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INTEGRABLE EXTENDED HUBBARD MODELS WITH
BOUNDARY KONDO IMPURITIES

ANTHONY J. BRACKEN, XIANG-YU GE, MARK D. GouLp
AND HUAN-QIANG ZHOU

Three kinds of integrable Kondo impurity additions to one-dimensional ¢-deformed
extended Hubbard models are studied by means of the boundary Z,-graded quantum
inverse scattering method. The boundary K matrices depending on the local magnetic
moments of the impurities are presented as nontrivial realisations of the reflection
equation algebras in an impurity Hilbert space. The models are solved by using the
algebraic Bethe ansatz method, and the Bethe ansatz equations are obtained.

1. INTRODUCTION

A major motivation for the study of strongly correlated electron models comes from
the discovery of high-T, superconductivity. The Hubbard model and the ¢ — J model,
which have attracted a great deal of attention in the last decade, were initiated by An-
derson [1] and Zhang and Rice [20], in the context of high-T, superconductivity. In
one dimension, Shastry [15, 16] and Essler and Korepin [3] established the integrability
of the Hubbard model and £ — J model respectively in the framework of the Quan-
tum Inverse Scattering Method [18]. Since then, many new exactly solvable strongly
correlated electron models of interest have been proposed, such as the supersymmetric
Essler-Korepin-Schoutens extended Hubbard model [5, 6]. The latter is a gl(2 | 2) su-
persymmetric generalisation of the supersymmetric ¢t — J model and can be interpreted as
the Hubbard model plus moderate nearest-neighbour interactions. The complete solution
of the one-dimensional super symmetric Essler-Korepin—Schoutens extended Hubbard
model by the algebraic Bethe ansatz has been extensively investigated in [7] and it ex-
hibits the so-called off-diagonal long-range order, which is relevant to superconductivity.
Specifically, the mathematical issue of the completeness of the solution has been settled
(14], and the physics content of the solution, low lying excitations in particular, has been
studied [4].

On the other hand, the study of Kondo impurities in correlated electron hosts has
received much attention recently. In [21, 23], we have successfully constructed integrable
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Kondo impurity additions to three differend kinds of the extended Hubbard models in the
framework of the graded boundary Quantum Inverse Scattering Method [17, 2]. This is
a generalisation of our previous work on integrable Kondo impurity additions to the t— J
models [24, 22], which itself is an algebraic reformulation of the coordinate Bethe ansatz
results {19, 12] (see also the work of Frahm and Slavnov [9]). More recently, boundary
impurities for the generalised (g-deformed) t — J model have also been studied by the
graded boundar Quantum Inverse Scattering Method [8, 11].

The purpose of the present work is to extend the investigation of [11] to the cases of
the g-deformed extended Hubbard models. That is, integrable Kondo impurity additions
with spin- 1/2 coupled with three different type of g-deformed extended Hubbard open
chains, are constructed. This is achieved by searching for operator-valued boundary K
matrices as nontrivial realisations of the Zj-graded reflection equation algebras in a finite
dimensional quantum space which is interpretated as an impurity Hilbert space. It should
be emphasised that our new non-c-number boundary K matrices are highly nontrivial,
in the sense that they can not be factorised into the product of a c-number boundary
K matrix and the corresponding local monodromy matrices. This fact characterises a
difference between our construction and that of Zvyagin and Schlottamnn [13, 25]. The
models we present are solved by means of the algebraic Bethe ansatz method and the
Bethe ansatz equations are derived.

2. BounNnDARY HAMILTONIAN WITH KONDO IMPURITIES

Let c},,, and c;, denote creation and annihilation operators for conduction electrons
with spin ¢ at site j, satisfying the anti-commutation relations given by {c;‘,,,,cj,a:} =
0ij6g0', where 4,5 = 1,2,---, L and 0,0’ =1, |. At a given lattice site j there are four
possible electronic states:

0y, [1);=cls0), 4= o), [t,4);=cl,cll0).

We consider the following type of Hamiltonian, describing two magnetic impurities
coupled to the g-deformed extended Hubbard chain of Essler, Korepin and Schoutens
(5, 6]:

==Y > (c;,‘,cﬂ_l,,, + H.c.) (1=1j-5 — Njsi—0)
(-8

t +a-
T« (Cj,rcj,xcjﬂ,lcﬂm =575+ H.c.)

L-1 L-1
+q (5 = mynyy +n50m000) + 4 D (M1 = Ny + 7anie )
j=1 j=1

+2(q + q—l) ( ]z _;+1 — ann]-+1)
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L-1

+(q - q_l) > (Miananisnt — ngitnie1an1)
=1

+Ja (UG_S? + U:Sl_) + ‘/aan + Uanu + Wanuan
(1) +Jb(ab‘SZ + O’;S;) + VbTLLT + UanL + Wenpinis.

In the above, S;“ »S;, S} as usual is the vector spin operator for the conduction elec-
trons at site j satisfying the su(2) algebra and expressed as S} = c;’Tc,-, W S; = c;,lcm,
87 = 1/2(nj1 — nyy); 05 = 0 £i0¥,07(g = a,b) are the local moments with spin-1/2
located at the left and right ends of the system respectively. Now the Kondo coupling
constants Jy, V,, U, and W, (9 = a,b) should be written in terms of the arbitrary

parameters c,:
P i (it
T (g% - g?) (gt - 1)
g% (g? —1)(2¢% — ¢ = 1 — (¢ — 1))

V, = ,
g 2(g% — ¢?)(g%+? — 1)
g e D297 -2+ ¢ — 1+ (¢ — )oy)
o 2(g% — ¢*)(g%=*? — 1) ’
co=1(g2 _ 1 4ch+2 _ 3q4 —1-— q2 -1 20.2
o , = a1 (@ - V'0;)

2(g% — ¢%)(g=*2 - 1)

It has been shown [10] that the bulk Hamiltonian acquires an underlying super-
symmetry algebra U, (gl(2 | 2)) in the minimal representation. Furthermore, open chain
integrability with appropriate boundary conditions was established using the boundary
Quantum Inverse Scattering Method. Let us recall that the local Hamiltonian of the
supersymmetric g-deformed extended Hubbard model is derived from an R-matrix, sat-
isfying the Yang-Baxter equation, which has the form [10]

(3) R(u)=

a(w) 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 bu 0 0 cfu) 0 0 0 0 0 0 0 0 0 0 0
0 0 bu) O 0 0 0 0 clu) © 0 0 0 0 0 0
0 0 0 bu O 0 0 0 0 0 0 0 cu) O 0 0
0 du) 0 0 bu) o 0 0 0 0 0 0 0 o0 0 0
0 0 0 0 0 a(w) O 0 0 0 0 0 o 0 0 0
0 0 0 0 0 0 bu © 0 cu) 0 0 o o0 0 0
0 0 0 0 0 () 0 bu O 0 0 0 0 cu O 0
0 0 du) 0 0 0 0 0 bu) o0 0 0 0 0 0 o |’
0 0 0 0 0 0 du) o 0 b)) O 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 ew) o0 0 o 0 0
0 0 0 0 0 0 0 0 0 0 0 bu 0 0 -—cuw O
0 0 0 du) 0 0 0 0 0 0 0 0 bu) O 0 0
0 0 0 0 0 () 0 du) 0 O 0 0 0 bu 0 0
0 0 0 0 0 0 0 0 o 0 0 —dy) 0 o0 b O
0 0 0 0 0 0 0 0 6o o o0 0 0o o0 0 e(u)
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qu+2 -1

g(g" - 1) kS
qu _ q2 ?

gt — q2 ?
where u is the spectral parameter.

1-¢° ¢“(1-¢°)
c(u) = , dlu)=——-=, e(u)=
() pr (u) g (u)

a(u) =1, b(u)=

We remark that the four possible electronic states of the vector irrep of the quantum
superalgebra U, (gl(2 | 2)) symmetry, are identified with

(4) 1) =10y, [2)=cl,cl;l0), [3)=cl o), l4)=cl |0}

and we choose to adopt the bosonic, bosonic, fermionic and fermionic grading: [Il)] =
[|2)] =0, [|3)] = [|4)] =1 on the indices labelling the basis vectors.
A second choice of integrable coupling is given by

L-1
H=- (c;‘-’acjﬂ,, + H.c.)(l — Nj—g = Nj41,-0)

j=1 ¢
L-1 b
=3 (haelciarcinng + Sf S + He)
=1
L-1 lL_l
+¢ 30 (a1 — mypaaniang) + 47 Y (g - nyamsy)
Jj=1 j=1
= ~-1L-1
3 g—q
-1
_(q +q ) ( ;S;-H + annj+1> + D) z (nj,»rnj+1,¢ — nj,l"j+1,r)
< 2

oS
R

—(a+07") X maansa i gneng = nya)

.

—(g+97") X nirnaniria(nyms, - ny)
j=1

t~
-

+Ja (0’;5;— + U:Sl-) + V;TLIT + Uanu + Wanunn
(5) +Jb(ab‘S,f + 0';'5[_’) + ‘/anT + Ubn[,l + anunm,,

In this case the dependence of the Kondo coupling constants Jy, Vg, U, and W, (g = a,b)
on arbitrary parameters ¢, takes the form

J = - g% (g® — 1)° ,
(g% — ¢®)(g=+* - 1)
Vo= g (g — 1)(2¢*% — ¢* — 1 + (¢* - 1)})
? 2(g% — ¢*)(g=*2 - 1) ’
_ g% (q? — 1)(2q2—c, ++ 2 —2+¢%(g* - 1)05)
a 2(g% — ¢?)(¢%=*2 - 1) ’
(6) w, = L@~ D*(1-95)

2(g% — ¢?)(g=*?2 1)~
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The Hamiltonian in (5) arises from use of an R-matrix obtained by imposing Z,-
grading on the one-dimensional g-deformed U, (su(4)) R-matrix, which reads

(1) R(u)=

aw) 0 0O 0 O o0 O 0 0 0 0 0 o 0 0 0
0 bu 0 0 c¢u O O O O O 0 0 0o o0 0 0
0 0 buw 0 0 6 0 0 cu O 0 0 0 0 0 0
0 0 0 bw O 0 O 0 0 0 0 0 cw) 0 0 0
0 duy 0 0 buw 0 ©0© 0 0 O 0 0 0 o 0 0
0 0 0 0 0 aw O 0 0 0 0 0 0 o 0 0
0 0 0 0 0 o0 buw 0 0 cu O 0 0o o 0 0
0 0 0 0 0 0 0 buw O © 0 0 0 cu) © 0
0 0 dw) 0 0 0O 0 O bu) -0 0 0 0 0 0 0 |’
0 0 0 0 0 0 du 0 0 bu O 0 o 0 0 0
0 o 0 ©0 O0 0 0 0 0 0 -auw O 0 o0 0 0
0 o o o 0o 0 O ©0 0 0 0 —bx) 0 0 —c(w) O
0 0 0 du) O 0 0 0 0 o0 0 0 bu O 0 0
0 0 ©0 ©0 ©0 0 0 du 0 0 0 0 0 bu) O 0
0 0 ©0 ©0 O0 0 0 0 0 o0 0 —du) 0 0 <-bu) O
0 0o o0 o0 ©0O 0 O0 0 0 o0 0 0 0o 0 0 —a(u)

where a(u), b(u), c(u), d(u) are the same as in (3) and wu is the spectral parameter. We
adopt the same choice for the Z,-grading of the basis states as before.
The third choice of integrable couplings is given by

L-1
H=— Z (C},o’cj'i‘lyo’ + HC)(]. - le,_a - nj+1,—a)

o

™

~ .
bl
—

+ -
e (c},TC},iCJ'H,lCJ’H,T + 578+ H.c.)
J

1
—-

L-1 L-1

=71 Y (i1 — Ny Ay Rianieny) — @ O (75 — nignyy + Njpangy)
ij=1 i=1

L-1

1
-1
( 555 — Z"j"m) ~ (g+97") X niamiania e,

L
7 i=1

-1
“2a+a7) T
=1
L-1
-1
+{g =) Y (Rianganisns = nianianse)
7=1
+Jo(07 ST + 01 ST) + Vanay + Uanyy + Wanyyny
(8) +Jb(0'b_SZ -+ U;SE) + VanT + Ubnu + anunm,
where the dependence of the Kondo coupling constants J,, V,, U, and W, (g = a,b) on
arbitrary parameters c, takes the form (6).

The Hamiltonian in (8) arises from use of an R-matrix obtained by imposing Z,-
grading on the one-dimensional g-deformed U, (gl(3 | 1)) R-matrix, which reads,
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(9 R(v)=

—e(w O O O O 0 O 0 0 0 0 0 0 o 0 0
0 b(u) 0 0 c(u) 0 0 0 0 0 0 0 0 0 0 0
0 0 Bbw O 0 0 0 0 cu O 0 0 0 o 0 0
0 0 0 bu) O 0 0 0 0 1} 0 0 c{u) O 0 0
[1} d(u) 0 [ b(u) 0 0 0 0 [1} 0 0 0 0 0 0
0 0 0 0 0 a(u) 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 buw 0 0 cu 0 0 0 0 0 0
0 0 0 0 0 0 0 bu 0 0 0 0 0 cw) O 0
0 0 dw) 0 0 0 0 0 bu) o0 0 0 0 o 0 0
0 0 0 0 0 0 d{u) O 0 b(u) 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 —a(u) 0 0 0 0 0
0 0 o o 0 0 0 0 0 o 0 —bu) O 0 —c(u) 0
0 0 0 dw O O0 0 0 0 0 0 0 bu) O© 0 0
0 0 0 0 0 0 0 du 0 0 0 0 0 bw) O 0
0 0o o o0 ©0 o0 0 0 0 0 0 —du) O 0 —bu) O
0 0o o o0 ©0 © o 0 0 o0 0 0 0 0 0 —a(w)

where a(u), b(u), c(u), d(u), e(u) are the same as in (3) and u is the spectral parameter.
We adopt the same choice for the Z,-grading of the basis states as before.

3. GRADED REFLECTION EQUATIONS AND BOUNDARY K-MATRICES

We begin by reviewing the Z,-graded boundary Quantum Inverse Scattering Method
as formulated in [2]. It should be noted that the supertrace is carried out for the auxiliary
superspace V. The elements of the supermatrix T'(u) are the generators of an associative
superalgebra A defined by the relations

(10) Ria(u —v) T () T (v) =7 (v) T (w) Rus(u — v),

where )1( =XQ®1, )i' = 1® X for any supermatrix X € End(V). For later use, we list
some useful properties enjoyed by the R-matrix:
(i) Unitarity: Riz(u)Ra1(—u) = p(u)
(i) Crossing-unitarity: R{%(—u +1)R5?(u) = p(u)
with p(u), p(u) being some scalar functions.
In order to describe integrable models on open chains, we introduce two associative
superalgebras 7_ and 7, defined by the R-matrix R(u; — ’U.g-) and the relations

Ruz(u—v) T_(w)Rar (u + ) T— (v)

(1) =7~ (0)Rua(u+1) T (W)Rn(u - v),
R (-t o) TE @[ R +0)] "} T )
(12) ~Few{[REa+ o]} P @RE ),
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respectively. (For the background to these equations see [2].) Here the supertransposition
sty (o = 1,2) is only carried out in the a-th factor superspace of V @ V, whereas ist,
denotes the inverse operation of st,. By modifying Sklyanin’s arguments (2], one may
show that the quantities 7(u) given by 7(u) = str (7;(u)7'_(u)) constitute a commutative
family, that is, [r(u), 7(v)] = 0.

One can obtain a class of realisations of the superalgebras 7, and 7_ by choosing
T+ (u) to be of the form

(13)  T-(uw) =T-(WT-(T-'(-v), T3(w) = T3Hw) T34 (w) (TII(—U))“
with
(14) T_(u) = Rom(uw) -~ Ror(u), Ti(u) = Rop(w)--- Roma(u),  Ta(u) = Ki(u),

where 0 labels an auxiliary superspace Vo = C%2, M is any index between 1 and L,
and K. (u), called boundary K-matrices, are representations of 7: in a representation
superspace V = C%2,

We now solve (11) and (12) for K, (u) and K_(u). For the quantum R-matrix (3),
one can check that the boundary K-matrix K_(u) given by

10 0 0
01 0 0
15 K _(u)=
(15) ®=100 A B |’
0 0 C_(u) D_(u)
with
A (u) _ q2u+4 + q2u+2 _ 2qu+ca+2 - 2qu—ca+2 + q4 _ q2 +92 - q2(q2 - 1)(q2u - 1)0;

2T = (g - 1) ’
q(¢® — 1)(¢* — 1)ag |
(gruteat? — 1)(qu*2 - 1)’
Cow) = q(¢* = 1)(¢*™ — D)o}
- - (gu+eat2 — 1)(qu—e+2 — 1)’
_ 2q2u+4 — q2u+2 + q2u _ 2qu+cu+2 _ un—c¢+2 + q2 +1+ (q2 _ 1)(q2u _ 1)0’

D_(u) = a
('u,) 2(q—u+ca+2 _ 1)(q‘ll—ca+2 - 1) ’

B_(u) =

satisfies equation (11) (see Appendix). We can check also that the boundary K-matrix

K.{,_(U),
10 0 0
log o 0
(16) K+(’U) - 00 A+(u) B+('U.) ’
0 0 C'+(u) D+('U.)
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with

4 ( ) _ _qu+cb+2(q2u+2 - 2qu~cb+4 _ 2qu+c,, + q2u + 2q4 _ q2 +1-— (q2u — 1) (q2 _ l)Ug)
e g = ¢)(a* ~ ¢

H

_ g¥tot2 (¢ — 1)(¢? — 1)oy
By(u) = (qvt4 — go)(q® — g®) '

3 _qu+c5+2 (q2“ - 1) (q — 1)0
Ci(u) = (g*+4 — q%)(g* — q®) '’
D (u)

3 qu+c,,+2 (q2u+2 - q2u + 2q2u-2 _ Zq"_c”+2 _ 2qu+cb—2 + q2 +1+ (q2u+2 — 1) (q2 _ 1)0,5)

2(qu+ - ¢%)(g" — g*)

is a solution of the equation (12).
By modifying Sklyanin’s arguments [2], we can show that the boundary transfer
matrix 7(u) given by

7 7(u) = str (K+ (u)T(u)K_(u)T”l(—u))

satisfies [T(ul), T(’U.z)] = 0. It can be shown that the Hamiltonian (2) is related to the
second derivative of the corresponding boundary transfer matrix 7(u) in (17) with respect
to the spectral parameter u, at u = 0:

L-1 .
H = 2—:1 Hjjn + % K'(0)+ m—) [stro( + (0 )GLO)
(18) +2 stro(lo(;(O)HLo) + stro( K+ (0)(HL0)2)],

with
d - '
= ERU (u) lu=0= Pi; Ri;'(0),
0 0
V =strg K'.(0), W = stro(K+ (0)Hyo), Gi; = PijRi;"(0),

where P denotes the form of the Z,-graded permutation operator and the subscript 0
denotes the 4-dimensional auxiliary superspace Vp = C?? with the grading P[s]) = 0 if i =
1,2 and 1 if i = 3,4. :

For the second choice, we also solve (11) and (12). For the quantum R-matrix (7),
one may check that the boundary K-matrix K_(u) given by

(19) K_(u) =

o O O -
[ T e B =]
P~

https://doi.org/10.1017/50004972700019912 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019912

[9] Integrable extended Hubbard models 453

with
P P g P ggrteet? — ggumeet? 4 90t — g2 + 1+ (¢ — 1)(¢® — 1)oZ
—(u) = 2(q—u—ca+2 _ 1)(qu+Ca+2 — 1) ’
B_(u) = g(¢® —1)(¢* — 1)og '
-lu) = (g v—e+2 — 1)(qutet? — 1)’
O (u) = - a(¢® - 1)(¢™ — 1)og
- (gumet? — 1)(guteet? — 1)’
D) = gRt — Rt 4 9gu _ gguteat? _ gau—cat2 L 4ot 4 g2 _ 2(g2 — 1)(¢%* — 1)o7

. (q—u—cu+2 _ 1)(qu+ca+2 - 1)

satisfies the graded reflection equation (11). Then the boundary K-matrix K (u) defined

by
1 0 0 0
0 ¢ 0 0
20 K, (u) = ,
20) =10 0 AW B
0 0 Ci(u) Di(u)
with
u+cp—2(2u+2 _ 9 u—cp+2 _ 9 utcpy+6 2u 6 10 _ 8 _ (2u _ 8 2 _ z
Ap(w) = & (g 2q 2q +¢"+20° + 00~ ¢" - (@ - ) (@ - V)o})
2(gutes — 1)(gute — ¢*)
B qu+cb—2 (q2u _ q8) (q2 _ I)Ub_
Brl) = Togra g —qh)
utcy—2(2u _ 8 (42 _ +
C+(’U.) — q (q q )(q 1)0b ,
2(gute — 1)(g*e — ¢*)
u+tcp—2 2u+4 _ 2u42 __ 2u _ 9 u—cpt+4 _ 9 utcp+8 10 8 2u _ .8 2 _ z
Dyu) =2 (24 q g% ~2q 2q +¢°+ ¢+ (¢ —¢°)(¢* - 1)o3)

2(qu+cb _ 1)(qu+c(, — q4) )

is a solution of the equation (12).
Following Sklyanin’s approach [17], one defines the boundary transfer matrix (17),

and then it can be shown that [T(ul), T(Ug)] is satisfied. Because stry I% +(0) #0, it can
be shown that the Hamiltonian (5) can be embedded into the boundary transfer matrix

7(u) by
0
Fmy 11, stro( K+ (0)Hro
(21) H=3 Hjjn+ 3 K_(0)+ ( 5 )
=1 stro K4+ (0)
with

d ,
Hi; = EH,J'R':,J'(‘U‘) lu=0= P;;Ri;'(0),

where P is the Z,-graded permutation operator.
For the third choice, we also solve (11) and (12). For the quantum R-matrix (9),
one may check that the boundary K-matrix K_(u) given by (19), satisfies the graded
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reflection equation (11). For this case the boundary K-matrix K (u) defined by

1 0 0 0
0 -1 0 0
K = 3
(22) =10 0 4w B
0 0 Ci(u) Dy(u)
with
4 _ qu+cb (q2u+2 _ 2q“—0b+2 — 2qu+cb+2 + q2u + 2q2 + qﬁ - q4 _ (q2u _ q4) (q2 _ 1)0’;)
+() = - 2(g+ = 1) (g — ) ’
_ gt (g™ - ¢*) (¢ — 1),
Bal) =~y re Ty gura - ok
_ gt (™ - ¢*) (¢ - oy
O4l8) = ~ g ) igere 1)
_ qu+cb (2q2u+4 _ q2u+2 + q2u _ 2qu—cb+4 _ 2qu+cb+4 + q6 + q4 + (q2u _ q4) (q2 _ 1)0’;)
Di(u) = -

2(gvte — 1)(gute — ¢*) '

is a solution of the equation (12).
It can be shown for this case also that the Hamiltonian (8) can be embedded into
the boundary transfer matrix 7(u) as in (21).

4. THE BETHE ANSATZ EQUATIONS

Having established the quantum integrability of the models, let us first diagonalise
the Hamiltonian (2) by means of the algebraic Bethe ansatz method [17, 22]. We intro-
duce the ‘doubled’ monodromy matrix

A(w) Bi(u) B(u) Bs(u)
Ci(u) Du(u) Diof )
Co(u) Da(u) Dan(u) Das(u)
C3(u) Da(u) Daof )

(23) T_(u) = T(w)K_(u)T"}(~u) =

Substituting this 7 (u) into the reflection equation (11), we may derive the following
commutation relations,

u1—uz2 __ 2 u1 uz _ .
Dia(u1)Be(ug) = (f(qm_uz —ql))(( u::_uz — qQ))r(ul +up — 2)ghr(u1 — ug) " Be (ug) Dyi(us)

gute(l — @) (¢*™ — ¢*)(g** — 1)
(qu1+u2 - q2)(q2u1 _ )( 2uz q )
‘)

r(2u1 — 2)5B,(u1) A(uz)

_ A=) @ ~dY) o ovetp (VB (u
(24) qg(qul_uz _ 1)(q2u1 qg) (2 1= 2)ing( I)Dtc( 2)’
_ (qul—uz+2 _ 1)(qu1+u2 1) u u
A(u1) By (u2) = (@ =) (g = g7) By (uz2)A(us)
(25) _ Az a)g™ - ) By(u1) A(uz) — L——Bd(ul)'Ddb(uz)

(q2u2 —_ q2)(qu1—u2 —_ 1) qu1+u2 —
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Here Dpa(u) = Dpa(u) + (q2“(1 —¢*)/(g* ~ qz))ébdA(u) and the matrix r(u), which in
turn satisfies the quantum Yang-Baxter equation, takes the form,

" u+2 -1
Tll(u) =1, 722(u) = T33(u) — ’
¢ -1
mU—mM—mM—mU—mU—mM =)
1-¢°
ra(u) = 33 (u) = —r5(u) = ——
q q
. qu 1— 2
) ) = i) = —rB(w = L0
Choose the Bethe state |2) as
(27) Q) = Ci, (u1) -+ - Cipy (un)|O) FF13%,

with |0) being the pseudovacuum, where the indices i; run over the values 1,2,3 and
Fiv is a function of the spectral parameters u;. Applying the transfer matrix 7(u) to
the state |Q2), we have 7(u)|Q2) = A(u)|2), with the eigenvalue,

Aw) = L@ = DE —a*)(g" = > 7 (@ —1)(g* - 1)
(2 - ¢*)(g" — ¢®)(g"** — ¢®) =3 *(g*™ 2 = 1)(g* - 1)

g*(¢* - 1) <q(q“ — 1))“ ﬁ O 2)(«{"’“" -4, AD (4 {us}),

- \¢-¢ ) ;5?1 -1)

(28) +

provided the parameters {u;} satisfy

(g% —1)(g"*? — ¢*)(g" — ¢**?) ( ¢ —¢* \*
(g

(g272 — ¢*)(g — ¢%)(g%** — ¢%) \q(g% — 1)
N ( ujtui—2 _ 2 Uj—Ui _ 2
g g°)(g% ) (. .
(29) - E (gut® — 1)(g%—w+2 — 1) A (uj’ {’U.,'}).
i#]

Here A (u; {u]}) is the eigenvalue of the nested boundary transfer matrix 7(!)(u)

7D (w) = str (KS’(U)Tm(u, {u;}) KO ()T (-, {u,-})),

which arises out of the r matrices from the first term in the right hand side of (24). We
can prove that the nested boundary K matrix K (_l)(u)

1 0 0
(30) KYw =0 A%w) BY@) |,
0 CcWw) DW(u)
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with
A(l)(u) _ q2u+2 + q2u _ 2qu+ca — 2qu—ca+2 + q4 _ q2 4+ 92— q2(q2 _ 1)(q2u—2,_ 1)0.2
- - 2(g-utcat? — 1)(gu—ca+2 — 1) ’
BD(y) = q(¢® = 1)(¢* % - 1)og
h (’U-) - (q—u+ca+2 - 1)(qu—c¢+2 - 1)’
CO () = q(¢® = 1)(¢*™* - 1)of
- W= (g—utcat? — 1)(qu-ce+2 — 1)’
D(l)(u) _ 2q2u+2 _ qZu + q2u—2 _ 2qu+ca _ 2qu—ca+2 + q?. +1+ (q2 _ 1)(q2u—2 _ 1)0;

2(q—u+ca+2 _ 1)(qu—c¢+2 — 1) ?

satisfies the nested graded reflection equation

r12(u — v) Ii'(_l)(u)rgl(u + ) 12((_1)('0)

2 1
(31) =KV )ria(u +v) KL @)ra(u— v).
Furthermore, the nested boundary K-matrix Kil )(u)
1 0 0
(32) KPw =] 0 4APw BL@) |,
1 1
0 ¢Pw) DP(u)
with
A(l)(u) _ _qu+ca (q2u+2 - 2q“‘°b+4 — 2guter +q2u +2¢8 —g?+1— (q2u - 1) (q2 _ l)og)
AT 2(qu+ - %) (q* — ¢%) ’
Wy gvTe (@™ - 1)(¢* = oy
Bi(w) =~y e — g
Wy _ 9t - 1)(¢° - 1)oy
Oy (u) = (g% — g%)(q" — g%)
D(l)(u) _ _qu+cz, (q2u+2 _ q2u + 2q2u—2 _ 2qu—cb+2 _ 2qu+cb—2 + q2 +1+ (q2u _ 1) (q2 _ 1)05)
+ - b

(gt — g%)(q* ~ g%)
is a solution of the nested graded reflection equation
. 1 st -1 isty 2 ist
ripe(-uto) KO @] T} K 0)
sty (1)"1

3 =k {07 KO @i -u o)

For the R-matrix (3) of the one-dimensional g-deformed supérsymmetric extended Hub-
bard model, choosing the pseudovacuum |0) = (1,0,0,0)T, we have

Tu(@0) = 0),  Tuaw)o) = ("%ﬁ”) 0),
T #0,  Tw@l) =0,  Ta(u)j0)=0,
o (@0) = 0), Tua(w)lo) = (qq("—_"qﬁ) 10),

(34) Tha(w)|0) #0,  Tw(uw)|0) =0,  Tu(u)|0) =0,
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where d # b, d,b=2 3,4, and

Tor (w)Ti2(u)|0) = %[Tu(u)Tll(u) - T22(U)T22(U)]10>,

Toar(0)T10(w)|0) =0,  a=3,4,
(35) Tar (w)T15(1)]0) = 0, a#pB.

Then we have

A(w)|0) = Tia(u)K-(u) 455 (w)|0) = 10),
Ca(u)[0) = Tua(u) K- (u)osTp1(w)[0) = 0, Ba(w)|0) #0,

w1\ 2L
Dan(w)[0) = Tan(w)K — ()., Tin(w)|0) = (2("—”) K_(w)0),

qu _ q2
2u(1 _ 42} _ u(q _ 2
(36)  Daa(w)[0) = Tualu) (K_ (W) — "q—i,(l—_qiz)) Toa(w)|0) + ﬂqz(ul—_;z—)m).
Here
2uf1 _ 42 2(2u _
K_(u) 4 (u) — qqz(ul_ qqz ) = qq(g‘ — qzl)K_(u —1)4er a=4db

satisfying the reflection equation (11) for the reduced problem. Letting Dyg(u) = Dyg(u)—
((12"(1 - ¢%)/(¢* - 42))51"1.»4(11), we have

Dua(w)l0) = (K_(u>dd _a- "2’) (é(q" - 1))2L|o>,

q2u — q2 qu — q2
w1\ 2L
(37) D (w)[0) = K_(u)y (%q—”) ).

Our calculations rely heavily on a variant of the (graded) Yang-Baxter relations (10) with
the R-matrix (3),

(38) T (WR(2u) T (u) =T (w)R(2) T (u)

on use of the following relations:

(6™ = )T (@) Tia(w) + ¢ (1 = ¢*) Toa () Toa () + ¢ (1 = ¢*) T (0) Tz (w)
+g7(1 - ¢*) Toa ()T (w)
= ¢ (1 = @) Tu(@)Tis(w) + (¢ — 1) Toa(w)Ton () + (1 = ¢) T () T (1)
+(1 - qz)Tm(U)Tu(u),
(¢ = ) Ton(w)Tia(w) + 4 (1 — ¢*) Toa(w)Tis () + ¢ (1 — %) Tig () T (1)
+¢7 (1 - ¢*) Toa(w) Toa ()
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= q(q™ — 1) Tia(w)Toa(w),
(qzu - qz)Tzl(u)Tm(U) + (12“(1 - q2)T22(u)’f‘24 (u) + ¢ (1 - q2)T23(u)7~“34 (u)
+¢% (1 = %) Toa(w)Taa ()
= (™ — 1) Tha(w) T2 (w),
(1 - @) T (W) Too(w) + (¢ — ¢*) Tz ()T (w)
+q%(1 = %) Toa(w)Ta () + ¢*(1 — ¢%) Taa(w) Tin(w)
= q(q™ — 1) T (v) Ta(w),
(1 = )T (w)Tas(w) + (9 — ¢*) Toa ()T () + 4 (1 - ¢°) Tsa(u)Tss(u)
+q*(1 — ¢*) T34 (u)Tas ()
= q(¢® — 1) Tou () Tra(u) + ¢** (1 — ¢*) Toa(w) Toa(w) — (4 = 1) Tog (w) T (1)
+(1 - 42)T24(U)T42(U),
(1 = ¢*)Tau () Tra(w) + (4 — ¢*) Toa(w)Toa(w) + (1 — ¢*) Tas(w) T (w)
+q2"(1 - q2)T34(u)7~‘44 (u)
= —q(q® — 1) Toa(u)Ti2(w),
(1= &) Tar (w)Tia(w) + (1 — &) Tua(w) T () = (¢7*+2 = 1) Tus ()T (w)
+q7 (1 — ¢*)Tua ()T (u)
= —Q(Qh - 1)T32(U)T43(“),
(1 - ¢*) T (wTis(u) + (1 — ¢%) Tua ()T () (¢*+* — 1) Tia(w) Tia ()
+q2"(1 - q2)T44(u)TI~’43(u)
= —q(g® - 1)Ts3(u)Tus (w),
(1 - q2)T41(u)’f13(u) + (1 - QZ)T@(U)Tza(U) - (q2u+2 - 1)T43(“)T33(U)
+0%(1 — ¢°)Taa(u)Tss (u)
= q2“(1 - qz)T;;l(u)Tw(u) + qz"(l - qz)Taz(u)Tn(u) +¢* (1 - q2)T33(u)T33(u)
—(qz““‘"2 - 1)T34(u)T43(u).
Implementing the change © — u — 1 with respect to the original problem, one may check
that the nested boundary K matrices (30) and (32) still satisfy the reflection equations
(31) and (33) for the reduced problem. After some algebra, the nested transfer matrix

7()(u) may be recognised as that for the one-dimensional g-deformed supersymmetric
t — J model with boundary Kondo impurities, which has been diagonalised in [8, 11].
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Here we merely give the final result,

u+u( ) -2 _ 1) ( u—ug)+2 . l)
(1)( {u }) ( _ (qu+2 _ qc,,)(qu _ qCa+2 IIV_II (q q
T (g2~ ¢?)(g® — g%)(gvH - a%) i ( whu)-2 _ q2) (q"‘"i” - 1)

_q2(q2u—-2 . 1) N (qu+u,~—2 _ 1)(qu—u,~ _ 1)
q2u—2 _ q2 <1 (qu+uj—2 — q2) (qu—u,-—Z _ 1)

(1) (1)
M (qu+‘u,c -2 _ 1) (q“_“k +2 _ 1)
(39) A (u; {uj}; {u{"}),

kl;Il (qu+u£l)—2 - q2) (qu—ug) _ 1)

provided the parameters {ug)} satisfy

(qZuS) _ 1) (qu£1)+2 _ qcb) (quzl) _ qcb+2) ﬁ qu£1)+uj—2 _ q2) (quf:)—uj _ q2)

(ung) —q )(q u® _ q°°) (q w4 q‘b) =i g2 (q u® puj-2 _ 1) (q"fc oy _ 1)

(40) = A® (u; {w}; {(u"}).

Here A(2)( {u,}, {u! )}) is the eigenvalue of the nested transfer matrix 7(?(u) for the
(M3 + 2)-site X X Z spin-1/2 open chain,

A(z)( {ui}; {U(l)}) (( - _qqc;g(§3+4__q:c-:))

(2) () _
qu+r,.,—1 -1 { q2" -1 ﬁ (q"‘“: — q2> (qu+u, _ qz)
7map 72 =@ L@ = 1) 1 2 (qu-—uf ' 1) (qu+"'(2)‘2 - 1)
(1_ )
q2u—2 _ q2 (qu+o,—1 _ q2)(qu—p,7+1 _ qz) M (qu+uq 2 _ qZ) (qu ug 42 qZ)

(g2 = 1) ogy P(gHo ™ = (o = 1) 2, 2 (qu+u£"-2 _ '1) <qu—ui"+2 - 1)

M2 g2 (q“-“fz)“’ - 1) (q""““t( g 1)
41 )
(41) ,I;Il (qu-uf”+2 _ qz) ( utu® _ qz) }

provided the parameters {u§2)} satisfy

(qu,‘”+a,—1 _ qz) (q ufP—cy 41 _ ) My ( uP+uM 2 _ 2) (qu,‘2>—u£‘)+2 _ qz)
71:,[’,, g2 (q uP e, -1 1) (q“t( eyl _ 1) Paiet 2(q ¥ a2 1) (q"fz)‘“ﬁ”” _ 1)

q
(q u® @y q“) ( u® u® q")
(42) = H )

2 2 2 2
,,_1q( ()_u,(,)+2_1)( u i@
p#l
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After a shift of the parameters u; — u;+1, u( ) u£1)+2, ufz) — u,( )41, and cy = cyt+1,

the Bethe ansatz equations (29) and (40) and (42) may be rewritten as follows:

el 2L e B
g(g ™ = )\ Iy (@9t — 1)(g T — 1)
qu,-+1 -1 pe q4(qu,-+u.-—2 — 1)(quj—u.'—2 - 1)
i#j
My (quj+u£')+l _ 1) (quj—u£1)+l - 1)
- kl;I ¢’ (4“““9"‘ - 1) <qu,-u§) B 1),
m_,,. ( )
giHet2 II_VI (q“k “utl 1) (q Fuitl _ 1)
+2 u(l)— -2 u )—u -1 ul! )+u -1
r=a,b ¢& q¥x CGy=s 1 qu ghe YT 1) g% il -1
Mo (qus)—u,(z)-ﬂ _ 1) (qu£‘)+u§’)+1 _ 1)
= [=1-Il q2 (q“g)_"lm_l _ 1) (qu£‘)+u,(2)—1 _ 1) )
(qu;2)+r‘4+l — q2) (qu,( )—a,+1 —~q ) M, q2 (qufz)+uil)—l _ 1) (qul(z)—uil)—l _ 1)
7!{}[," 2 (q'ft(z)+°'+l _ 1) (qul(z)_&'“ _ 1) kI;Il (q“.(z)+“§,l)+1 _ 1) (qu‘(z)_“;‘n+1 _ 1)
iy (g2 1) (e 1)
) =1

#[ (qu —u(2)+2 1) (qul(z)+u§,2)+2 _ 1> ’
4
or

(sinh(’y(uj - 1)/2)) ﬁ smh('y

sinh (’y(uj + 1)/2) = sinh ('y

i+ u+ 2)/2) smh( (uj — u; + 2)/2)
uj + Ui — 2)/2) smh('y(u] - u; — 2)/2)

(u;

(

M sinh( (u, + ufcl) )/2) sin ( (u] - ufcl) + 1)/2)

s sinh( (uJ + u(l) )/2) smh(’y(u] - u,c - 1)/2)

sinh( ( Mt eq+ 2)/2) N smh('y(ufcl) u; + 1)/2) smh('y( +uj+ 1)/2)
(o

a=ab sinh('y(ug) —Co — 2)/2) j=1 sinh{y ukl —uj — 1)/2) smh(’y(uf) +uj — 1)/2)
_ M, sinh(7(ufc1) (2) + 1)/2) sinh

(v(uf” + u""’ +1)/2)
(== 2) a7 =1) 2
sinh( ( ()+ca_1)/2)smh( ( @ _ ¢ ) )
a=ab Sinh( ( @ 4o+ 1)/2) smh( ( — o + 1)/2)
s+ - 1)) sinh o 0 1))
+1)

k=1 sinh('y(u§2) +u(l) 1)/2 smh('y( @ _ (1) + 1)/2)

X
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o sinh('y(u,(z) - u;z) -~ 2)/2) sinh( ( @ u(z) 2)/2)
S ,gl sinh(fy(up) - u§,2’ + 2)/2) sinh( ( @4 uS‘" + 2)/2) ’
P

with ¢ = €7. The corresponding energy eigenvalue of the model is given by
i 4

(45) E= -]2:31 sinh (y(u; — 1)/2) sinh(7(u; + 1)/2)

(modulo an unimportant additive constant, which we drop).
Similarly we can apply the algebraic Bethe ansatz method for the second coupling
(5). The Bethe ansatz equations are

(sinh(fy(uj—l)/ )) N smh( (u, +u,+2)/2) smh( (u -—u,-+2)/2)
sinh( (uj+1)/2) = smh(fy(u +u,—2)/2)s1nh( (uy —ui—2)/2)

My inh( (u] +ul) + 1)/2) sin ( (’uJ —u{ + 1)/2)
( (u, + ufc) - 1)/2) s1nh(’y(u] - ug) - 1)/2)’

sin ( ( +Ca+ 4)/2) N smh('y(ug) - )/2) smh('y( +u; — 1)/2)
b s1nh( ( — Cq — 4)/2) =1 sinh('y(ufcl) —uj + 1)/2) s1nh(7(u,c +uj + 1)/2)
My sinh(y(w — uf® +1)/2) sinh(v(uf? + u® +1)/2)

T == D) s+ = 1)72)
M ginh
e

v lug (1)+2

':1

=18

1

sinh )

ufcl) (1) —2}/2 )smh('y( (1)+u(1) ) )
e BT )
/2)

/2)

/

—: sinh
6;ék

sinh ('y( @ 4 co+ 3) /2) sinh ('y

)

)

(" ~ea -1)

QLI,,, sinh(*y( 52) —Cq — 3)/2) smh( ( +co + )
)

)

2
M sinh( ( (2)+u£1) 1 2) sxnh(7 ul(z) fcl ) )
k= 1Sinh( ( @ 4 u 41 /2) smh(7 w? — w4 ) )

)

(
(
)
)

X

o sinh (v (22 — u® +2) /2) sinh (v(uf® + u® +2)/2
o _PI;[ISinh(’)’(u(z) ud — )/2)smh( ( (2)+u(2) )/2

p#l

with the corresponding energy eigenvalue E of the model in (45).
We can also apply the algebraic Bethe ansatz method for the third coupling (8).
The Bethe ansatz equations are

sinh(fy(uj + 1)/2) * sinh('y(uj +ui + 2)/2) sinh('y(u]- —u; + 2)/2)
sinh(y(uj - 1)/2) it sinh (’y(uj +u; — 2)/2) sinh (’y(uj —u; — 2)/2)
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M sinh( (u] + u(l) )/2) smh(v(u, ull + 1) )

k=1 sinh ('y (uJ + u )/2) sinh ('y(uJ (l) )/2) ’

sinh('y( Wy ep + 2)/2) N sinh(’y(ug) - u, )/2) smh('y( (4 uj — 1)/2)
( ( f:)—ca ) )]I___-Ilsmh('y(ufcl)—ujﬁ-l)/Q) smh('y( +u1+1)/2)

a=ab Sinh

M: ginh (’y(ufcl) - ufz) )/2) sinh (’y( 4 ufz) + )/2)

=1 sinh('y(ufcl) (2) ) ) sinh(y( S um - )/2)
My smh( ( (1) u )/2) sinh('y(u(l) +u(1) 2)/2)
= smh( ( (M _ (1) 2)/2) sinh ('y(ufcl) +ul) + 2)/2) ’

sinh (7 (uf? + co +1)/2) sinh (y(w - ca +1)/2)
ag,,, sinh(’y(u,m —Cq — 1)/2) sinh( ( @4, - 1)/2)
M sinh (fy(ufz) +uM + 1)/2) sinh ('y(uP) ul + 1)/2)
k=1 sinh('y( @ 4 um - 1) 2) sinh('y(u,@) - ufcl) - 1)/2)
47) — ﬁ sinh (’y(u,m —ul® + 2))251nh( ( @ 4 u(z) + 2)/2)
=1 Sinh (7(u§2) —uf) - 2)/2) sinh(y(uf” +ul? - )/2)’

p#l

X

with the corresponding energy eigenvalue E of the model in (45).

5. CONCLUSION

In conclusion, we have studied an integrable Kondo problem describing two impuri-
ties coupled to three kinds of one-dimensional ¢g-deformed extended Hubbard open chains.
The quantum integrability of these systems follow from the fact that the Hamiltonian
may be derived from boundary transfer matrix. Moreover, the Bethe ansatz equations are
obtained by means of the algebraic Bethe ansatz approach. It should be emphasised that
the boundary K matrices found here are highly nontrivial, since they cannot be factorised
into the product of a c-number K matrix and the local monodromy matrices. Taking
the limit ¢ — 1 in the Bethe ansatz equations (43), (46) and (47), we can easily obtain
the Bethe ansatz equations for the one-dimensional supersymmetric g{(2 | 2), su(4) and
9l(3 | 1) extended Hubbard models with the boundary Kondo impurities, described when
5S¢ = 1/2 in [23].

APPENDIX A: DERIVATION OF THE NON-C-NUMBER BOUNDARY K-MATRICES FOR
THE ¢-DEFORMED ESSLER-KOREPIN-SCHOUTENS MODEL wiITH BOUNDARY KONDO
IMPURITIES

In this Appendix, we sketch the procedure for solving the graded reflection equation
(11) for K_(u). To describe the integrable g-deformed Essler-Korepin-Schoutens model
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with boundary Kondo impurities, it is reasonable to assume that

10 0 0

01 0 0
(48) K-(w) = 00 —A-(u) B(u)

0 0 C(uw) D(u)

Choosing A(u) = F'(u)A(u), B(u) = F~'(u)B(u), C(v) = F~'(u)C(u), D(u)
= F~Y(u)D(u), then

(49) K-(u) o g FOU) A?u) ()
0 0 C(u) D(u)

For the R-matrix (3), one may get from the equation (11), 54 functional equations,
of which 14 are identities. After some algebraic analysis, together with the U, (su(z))
symmetry, we may assume that

(50) C(u) = y(u)o™,

+
B~
£
’Q\l
&
+
=

There are 10 equations automatically satisfied and 10 repeated equations, leaving only
20 equations to be solved:

A(u)B(v) + B(u)D(v) = A(v)B(u) + B(v)D(u),
C(u)A(v) + D(u)C(v) = C(v)A(u) + D(v)C(u),
(¢~ - 1)(A(w)B(v) + B(u)D(v)) = (g“* - 1)(F(v) B(u) - ¢"~ F(u)B(v)),
(¢~ = 1)(A(v) B(u) + B(v)D(u)) = (g** = 1)(B(u)F(v) — ¢*~ B(v)F(u)),
(¢ = D(C(w)A®) + DE)C(®)) = (¢ - 1)(F()C(u) - ¢*- F(u)C(v)),
(¢ = D)(C(w)A(u) + D(v)C(w) = (¢* - 1)(Cw)F(v) - ¢*-C(v)F(u)),
(¢~ - 1) (A(w)A(v) + B(u)C(v) — ¢+ F(v)F (u))

= (¢** - 1)(F(v)A(u) - ¢*- F(u)A(v)),
(¢~ ~ 1)(A(v)A(u) + B(v)C(u) — ¢* F(u)F(v))

= (¢* = 1)(A(w)F(v) — ¢*- A(v) F(u)),
(¢~ — 1)(C(w)B(v) + D(u) D(v) — ¢*+ F(v) F(u))

= (¢*+ - 1)(F(v)D(u) - ¢*~ F(u)D(v)),
(¢~ = 1)(C(v)B(v) + D(v) D(u) - ¢*+ F (u)F(v))
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= (¢“+ — 1)(D(w)F(v) - ¢*-D(v)F(u)),

(¢ ~ 1) ((¢**" = 1) Bw)D) - ¢ (1~ ¢°)A( B(v))

= (¢ - 1) ((¢***- )D(v B(u)+( ) B(v)),
(¢ = 1) ((¢»** - 1) D(v)C(u) - ¢+ (1~ ¢*)C(v )

= (g*+ — 1) ((¢*-** - 1)C( D(v)+(1—q) D(u)),

(¢* ~1) ((¢*** - 1)C(w)A) - (1-¢ )D(u)C(v))
= (¢** - 1) ((¢*-*2 - 1) A()C(v) + ¢ (1- ¢*) A(w)C(v)) ,

(¢~ ~ 1) ((1 - @) (¢ A A(v) - D(v)D(w)) = (¢*** ~ 1) (B@)C(v) = C(v) B(w)))
= (¢ - 1)(1 - ¢*) (¢* D(v)A(w) — D(u)A(v)

(¢*- = 1) ((1 - &%) (¢** A(v) A(w) — D(w)D(v)) - (¢*+*2 - 1) (B(v)C(u) - C(v) B(v)))
= (¢** — 1)(1 - ¢*) (¢"- A()D(v) — A(v )D(u))

(¢ =1) (1= #)CwAE) + (¢ - 1)C0) ()
= (1-¢*) ((¢~** - 1) D)C(w) + (1 - ¢*) D(w)C(v))
1- ¢?)A(v)B(w) + (¢*-*2 ~ 1) A(w) B(v))
= (1 2) ((q“'+2 - l)B(u)D(v) (1 —q )B( )D(u))
( w2 1) (¢ (1- B(u)D(v (¢*-** = 1) B(v)D(w))
(¢-* — 1) A(v) B(w) +¢*- (1 - ¢?) A(u) B(v))
( u+t2 _ 1) (q“ 1-¢*)D(w)C ( u-+2 l)D(u)C(v))
= ¢+ (1-¢%) ((g*- +2—1)0(u A(v) +¢*- (1 - ¢*)C(v)A(w)
+

: ) ( +¢*(¢* - 1)(¢* — 1)A(u)C(v)
g+t — 1
~-q
+¢*(¢*+ — 1)(¢* — 1)B(v) A(u)
(
¢ (1-¢)(
+¢*(¢*+ - 1)(¢*~ = 1)D(w) B(v)
(
( )
¢*(g** - 1)(¢*- - 1)C(v)D(u),

with 4, = u + v,u_ = u — v. Substituting (50) into these equations, we find that all
these equations are reduced to the following 11 equations: -

(o) + B(w))7(v) + () (&) + B(v)) = (a(v) + ﬁ(v))v(U) +7(v) (&(u) + B(u)),
(1-2°) (1 - ) (8(w) + Bw)v(0) + (¢** = 1) (&(v) + B(0))(w))
= (g*+? = 1) ((¢*-*2 - 1)7(v) () + B(w)) + (1 ~ ¢)1(w)(a() + B(v)))
—*(q* — 1)(g* — 1)((u) - B(w) )(v),
g+ (1 - ¢%) (¢ (1 - ¢*)(v)(a(v) + Bu)) + (¢ - )7 (u)(a(v) + B(v)))
= (q"++2 - 1) ((q“—+2 - 1) (&(u) + B(u)) (v) +¢*- (1 - q2) (a(v + B(v) ) )
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—g%(g* — 1)(g** - V() (&) - Bw)),
(g% = 1) ((¢*** = 1)v(w) () + B®)) - (1 - ¢*)(alw) + Bw)1(v))
= (¢ - 1) ((¢**2 = 1) (alv) - B())7(w) + ¢~ (1 — ¢2) (&(w) — Bu))¥(v)),

(g“- - 1) ( (q*+*% = 1) (@(v) + B(v))v(w) - ¢*+ (1 - &) () (@(u) + B(u)))
= (@ = )((¢*** = 1)4(@) (@) - o) + (1 - ) 70) (ow) - B@)),
(¢ = 1)(1 - &%) (¢~ (@) — B(®))(elu) + Bw)) — (E(u) - Bw) (a(v) + B())),
=@ -1)(1-¢) (q“+ (a(w) + B(w)) (a(v) + B(v))
~ (&) - Bw) (@) - Bw)) - (@ = D(g*+** - )rwh(),
(¢ = (1 - ¢*) (¢ (&) + B)) (alu) - () ~ (&(x) + B(w)) (a(v) - A©))),
= (- -1)(1-¢%) (q“+ (e(w) - B(w)) (alv) - B(v))
~ (&) + Bw)) (@) + Bw) ) + (@ = 1@+ = 1) y(wv)
(¢*- = 1) ((e(w) - B@)) (x(v) - B)) - q"+F F(v))
= (¢ = 1) ((e(w) - Bw))F(v) - ¢* (a(v) - B)) F(u)) ,
Bw)(@(v) - Bw)) - q"+F )F(v))

= (¢ - 1) (@) - Bw))F(v) - ¢* (&(v) - Bv)) F(u)),
(¢ = 1) ((a(w) + Bw)) (a(v) + ﬁ(v)) ~ q“+F( )F (v) +7(w)y(v))
= (¢ = 1) ((a(u) + B(w)) F(v) — g*~ (a(v) + B(v)) F(u)),
(¢ = 1) ((a(u) + Bw)) (&(v) + Bv)) - q"+F< )F(v) y(u)y(v))
= (@ - 1) ((&u) + B(u)) F(v) - ¢*~ (&(v) + B(v)) F(w)) -

Solving these equations using some nontrivial tricks of variable separation, we have

(qu+2 _ qc)(qu+2 _ q—c)
(qu+c _ q’l)(qu—c _ q‘Z) ’
q2u+2 _ qu+c+2 _ qu-c+2 + q4 _ q2 +1
a(u) - ’B(u) = u+c 2)(gu—c 2 ’
(gu*c - ¢*)(g*~* — ¢*)
q2u+4 - q2u+2 + q2u _ qu+c+2 — qu—c+2 + q2

o(u) + B(u) = &@(u) + Bu) =

a(u) - B(u) = (@ — ) ("< — ) ,
__a(@® -1)(¢™-1)
)= e
F(u) _ (qu—c+2 - 1)(q—u+c+2 - 1)

(gvtc - ¢*)(g*°—¢%)
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Substituting these results into (50) and (48), we may establish the non-c-number bound-
ary K-matrix K_(u), which is a solution of the graded reflection equation (11). Using
the same method, we may find the other non-c-number boundary K-matrix K, (u) by
solving the dual graded reflection equation (12).
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g
(7
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g
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