We denote by & the real part of «. Then the following inequalities hold, where | - | is
any one of the norms defined in (0.3) and (0.5).

THEOREM 4. || 1@ || < A(o) | ¢ || ¢ max| A, |?, where A(x) depends only upon o and & > 0.
b
THEOREM 5. | #,]lc S 4(&) | ¢ | g/min | 4,|?, where A(«) depends only upon « and & > 0.
b

THEOREM 6. If min|4,| >0 and a, B, y are complex numbers such that § < & < B, and
h

1(x), t5(x), t,(x) are, respectively, the ath, Bth and yth integrals of t(x), then

Itle s K]t el tsle™

where © = (B—&)/(B—7) and K is a constant depending only upon a—y and f—1y.

When G is U, all three theorems have been established by Bang. When, in addition, « is
real, the inequalities in Theorems 4 and 5 are proved, respectively, by Civin [6, a special case

of Theorem 6], and Sz. Nagy; when, further, 4, = A, they are due, respectively, to Bernstein
and to Bohr and Favard. For references see [1].
If «, B and y are real, and || - | is replaced by

j |-]pde (p21),
0

Theorem 6 becomes a special case of [7, pp. 688 and 695]. This special case is included in
Corollary (ii), below.

As the proofs of all three theorems follow closely those of Theorems 1, 2 and 3, making
use of Bang’s results when G is U, it will suffice to prove one of them, Theorem 4, in the cases
when G is S?, WP or B?, The proofs in the other cases and the proofs of Theorems 5 and 6
will follow, mutatis mutandis.
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8 C. J. F. UPTON

Suppose then that p > 1 and E is any bounded measurable set. We define an auxiliary
function g(y) as follows:

sgn [19()] (p=1),

y S L @1)
| £ [P~ sgn [19(3)] / {LI e) I”dt} (p>1),

a(y) =
so that
sup|g|=1 (p=1), and ng(y)l"'dy=1 (@>1. (2.2)

T(x)= L tx+y)g(y)dy = ), é**a, f , e*g(y)dy.

h=1

Then T(x) is a trigonometric polynomial and, for any complex «,

TE(x) = j 19(x+y)g(y) dy.
E

Hence, using the definition (2.1) of g(y), we have

T®(0) = U |£9) I”dy}”p (Pz1).
E

Let C, = A(#)max| 4, |¥, where A(q) is the constant determined in [1] for the case when G is
h

U. Then, by (2.1) and (2.2) and by using Holder’s inequality when p > 1, it follows that

{ I I t(“’(y) Ip dy}llp = T(“)(O) < sup | T(a)(x)l
E x

< Cpsup| T(x)|

L t(x+y)g(y)dy

= C,sup
X

1/p
<C, sup {L |t(x+y)|Pd y} . (.3)

If E is replaced by the interval (s, s+ L), then it quickly follows, as in the argument leading
to (1.6) and (1.7), that

s+L 1/p
1o |vdy} <cthst
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EXTENSIONS OF INEQUALITIES OF KOLMOGOROFF AND OTHERS 9

Therefore, if L =1,
119 ]s> = Call 5o
Similarly, arguments analogous to those leading to (1.8) and (1.10) show that
[#9 we < Call t|w
and
L PRE-gol 1 P9

COROLLARY. Theorems 4, 5 and 6 are also true when || - || is replaced by either

© 1/p © 1/p
) )J_ |-|de} or (i) {L |.|de} :

We again consider Theorem 4. Corollary (i) follows from (2.3) if we take E as the
interval (— T, T) and let T — oo first on the right-hand side and then on the left-hand side.
To prove Corollary (i) we first note that, for any trigonometric polynomial ¢(x),
sup|¢(x)| = sup|¢(x)|. For, if sup|$(x)| = M and sup|d(x)| = M, then M; < M. To
x x20 x xz0

obtain the reverse inequality, let ¢ > 0 be chosen arbitrarily and let x, be such that | ¢(xo)| >
M—¢[2. Then there exists a number © such that xo+7 >0 and | $(xo+17)— P(xo)| < &/2.
(Its existence can be seen, for example, from the fact that ¢(x) is uniformly almost periodic.)
Hence

M, 2 | d(xo+7)| > | d(x0)|—8/2 > M—-.

Since e is arbitrary, M, = M and thus M, = M.
It follows that the argument leading to (2.3) is equally valid when sup is replaced by
sup. If we then take E as the interval [0, T], and let T — oo as before, first on the right-hand

x20
side and then on the left-hand side, we obtain

© 1/p © 1/p
{f |t‘°"(y)|'dy} éCasup{j It(x+.V)|"dy}
o x20 0

© 1/p
= C,sup {j |1(y) l”dy}
xz0

x

© 1/p
s lora)”

Ogiewetski’s generalization [10] follows directly from (2.3) by letting a be real and by
replacing 4, by h and E by the interval (—=, n). The trigonometric polynomial #(x) is then
periodic with period 2 and

r 1/p n 1/p
H | £9(y) I"dy} < m“A(a)U_ | 1(y) I"dy} .
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3. Applications to almost periodic functions. For many of the norms that have been used
hitherto, classes of almost periodic functions have been defined. More specifically, a G-almost
periodic function (Gap) has been defined when [ | denotes any one of the norms given in
(0.3) or any one of the norms given in (0.5) when Gy is U, S? or V? [2,9, 11]. For our
present purposes, however, we need to consider spaces of Gap functions which are complete,
and we must therefore exclude W Pap functions (see [4, p. 58]). In this section we therefore
restrict G to be any one of U, S?, V'?, BP or G, where G(o, is U, S? or V7,

We first state as lemmas two properties of Gap functions that will be needed.

LemMa 3. Let f(x) be Gap and let {s,(x)} be a corresponding Bochner-Fejér sequence of
trigonometric polynomials. Then {s,(x)} G-converges to f(x), i.e., | su—f |¢ =0 as m — 0.

LeMMA 4. The space of Gap functions is complete.

These are well-known properties of B®ap, SPap, Uap and ¥?ap functions. To establish
them for G(,‘)ap functions (x = 1) is not difficult.

To prove Lemma 3 we suppose, then, that f(x) is G,,ap (x = 1). It follows from the
definitions [11] that £*)(x) is G(o)ap and that each f®(x) (r =0, 1, —1) is Uap.

Let f(x) have the Fourier series Za e**  Then s,(x) can be wrltten as Zd" a, e,

where the d}, are constants (only a ﬁmte number of which are nonzero) which are mdependent
of the coefficients a,. Since, for each r=0, 1, ..., x, f®(x) has the Fourier series
Y a,(id,) e, {sf,?(x)} is a corresponding Bochner—Fejér sequence, as m — oo, and this
sequence converges to f®)(x) in the appropriate norm. That is, as m - o0, {s&(x)} U-
converges to f(x) for r =0, 1, ..., k—1 and {s&(x)} G o,-converges to f*(x) [2, pp. 50 and
105; 9, p. 23]. Hence the sequence {sm(x)} Gy-converges to f(x) as m — o, and Lemma 3

is established.
To prove Lemma 4 we make use of another lemma.

LEMMA 5. If k 2 1 and Gy is fixed, then f(x) is Gyap if and only if it is bounded and
JS'(x) is G- yyap [11, Theorem 9].

Suppose, then, that k¥ = 1 and that {f,(x)} is a sequence of G,ap functions such that
| fa=fall6, =0 as m>n—oco. Then |f—fPy->0 (r=0, 1, ..., x—1) and
(ARSI "‘)"G(o) —0asm>n— oo. It follows from the completeness of the G(o)ap spaces that
there exist unique functions 6,(x) such that 64(x), 6,(x), ..., 6,.- ;(x) are all Uap, 0,(x) is G)ap,

[£=6,]ly =0 as n—o0 (r=0,...,x—l), 3.1
and || /=0, | ., = 0 as n— co. :

Further, ifr=1,2,...,x and a < x, then

J " 0,(r)dt =lim f 1) dt = im [££D ()£ (@)]
=0,-1(x)=0,-1(a).

Therefore 6.(x) = ,_,(x) If, then, we put f(x) = 0y(x), it follows from x applications
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of Lemma 5, since each of the Uap functions 84(x), 8,(x), ..., .- (x) is bounded, that f(x) is
G(ap. Finally, from (3.1),

"f;,—f"c;(,‘)—’o as n— o,

and the space of G,,ap functions is therefore complete.

Note. We may note in passing, that, when x 2 1, the space of Gap functions shares
with the other spaces of almost periodic functions the properties of being closed and of being
identical to the closure, with respect to " . ”Gm’ of the space of trigonometric polynomials.
The proofs of these properties follow readily from Lemmas 3 and 4 and from the corresponding
properties of Gqap functions.

We now show that Theorems 4, 5 and 6, which concern finite trigonometric sums, can be
extended as follows to the classes of Gap functions that are being considered in this section.

THEOREM 7. Let G be fixed and let f(x) be a Gap function whose Fourier series is

Y. a,et*~. 3.2)
Then, if sup |).,,| = M < o0 and if a is any complex number such that & > 0,
h
Y a, (i) e** 3.3)

is the Fourier series of another Gap function f_(x) and
1/-alle < AC) M7 fc,
where A(a) depends only upon a.

THEOREM 8. Let G be fixed and let f(x) be a Gap function whose Fourier series is (3.2).
Then, if inf | 4| = A > 0 and a is any complex number such that & > 0,
h

Y ay(idy) " eln®
is the Fourier series of another Gap function f(x) and

| fille = AATE] £ |l6»
where A(a) depends only upon a.

THEOREM 9. Let G be fixed and let Y a,(id,)""e"*** and Y ay(i},)~? e'** be the Fourier
series of two Gap functions f(x) and fy(x), respectively, where y and f are complex and j < B.
Then, if « is any complex number such that 5 < & < B, the series

Y. ay(idy) % e

is the Fourier series of another Gap function f(x), and

| fle= K[ £ 6] SlE7
where © = (B—&)/(B—7) and K is a constant depending only upon «a—y and p—y.
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Since, in the case when G is U, Bang proves Theorem 9 and asserts (without proof) that
Theorems 4 and 5 can be extended to include Uap functions, these last three theorems are not
unexpected in the light of earlier results given in this paper.

To prove Theorem 7 let

sm(x) = Zah dl"’l eilnx,

where 0 < d% < 1 and only a finite number of the set {d}} are nonzero, be a Bochner-Fejér

polynomial of (3.2). Then
s(x) = zah(mh)a dp et
is a Bochner-Fejér polynomial of (3.3). Further, by Theorem 4 and Lemma 3,

|52 =58 |6 < 4@M* | sp—s,|q

and

| sm=5allc =0 as m>n-—co.

Hence
|s&@=s@ >0 as m>n— 0.

Now, by Lemma 4, the space of Gap functions is complete. Therefore there exists a Gap
function f_,(x) such that

s©—f_l¢ >0 as m- oo,

and it follows that the Fourier series of f_,(x) is (3.3). Finally, for arbitrary ¢ > 0 we choose
m(g) such that

Isn—flcse and |s@~f_,|c=<e
Then, by Theorem 4 again,
[ f-clle s e+ |5
S e+ A@M? | s, 6
S e+ A@MY| f || ¢ +e}.

Since ¢ may be arbitrarily small, it follows that

[ /=l = ADM*| £ |-

The proof of Theorem 8 follows similarly from Theorem 5.
To prove Theorem 9 we consider the polynomials

sm,j(x) = Zah(i}'h)-j dl’l" ei/l;.x (m = 1: 2: 3) cers ] =da, Ba 'Y)s

where {s,, 4(x)} and {s,, ,(x)} are sequences of Bochner-Fejér polynomials which G-converge,
respectively, to f5(x) and f,(x) as m — co.
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As s, .(x) and s, 4(x) are integrals of s, ,(x) of orders «—y and f—y, respectively, it
follows from Theorem 6 that

Isme=snallc < K| smy=ns 6] Smp=sns |67

where t = (B—@)/(B—9).

The proof is completed by an argument similar to that for Theorem 7.

4. Characterization of G,,ap functions (x > 0). In this section we are only concerned with
Gap functions when G is any one of U, S?, V'? or G, where G(q, is U, S? or V?, i.e., we do
not consider W ?ap or BPap functions. We can conveniently denote any such function as G,,ap
where, now, k = 0. We use some of the results of § 1 to establish alternative definitions for
these almost periodic functions.

We begin with two lemmas.

LemMma 6. If f(x) is Gap (k = 0), then
(i) it is Gy-bounded, i.e. || f | 6,., < o, and
(i) it is G(yy-continuous, i.e. || Sx+h)—f(x) ||G(x) —»0ash-0.

These are well-known properties for Goyap functions. When « 2 1, then, as was pointed
out in the proof of Lemma 3, each of f(x), f'(x), ..., f*~(x) is Uap (and hence is U-bounded
and U-continuous) and f®(x) is G oap (and hence is Go)-bounded and G q,-continuous).

The rest of the proof follows at once from the definitions.

LemMA 7. If f(x) is differentiable almost everywhere and f(x) = [* f'(t)dt, then
Irlosis s+l

S

Proof. || fl|uv= Sliplf(x)l = S‘ip{ +

jlf(xﬂ)é:

j Ue—feroar

IS ls+0151s-

For any fixed G, we can now identify the class of G,,ap functions (x 2 1) with the class
of bounded «th integrals of G,ap functions.

x+1 1 x+t
< sup—[ |f(t)|dt+supj dtf | f'(u)| du
x x (4] x

Tueorem 10. If k 2 1 and G, is fixed, f(x) is Gyap if and only if it is bounded and
S ®U(x) exists and is G oyap.

Proof. The necessity of the conditions follows directly from the definitions.

Sufficiency. Suppose that f(x) is bounded and that f*(x) is Ggyap. Then f(x) is S-
bounded and f™®(x), being certainly Sap, is S-bounded also. It follows then, from Theorem 1,
that f®(x) is S-bounded for r=0, 1, ..., x, and, from Lemma 7, that f)(x) is U-bounded
forr=0,1,...,x—1. Hence, by x applications of Lemma 35, f(x) is G(,)ap.
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COROLLARY. If x 21 and Gq, is fixed, f(x) is Gyap if and only if it is S-bounded and
F®(x) exists and is Goyap.

The proof is immediate.

Since each G,,ap function is Sap it can also be characterized as an Sap function which is
G(xy-continuous. We shall need the following lemma.

LemMA 8. If, for k = 0, f(x) is G,-continuous and

h
) = h-‘j fx+dt
0
Jor h > 0, then

||f,,—f||6m—->0 as h-0.

Proof. If k =0and G, is U or SP(p 2 1), the result is well known (see e.g. [S], where
Burkill also proves the lemma when G, is W7 or B?). It will therefore suffice to prove it true
when G, is V7 (p > 1). For then the lemma will be true when x = 0 and, hence, for all
k20. For, if k=1, f(x), f/(x),..., " Y(x) will all be U-continuous and f®(x) will be
G o)-continuous. Since

(x) = h! f O+t
V]

forr=0, 1, ..., x, the proof follows at once from the definition of || - ||¢,.,.
Suppose, therefore, that G, is V7 (p-> 1) and, for any fixed y, n is the partition
Y=Xo<X; <...<Xx,=y+1 of the interval (y, y+1). Then (by use of Hélder’s inequality)

$ L)~ £ = Lfixie )= (ki )] P

i=1

P

h™t _[o {LfCi+)—=f )] =L (xim 1 +0) =S (xi- )]} dt

o

i=1

m h h p—1
=< .; h—pjo i [+ —f ()] = [f(xi- 1+ ) —f(xi-1)] |pd’ {‘L d‘}

< h“rV,,{f(xﬂ)—f(x); ySxSy+1}Pdt

0

< sup sup Vo{f(x+0)—f(x); ySx S y+1}P.
y

0s1s

This last term tends to 0 as # — 0 since, by hypothesis, f(x) is ¥ P-continuous. 1f we take
on the left-hand side the supremum first over all possible partitions = of the interval (y, y+1)
and then over all y, we see that

sup V,{fl(x)—f(x); ySx<y+1} -0 as h-0.
¥y
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From this, the definition of ||- ||y» and the present lemma when G g, is U, it follows that
| fa=f|ve—0 as h—o0.

Hence the lemma is established.
The second characterization of G,,ap functions can now be given.

THEOREM 11. If k 2 0 and Gy, is fixed, f(x) is Gap if and only if it is Sap and Gy,
continuous.

Proof. That these conditions are necessary for f(x) to be G(,,ap follows at once from the
definitions of G(,,ap functions and Lemma 6(ii).

To prove the converse, first let k = 0 and suppose that f(x) is Sap and G o)-continuous.
For 0 < h £ 1 we define

x+

fi(x) = h”rf(x+t)dt = h-lj hf(u)du.
0

Then, for almost all x, f;(x) = A~ *{f(x+/)—f(x)} and is therefore Sap, being the difference
between two Sap functions, Also

x+1
[ilossun™ [ slaus b0 1]
x X
which is finite by Lemma 6(i). Hence, by Theorem 10, f(x) is S(;,ap and thus is Gg)ap for all
possible G, (see [11, pp. 423-424]). Furthermore, it follows from the hypothesis and
Lemma 8 that | f,—f [l6., =0 as A—~0. Hence f(x), being the Goy-limit of a sequence of
G 0yap functions, is itself Gq)ap.

If x 2 1, it follows from the hypothesis that f(x), f'(x), ..., f®~(x) are all U-continuous
and that f®)(x) is S-continuous. Now it is known that, if an Sap function has an S-continuous
derivative, then that derivative is also Sap. (See Bochner {3]. Alternatively, if

O(x) = f xd)(t) dt
0

is Sap, thenso is ¢,(x) = h™ 1 {®(x+ h)— O(x)} for A > 0. If $(x)is S-continuous, then Lemma §
shows that, as h — 0, ¢,(x) S-converges to ¢(x), which is therefore Sap.) Successive appli-
cations of this result show that f(x), f'(x),...,f*)(x) are all Sap. Since, by hypothesis,
S®)(x) is Go)-continuous, the argument in the earlier part of this proof shows that it is also
G(0)ap. Hence f(x), which is S-bounded, being Sap, is G(yap by Theorem 10, Corollary.

COROLLARY. For any fixed G, f(x) is Gap if and only if it is Sap and f®(x) is G gy
continuous.

Proof. As in Theorem 11, the conditions are clearly necessary. If, on the other hand,
f(x) satisfies them, then f(x) and f*)(x) are both S-continuous, so that, by Theorem 1, with
G = S and f(x) replaced by f(x+h)—f(x), it follows that f*)(x) is S-continuous for r =0,
1,...,k. Hence. by Lemma 7, with f(x) replaced, in turn, by f@(x+h)—f“(x), for
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r=0,1,2,..., k=1, we see that f(x), f'(x), ...,f* D(x) are all U-continuous. Hence f(x)
is G(-continuous. The result then follows from Theorem 11.

In [5], Burkill established a theorem similar to Theorem 11 for classes of Denjoy and
Cesaro-Perron almost periodic functions (Dap and C,Pap respectively) each of which contains
the Uap and Sap classes. If the two theorems are combined we have the following theorem.

THEOREM 12. If f(x) is C,Pap for some r 2 0 and is G-continuous, where G is any one of
Gk 2 0), WP, B?, D, and C,P (s 2 0), then f(x) is Gap.

Since W Pap functions and BPap functions need not be C,Pap, for they can be uniformly
continuous without even being Uap, the converse of Theorem 12 will only be true if W¥fap
and BPap functions are excluded.

The author wishes to express his thanks to the referee for suggesting various improvements

and for drawing his attention to the reference [7] which has led to the inclusion of the corollary
to Theorems 4, 5 and 6.
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