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Abstract

Numerous works have been proposed to generate random graphs preserving the same properties as real-
life large-scale networks. However, many real networks are better represented by hypergraphs. Few models
for generating random hypergraphs exist, and also, just a few models allow to both preserve a power-law
degree distribution and a high modularity indicating the presence of communities. We present a dynamic
preferential attachment hypergraph model which features partition into communities. We prove that its
degree distribution follows a power-law, and we give theoretical lower bounds for its modularity. We com-
pare its characteristics with a real-life co-authorship network and show that our model achieves good
performances. We believe that our hypergraph model will be an interesting tool that may be used in many
research domains in order to reflect better real-life phenomena.

Keywords: complex network; hypergraph; preferential attachment; modularity

1. Introduction

The area of complex networks concerns designing and analyzing structures that model well large
real-life systems. It was empirically recognized that the common ground of such structures are
small diameter, high clustering coefficient, heavy tailed degree distribution, and visible com-
munity structure (Bollobds & Riordan, 2003). Surprisingly, all those characteristics appear, no
matter whether we investigate biological, social, or technological systems. An important growth
of research in this field has been observed roughly since 1999 when Barabasi and Albert intro-
duced probably the most studied preferential attachment graph nowadays (Barabasi & Albert,
1999). Their model is based on two mechanisms: growth (the graph is growing over time, gaining
anew vertex and a bunch of edges at each time step) and preferential attachment (an arriving ver-
tex is more likely to attach to the other vertices with a high degree rather than with a low degree). It
captures two out of four universal properties of the real networks, which are a heavy tailed degree
distribution and a small world phenomenon.

A number of theoretical complex networks models were presented since then. For the inter-
esting extensions of the Barabdsi-Albert model, one may check, for example, Dorogovtsev et al.
(2000), where preferential attachment rule includes also, so-called, initial attractiveness of each
vertex, Cooper & Frieze (2003) where insertion of edges between existing vertices is allowed, or
spatial preferential attachment (SPA) model (Aiello et al., 2008, Jacob & Morters, 2015, Kaiser &
Hilgetagr, 2004) in which vertices are given a spatial position and preferential attachment rule
favors short connections. A noticeable disadvantage of many preferential attachment models
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meant to reflect real-life networks is the lack of a visible community structure, that is, low
modularity.

Modularity is a parameter measuring how clearly a network may be divided into communities.
It was introduced in Newman & Girvan (2004). A graph has high modularity if it is possible to
partition the set of its vertices into communities inside which the density of edges is remarkably
higher than the density of edges between different communities (we give its precise definition
in the next section). Modularity is known to have some drawbacks (for a thorough discussion
check Lancichinetti & Fortunato, 2011). Nevertheless, today it remains a popular measure, and
it is widely used in most common algorithms for community detection (Blondel et al., 2008,
Fortunato & Hric 2016, Traag et al., 2019). Most of the up-to-date results on the modularity
for various classes of graphs are summarized in the appendix of McDiarmid & Skerman (2020).
One finds there, among others, the results for random d-regular graphs (McDiarmid & Skerman,
2018; Prokhorenkova et al., 2017), random planar graphs (McDiarmid & Skerman, 2018), treelike
graphs, that is, graphs with low treewidth (McDiarmid & Skerman, 2018), Erdds-Rényi graphs
(McDiarmid & Skerman, 2020), and preferential attachment graphs. The latter ones were studied
by Prokhorenkova et al. in (2016) and (2017) in the context of the Barabasi-Albert model. For very
recent results on the modularity for random graphs (3-regular ones, the ones with a given degree
sequence and the ones on the hyperbolic plane) consult Chellig et al. (2021), Chellig et al. (2022).
Also, for a new result on the modularity of minor-free graphs one may check Lason & Sulkowska
(2022).

It is well known that the real-life social or biological networks are highly modular (Fortunato,
2010; Girvan & Newman 2002). On the other hand, just several power-law models featuring exis-
tence of communities were introduced so far. One may check LFR (Lancichinetti et al., 2008) and
ABCD (Kaminski et al., 2021) benchmarks as one of the few examples. In these models, not only
the degrees but also the sizes of communities follow a power-law. Some asymptotic results for the
modularity of ABCD were given recently in Kaminski et al. (2022). Both LFR and ABCD are, how-
ever, static graphs (the number of nodes must be given in advance at the generation phase). Good
modularity properties are obtained also by geometric models, like already mentioned SPA graphs
(Aiello et al., 2008; Jacob & Morters, 2015; Kaiser & Hilgetagr, 2004) (for the modularity analysis of
SPA model presented in Aiello et al., 2008, one may check Prokhorenkova et al., 2016). However,
they additionally use a spatial metric. An interesting proposition appears also in papers by Avin
et al. (2020) and (2015), where a preferential attachment model featuring two types of vertices,
reflecting minority and majority in the society (thus featuring two communities), is introduced.
We present it in more details in the light of our results in Section 6.

Note that almost all the up-to-date complex networks models are graph models; thus, they
mirror only binary relations. In practical applications, k-ary relations (co-authorship, groups of
interests, protein reactions) are often modeled in graphs by cliques which may lead to a profound
information loss.

1.1. Results

Within this article, we propose a dynamic model with high modularity by preserving a heavy
tailed degree distribution and not using a spatial metric. Moreover, our model is a random hyper-
graph (not a graph), thus, it can reflect k-ary relations. A first preferential attachment hypergraph
model was introduced by Wang et al. (2010). However, it was restricted just to a specific sub-
family of uniform acyclic hypergraphs (the analogue of trees within graphs). The first rigorously
studied non-uniform hypergraph preferential attachment model was proposed only in 2019 by
Avin et al. (2019). Its degree distribution follows a power-law. However, our empirical results
indicate that this model has a weakness of low modularity (see Section 7). To the best of our
knowledge, the model proposed within this article is the first dynamic non-uniform hypergraph
model with degree sequence following a power-law and exhibiting clear community structure. We
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experimentally show that the features of our model correspond to the ones of a real co-authorship
network built upon Scopus database.

1.2. Paper organization

Basic definitions are introduced in Section 2. In Section 3, we present a universal preferential
attachment hypergraph model which unifies many existing models: from classical Barabasi-Albert
graph (Barabasi & Albert, 1999) to Avin et al. preferential attachment hypergraph (Avin et al.,
2019). In Section 4, we use it as a component in a stochastic block model to build a general hyper-
graph with good modularity properties. Theoretical bounds for its modularity one finds in Section
5. In Section 6, we compare our model with minority-majority graphs introduced in Avin et al.
(2020), (2015), and experimental results on a real data are presented in Section 7. Further works
are discussed in Section 8. The Appendix contains several technical proofs.

2. Basic definitions and notation

We define a hypergraph H as a pair H = (V, E), where V is a set of vertices and E is a multiset
of hyperedges, that is, non-empty, unordered multisets of V. We allow for a multiple appearance
of a vertex in a hyperedge (self-loops) as well as a multiple appearance of a hyperedge in E. The
degree of a vertex v in a hyperedge e, denoted by d(v, e), is the number of times v appears in e. The
cardinality of a hyperedge eis |e| =, ., d(v, e). The degree of a vertex v € V in H is understood
as the number of times it appears in all hyperedges, that is, deg (v) = _,_ d(v, e). If |e| = k for all
e € E, H is said to be k-uniform.

We consider hypergraphs that grow by adding vertices and/or hyperedges at discrete time steps
t=0,1,2,...according to some rules involving randomness. The random hypergraph obtained
at time t will be denoted by H; = (V;, E;) and the degree of u € V; in H; by deg, (u). By Dy, we
denote the sum of degrees at time ¢, that is, Dy =} _, .y, deg, (u).

Ni; stands for the number of vertices in H; of degree k. We write f(k)~g(k) if

ecE

k—

f(k)/g(k) 31 We say that the degree distribution of a random hypergraph follows a
power-law if the fraction of vertices of degree k is proportional to k—# for some exponent g > 1.
Nit
Vil
We say that an event A occurs with high probability (whp) if the probability P[A] depends on a
certain number ¢ and tends to 1 as ¢ tends to infinity.

As the hypergraph gets large, the probability of creating a self-loop can be well bounded and is
quite small provided that the sizes of hyperedges are reasonably bounded.

Introduced by Newman and Girvan, modularity measures the presence of community struc-
ture in the graph.

Formally, we will interpret it as lim;_, o E ~ ¢ - kP for some positive constant c and 8 > 1.

Definition 1 (Newman and Girvan, 2004). Let G = (V, E) be a graph with at least one edge. For a
partition A of vertices of G, we define its modularity score on G as

_ E(A)| [ vol(A)\?
QA(G)—Z( E| —( 21E| ))

AeA

where E(A) is the set of edges within A and vol(A) =), deg (v) (deg (v) stands for the degree of
vin G). The modularity of G is then given by q¢*(G) = max 4 . 4(G).

Conventionally, a graph with no edges has modularity equal to 0. The value ), 4 |E|(;‘)| is

2
called an edge contribution while ), _ 4 (%) is a degree tax. A single summand of the mod-

ularity score is the difference between the fraction of edges within A and the expected fraction of
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edges within A if we considered a random multigraph on V with the degree sequence given by G.
The value of g*(G) always falls into the interval [0, 1).

Several approaches to define a modularity for hypergraphs can be found in contemporary liter-
ature. Some of them flatten a hypergraph to a graph (e.g. by replacing each hyperedge by a clique)
and apply a modularity for graphs (see e.g. Kumar et al., 2020; Neubauer & Obermayer, 2009).
Others are based on information entropy modularity (Yang et al., 2017). We want to stick to the
classical definition from Newman & Girvan (2004) and preserve a rich hypergraph structure, thus
we work with the definition proposed by Kaminski et al. (2019).

Definition 2 (Kaminski et al., 2019). Let H = (V, E) be a hypergraph with at least one hyperedge.
For £ > 1, let E; C E denote the set of hyperedges of cardinality {. For a partition A of vertices of H,
we define its modularity score on H as

B |E(A)| B¢l ([ vol(A)\*
wen=3 (5 - 2 (Giw) |

Ae A £>1

where E(A) is the set of hyperedges within A (a hyperedge is within A if all its vertices are con-
tained in A), vol(A) =), .4 deg(v) and vol(V) =) .\, deg(v). The modularity of H is then given
by q*(H) = max 4 q 4(H).

veV

A single summand of the degree tax is the expected number of hyperedges within A if we
considered a random hypergraph on V with the degree sequence given by H and having the same
number of hyperedges of corresponding cardinalities.

Remark 1. In the above definition, only the hyperedges that are all contained in a single com-
munity may increase the edge contribution. This is, so-called, strict variant of the hypergraph
modularity. In the literature, one finds also the other variants, for example, majority in which the
hyperedge increases the edge contribution if majority of its vertices belong to a single community.
For a detailed discussion and other variants consult Kaminski et al. (2019) and Kaminski et al.
(2021). First algorithms for community detection in hypergraphs based on those definitions one
finds in Antelmi et al. (2020); Kaminski et al. (2019); Kaminski et al. (2021).

Remark 2. It is worth mentioning that to model k-ary relations, one may also turn to bipartite
graphs with two kinds of nodes: one kind representing actors of the network and the other the
groups to which actors may belong (e.g. scientists are actors and scientific articles constitute the
groups). Then, the edge always connects two vertices of different kinds reflecting membership of
an actor in a given group. Such representation is, in many respects, equivalent to the hypergraph
one. For example, the degree distribution of the actors’ part coincide with the degree distribution
obtained by modeling this network by a hypergraph (indeed, a degree of an actor is the number of
groups, thus hyperedges, to which she belongs). Consult Newman et al. (2002) for some explicit
work on such bipartite structures and Newman et al. (2001) for machinery to investigate its prop-
erties. In Ghoshal et al. (2009), generalization to tripartite graph is presented. For random variants
(called random intersection graphs), one may check the surveys Bloznelis et al. (2013a; 2013b) and
for some variants of bipartite graph generators the chapter Penschuck et al. (2022).

3. General preferential attachment hypergraph model

In this section, we generalize a hypergraph model proposed by Avin et al. (2019). The model from
Avin et al. (2019) allows for two different actions at a single time step—attaching a new vertex
by a hyperedge to the existing structure or creating a new hyperedge on already existing vertices.
We allow for four different events at a single time step, admit the possibility of adding more than
one hyperedge at once, and draw the cardinality of newly created hyperedge from more than one
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distribution. The events allowed at a single time step in our model H; are as follows: adding an
isolated vertex, adding a vertex and attaching it to the existing structure by m hyperedges, adding
m hyperedges, or doing nothing. The last event “doing nothing” is included since later we put H;
in a broader context of a stochastic block model, where it serves as a single community. “Doing
nothing” indicates a time slot in which nothing associated directly with H; happens but some
event takes place in the other part of the whole stochastic block model (see Section 4).

3.1. Model H(Hq, p, Y, X, m, y)
The general hypergraph model H is characterized by the six following parameters:

(1) Hp—the initial hypergraph, seen at t = 0;

(2) p = (pv, pve» pe)—the vector of probabilities indicating, what are the chances that a particu-
lar type of event occurs at a single time step; we assume p, + pye + pe € (0, 1]; additionally
pe is split into the sum of r probabilities p, = pgl) + pf) +...+ p((gr)
adding hyperedges whose cardinalities follow different distributions;

which allows for

(3) Y=(Yp, Yy,...,Ys...)—independent random variables, giving the cardinalities of the
hyperedges that are added together with a vertex at a single time step;

4) X= ((Xgl), .. ,Xﬁl), ) (XY), .. ,Xﬁr), ...)) - r sequences of independent random
variables, representing the cardinalities of the hyperedges that are added at a single time
step when no new vertex is added;

(5) m—the number of hyperedges added at once;

(6) y > 0—a parameter appearing in the formula for the probability of choosing a particular
vertex to a newly created hyperedge.

Here is how the structure of H = H(Hy, p, Y, X, m, y) is being built. We start with some non-
empty hypergraph Hj at t =0. We assume for simplicity that Hy consists of a hyperedge of
cardinality 1 over a single vertex. Nevertheless, all the proofs may be generalized to any fixed
initial Hp. “Vertices chosen from V; in proportion to degrees” means that vertices are chosen
independently (possibly with repetitions) and the probability that any u from V; is chosen is

deg, (u) +y _deg (W +y
Yvev, (deg, (M +y)  Di+yIVil

P[u is chosen] =

For t > 0 we form Hyy; from H; choosing only one of the following events according to p.

« With probability p,: Add one new isolated vertex.

» With probability p,.: Add one vertex v. Draw a value y being a realization of Y;. Then
repeat m times: select y — 1 vertices from V; in proportion to degrees; add a new hyperedge
consisting of v and y — 1 selected vertices.

« With probability pgl): Draw a value x being a realization of XEI). Then repeat m times: select

x vertices from V; in proportion to degrees; add a new hyperedge consisting of x selected
vertices.

« With probability pg): Draw a value x being a realization of XEV). Then repeat m times: select

x vertices from V; in proportion to degrees; add a new hyperedge consisting of x selected
vertices.

« With probability 1 — (p, + pye + pe): Do nothing.
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We allow for r different distributions from which one can draw the cardinality of newly created
hyperedges. Later, when H; serves as a single community in the context of the whole stochastic
block model, this trick allows for spanning a new hyperedge across several communities drawing
vertices from each of them according to different distributions. This reflects some possible real-
life applications. Think of an article authored by people from two different research centers. Our
experimental observation is that it is very unlikely that the number of authors will be distributed
uniformly among two centers. More often, one author represents one center, while the others are
affiliated with the second one.

3.2. Degree distribution of H(Hy, p, Y, X, m, y)

In this section, we prove that the degree distribution of H= H(Hy,p,Y,X,m,y) follows a
power-law with B > 2. We assume that supports of random variables indicating cardinalities of
hyperedges are bounded. This assumption is in accord with potential applications—think of co-
authors, groups of interest, protein reactions, etc. Moreover, we assume that their expectations are
constant. First, we state a technical lemma. For its proof consult Section A in the Appendix.

E[I\t[k't] ~ ck™P for some positive constant c then

N,
lim E [ﬁ} ~ ¢ kP,
t—00 [ Vil Pv+ Pre

Lemma 1. If lim;_, o

(Here “~ refers to the limit by k — 00.)

Theorem 1. Consider a hypergraph H=H(Hy,p, Y, X, m,y) forany t > 0. Let i€ {1,...,r}. Let

E[Y:] = o, and E[Xgi)] = wi. Moreover, let 1< Y; < t'/* and 1< X;i) < tY/4, Then, the degree
distribution of H follows a power-law with

V‘7+m‘Pve

ﬂ=2+ >
D—m-py

where V =Dy + Pve and D= m(pyello +p£1)u1 +... +p((f),u,) which are the expected number of
vertices added per single time step and the expected number of vertices that increase their degree in
a single time step, respectively.

Sketch of proof. (For the full proof consult Section A in the Appendix.) We prove that

limy— 5o E‘U‘jﬁ”] ~ k=P (determining the exact constant ¢). By Lemma 1 we know that it suffices to
. E[N, _ . .
show thatlim;_, ElNkdd k=P for some positive constant c. We take a standard master equation

approach that can be found, for example, in Chung & Lu (2006) or Avin et al. (2019). The initial
hypergraph Hy consists of a single hyperedge of cardinality 1 over a single vertex thus Noo =0
and N = 1. Now, let F; be the o-algebra associated with the probability space at time ¢. Let
Qu k¢ denote the probability that a specific vertex of degree k was chosen d times to be included
in new hyperedges at time t. Moreover, let Z; be the random variable chosen at step t among

Yt,XEI), .. ,X;r) according to ( V,pve,pgl), .. ,p‘(f)). For t > 1 we get that

E[No,|Fi—1] = pv + No—1Qo,0,¢
and whenk > 1

min{k,mZ;}

E[Nk | Ft-11= Skmpve + Z Ni—ijt—1Qik—it>
i=0
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where 8, is the Kronecker delta. The proof then follows from the tedious analysis of this
recursive equation.

Remark 3. In the proof of Theorem 1, we show more than the statement tells. Not only we show

that the degree distribution of H follows a power-law but also we determine the exact constant

¢ in the expression lim;_, s E‘[g]‘"’] ~ ¢k, which is ¢ = , where c=p,D- F(ry(;ff) + pveD

L (m+y+D) D4yV.
T(m+y) and D= D—mpye

C
PvtpPre
(F(x) stands for the gamma function).

Below we present a bunch of examples showing that our theorem generalizes the results for
well known models.

Example 1 (Barabasi-Albert graph model; Barabdsi & Albert, 1999). In a single time step, we
always add one new vertex and attach it with m edges (in proportion to degrees) to ex1st1ng struc-
ture. Thus p, =0, pye=1,p.=0,V=1,Y;=2,D=2m,y =0and weget B =2+ =3.

2m—m -
Example 2 (Preferential attachment scheme with vertex- and edge-step; Chung & Lu, 2006,
Chapter 3). In a single time step: we either (with probability p) add one new vertex and attach
it with an edge (in proportion to degrees) to existing structure; otherwise, we just add an edge (in
proportion to degrees) to existing structure. Thus py =0, pye =p, pe=1—p, V=p, YV, =2,r=1,
X§1)=2,D=2,m= L,y =Oandweget,3=2+2%.

Example 3 (Avin et al., hypergraph model; Avin et al., 2019). In a single time step, we either (with
probability p) add one new vertex and attach it with a hyperedge of cardinality Y; (in proportion

to degrees) to existing structure; otherwise, we just add a hyperedge of cardinality Y; to existing
structure. The assumptions on Y; and the sum of degrees D; are as follows:

(1) limy—s o0 % =De (0,00),

(2) Ell& — gyl = 0(1/1),

(3) E [Dz }-o(l/t)

The result from Avin et al. (2019) states that the degree distribution of the resulting hypergraph

follows a power-law with g =1+ D. Note that in our model lim;_, o M ’—p . Setting
Pv=0,pre=p.pe=1—p,V=p,m=1y=0weget f = 2+ 5 p” _1+ =1+D.

D— Pve

Remark 4. Even though our result from this section may seem 31m11ar to what was obtained by
Avin et al., it is easy to indicate cases that are covered by our model but not by the one from Avin
et al. (2019) and vice versa. Indeed, the model from Avin et al. (2019) admits a wide range of
distributions for Y;. In particular, as authors underline, three mentioned assumptions hold for Y;
which is polynomial in ¢. This is the case not covered by our model (we upper bound Y; by t!/4)
but we also cannot think of real-life examples that would require bigger hyperedges. However,

we can think of some natural examples that break requirements from Avin et al. (2019) but are
E[Di1]/t _ 5/2

admissible in our model. Put Y; =2 if tis odd and Y; = 3 if ¢ is even. Then, lim BV 3
t— 00 t1—=Pve Dve

t - even
and tlim I]g[[?t‘]—’j]])/t 2 thus, the limit lim;_, oo %[D‘] 1/t 4oes not exist. Whereas in our model
— ve
t- o?i?i
we are allowed to put r =2, p(l) =1/2, X(l) =2, X(z) = 3 which probabilistically simulates

stated example.
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4. Hypergraph model with high modularity

In this section, we present a new preferential attachment hypergraph model which features parti-
tion into communities. We prove that its degree distribution follows a power-law. Its structure
benefits from the stochastic block model for graphs (Holland et al., 1983). In the stochastic
block model, a vertex set is partitioned into disjoint communities C(), . .., C") while the edge
set is sampled according to a symmetric matrix P,x, of probabilities: vertices v € C; and u € C;
are connected with probability Pj;, independently of the others. There exist other graph mod-
els with a built-in community structure, for example, LFR (Lancichinetti et al., 2008) or ABCD
(Kaminski et al., 2021) benchmarks; we chose a stochastic block model for its simplicity. To
the best of our knowledge, no mathematical model so far consolidated preferential attachment,
possibility of having hyperedges and clear community structure. We denote our hypergraph by
Gt = (V, E¢). At each time step, either a new vertex (vertex-step) or a new hyperedge (hyperedge-
step) is added to the existing structure. The set of vertices of G; is partitioned into r communities
Vi= cﬁl) U CEZ) U...u cﬁ”. Whenever a new vertex is added to Gy, it is assigned to just one out
of r communities and stays there forever.

4.1. Model G(Gy, p, M, X, P, y)
Hypergraph model G is characterized by six parameters:

(1) Go—initial hypergraph seen at time t =0 with vertices partitioned into r communities
Vo=cPuc?u...uch;

(2) p €(0,1)—the probability of taking a vertex-step;

(3) vector M = (my, my, . . ., m,) with all m; positive, constant and summing up to 1; m; is the
probability that a randomly chosen vertex belongs to CE’.);

(4) d-dimensional matrix Py, of hyperedge probabilities (P;, ;,,...i, is the probability that

communities iy, . . ., iy share a hyperedge); d is the upper bound for the number of distinct
communities shared by a single hyperedge (d < r);

5) X= ((Xgl), . ,Xgl), R TR (ng), o ,ng), ...)) - d sequences of independent random
variables indicating the number of vertices from a particular community involved in a
newly created hyperedge;

(6) y = 0—parameter appearing in the formula for the probability of choosing a particular
vertex to a newly created hyperedge.

Remark 5. Observe that storing hyperedge probabilities in d-dimensional matrix P we use much
more space than we actually should. The same probabilities may repeat many times in P. For

example, when d = 2 we get 2-dimensional symmetric matrix P such that ) ;_, 2;21 pij=1and

the probability of creating hyperedge between two distinct communities C” and C% is in matrix
P doubled—as pjj and pj;. If we allow for bigger hyperedges it may be repeated much more times.
In fact, we need to store at most 2" — 1 different probabilities (one for each non-empty subset of
the set of communities) while in P we store d” values (in particular, if d =r we store " instead
2" — 1 values). Nevertheless, for formal proofs this notation is convenient; thus, we use it at the
same time underlining that implementation may be done much more space efficiently.

We build a structure of G(Gy, p, M, X, P, y) starting with some initial hypergraph Gy. Here Gy
consists of r disjoint hyperedges of cardinality 1. All vertices are assigned to different communities.
(Nevertheless, the proofs may be generalized to any fixed initial Gy with vertices splitted into

r communities.) “Vertices are chosen from Cg’) in proportion to degrees” means that vertices are
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chosen independently (possibly with repetitions) and the probability that any u from Cgi) is chosen
equals

degt (u) + 14
Y e (deg (V) + )

P[u is chosen] =

(deg, (v) is the degree of vin G;). For t > 0, Gy is obtained from G; as follows:

« With probability p add one new isolated vertex and assign it to one of r communities
according to a categorical distribution given by vector M.

« Otherwise, create a hyperedge:

- according to P select N communities that will share a hyperedge being created, say Cgil),
CE'Z), ... C(IN) (N is a random variable depending on P, N < d);

- assign selected communities to N random variables chosen from {XEI), ...,X;d)}

uniformly independently at random, say to Xt(i v ,Xij v,

- foreachse{l,..., N} select XEjS) vertices from CEiS) in proportion to degrees;
— create a hyperedge consisting of all selected vertices (thus a newly created hyperedge is
of cardinality XEJI) +...+ XEJN)).

Remark 6. The distribution of random variable N is given by matrix P. For example, if we allow
only for hyperedges of size at most 2, we get a 2-dimensional, symmetric matrix Py, such that

Z;:I Z}:l pii=1. Then, P[N=1] = 2:21 piand PIN=2]=1— Z;Zl Dii-

4.2. Degree distribution of G(Gy, p, M, X, P, y)

A power-law degree distribution of G comes from the fact that each community of G behaves over
time as the hypergraph model H presented in the previous section. Thus, the degree distribution
of each community follows a power-law.

The number of vertices in Gy is a random variable satisfying | V¢| ~ B(t, p) + r, while for the
number of hyperedges in G; we have |E;| ~ B(t, 1 — p) + r. Note that since | V| follows a binomial
distribution, Lemma 1 holds also in case of G; if we replace p, + pye by p.

Recall that Ny, stands for the number of vertices in G; of degree k. Forie {1,2,...,r} by Nl(cii

we denote the number of vertices of degree k in G; belonging to community cﬁ"). Thus Ny, =
(i)
i1 Niy

Lemma 2. Consider a single community C(’ of a hypergraph G;. Let E[X M= wiand 1< X(i)

t1/4 for i€ {1,...,d}. Then, the degree distribution of vertices from C] (we refer to the degrees in
G;) follows a power law with

Al
Bj )
where Vj is the expected number of vertices added to ng Vata single time step and Dj is the average
number of vertices from CEJ) that increase their degree at a single time step, thus V; = pm; and Dj =

(1 —p)sjw, where s; is the probability that by creating a new hyperedge a community j is
chosen as the one sharing it (we obtain s; from matrix P ).
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Remark 7. The value s; can be derived from P; it is the sum of probabilities of creating a hyperedge
between CU) and any other subset of communities.

Proof. Note that the community Ct 11 arises from community CEJ ) choosing at time ¢ only one of
the following events according to p, M and P.

« With probability pmj' Add one new isolated vertex.

« With probablhty P 0P Gelect X( ) vertices from CSJ ) in proportion to their degrees; these
are vertices 1nc1uded in a newly created hyperedge, their degrees will increase.

o With probablhty p U795 Gelect X( ) vertices from CE’ in proportion to their degrees; these
are vertices 1ncluded in a newly created hyperedge, their degrees will increase.

+ With probability 1 — (pm; + (1 — p)s;): Do nothing.

Now, apply Theorem 1 with p, = pm;, py. =0, p(l) _pff) =. pgd) = (1—;)5,' and m=1.
Then, the degree distribution of vertices from Ct] ) follows a power-law with
V. .
ﬂ] =2+ % =2 VPM1{F.A.+M,;1 :
T iy .

Theorem 2. Consider a hypergraph G = G(Gy, p, M, X, P, y). For all t > 0, let ]E[X(i)] = u; and
1< X(') <tY4 forie{l,...,d}. Then the degree distribution of G follows a power-law with f =
24y -minjeq,. 3 {V; /D]} where V is the expected number of vertices added to C(] at a single time

step and D; is the expected number of vertices from CEJ ! that increase their degree at a single time
step. That is,

vp : mj
=2 —_— 5
IB + ( p)m ]E{l,.‘r.l,r} { }

where s; is the probability that by creating a new hyperedge a community j is chosen as the one
sharing it.

Proof. We need to prove that lim, o E [1'\‘]}”‘ ] ~ k=P for some constant ¢ and B defined as in

the statement of this theorem. By Lemma 1 (recall that since | V| follows a binomial distribution,

Lemma 1 holds also in case of G; if we replace p, + py. by p), it suffices to show lim;_, o M ~
ck=# for some positive constant c. By Lemma 2:
(1) (r)
E[N E[N; /] E[N;;]
lim Ve +...+ lim
t— 00 t t— 00 t t—00
~ clkf’91 + ok P kP
for some constants cy, . . ., ¢, and B =2 + I, Thus lim;— oo U\[k’t] ~ ck=#, where
Vi vp m
B= m1n Bit =2+ min R g {_}
el { i) v jell..r) | Dj (1 —p)latetite jeqi, ) | s .
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5. Modularity of G(Gg, p, M, X, P, y)

In this section, we give lower bounds for the modularity of G = G(Go, p, M, X, P, y) in terms
of the values from matrix P. We analyze G = (V, E) obtained up to time ¢ (this time we omit
superscripts t). Recall that each vertex from V is assigned to one of r communities, V = C") U
CPU...UCM. We obtain the lower bound for modularity deriving the modularity score of the
partition C = {C(l), c@, . ., C(r)}. This choice of partition seems obvious provided that matrix
P is strongly assortative, that is, the probabilities of having a hyperedge inside communities are
all bigger than the highest probability of having a hyperedge joining different communities. Note
that what matters for the value of modularity is the total sum of degrees in each community, not
the distribution of degrees. Therefore, we do not use the fact that the degree distribution follows
a power-law in each community and in the whole model. We just use information from matrix
P. Thus, in fact, we derive the lower bound for the modularity of a stochastic block model with r
communities. Recall that for £ > 1 E; C E is the set of hyperedges of cardinality £. First, we state
general lower bound for the modularity of G as a function of matrix P.

Lemma 3. Let G= G(Go, p, M, X, P, y) with the size of each hyperedge bounded by z. Let p; be
the probability that a randomly chosen hyperedge is within community C? (i.e. all vertices of a
hyperedge belong to C?). By s; we denote the probability that a randomly chosen hyperedge has at
least one vertex in community C9. Assume also that whp |E¢|/|E| ~ ag for some constants a, € [0, 1]
and vol(V')/|E| ~ 8 for some constant § € (0, 0o). Then whp

lim 4(G) > (1+0(1) Zp, >3 (ﬂ)

i=1 £>1

Remark 8. Note that for G being 2-uniform (thus simply a graph) this result simplifies signifi-
cantly to lim;—, o0 g*(G) = (1 + o())( X1, pi — 1/4 Y1, (si + pi)?).

Proof. Let C = {CV,C®), ..., C"}. Let also q denote the probability of adding a new hyperedge
in a single time step (hence g =1 — p, referring to notation from Section 4). Thus, whp |E| ~t - g
("~" refers to the limit by t — 00). By Definition 2:

r

foey B IE(C(’) Bl (vol€)*
q(G) = mjx q4(G) = g9c(G) = ; o Z |E| ( vol(V)

We obtain that with high probability

" tq-p 1\ "
@~ | ZEE -3 (”f.(q.s))

t
i=1 g =1

Note that if at a certain time step appears a hyperedge with all vertices contained in C, which
happens with probability g - p;, it adds up at most z to vol(C”). If at a certain time step appears
a hyperedge joining at least 2 communities with at least one vertex in C%, which happens with
probability q(s; — p;), it adds up at most z — 1 to vol(C?). Thus, whp

t- . i+ —1 i — Di l
lim 4*(G)> (1 +o(1) zp, Y (fatpt e Dlamph)

i=1 £>1

_(1+01)) ZP’ ZZ (M)

i=1£>1 O
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Remark 9. Note that the above result in most cases will not be tight. For example, the last inequal-
ity in the proof is tight only for graphs. Therefore, by some additional knowledge about the
underlying hypergraph, one should be able to improve the bound. For example, assume that there
is a node v (not alone in its community) with the property that all hyperedges containing this
node also have some nodes from other communities. Such hyperedges do not influence the value
of edge contribution (as none of them is entirely contained in one community). Therefore, putting
the node v to its own, separate community will increase the value of the modularity score (the edge
contribution will not change while the degree tax will decrease).

Below we state the lower bound for the modularity of G in a version in which the knowledge of
the whole matrix P is not necessary. Instead, we use its two characteristics: «—the probability that
a randomly chosen hyperedge joins at least two different communities (may be interpreted as the
amount of noise in the network) and f—the maximum value among p;’s. The modularity of the
model will be maximized for « = 0 (when there are no hyperedges joining different communities)
and B =1/r (when all p;’s are equal to 1/r; thus, hyperedges are distributed uniformly across
communities).

Lemma 4. By assumptions from Lemma 3 whp

lim g*(G) > (14 o(1))-

t—00

l—a—a (g) (z—2a+1) =) a (g)z ((r— DB+ ((z — e +/3)‘Z) ;

2

.....

Remark 10. For G being 2-uniform, the result simplifies to lim¢_, oo *(G) > (1 + o(1))(1 — rB% —
a(l + a +28)). Note that for « =0 and B = 1/r, this bound equals 1 — 1/r and is tight, that is, it
is the modularity of the graph with the same number of edges in each of its r communities and no
edges between different communities.

Remark 11. Obtained bounds work well as long as the cardinalities of hyperedges do not differ
too much. This is since deriving them we bound the cardinality of each hyperedge by the size
of the biggest one. In particular, the bounds are very good in case of uniform hypergraphs (see
Section 7).

Proof. LetC = {CV,C?), ..., C"}and fori € {1,2,...,r}let5; be the probability that a randomly
chosen hyperedge joins at least two communities and C'” is one of them. Note that for s; defined
as in Lemma 3 we get s; =5; + p;. By Lemma 3 we get whp

Jim ¢(G) > (14 o(1)-
al r ~ r ae r B
(1—)—— ((z— 1)§si+z;p,~) —;57 ;((z— D54zt ], (D

Now, by r; denote the probability that a randomly chosen hyperedge joins exactly kK communities.
Note that

r r
Y si=2n 434tz <z(1-)  p)=za. )
i=1 =1
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Thus,
%((z—1)§§i+z§pi)<al (§)<(z—z)a+1) 3)
and
! ~ ¢
; . (it < ; a(5) (DB +(=Datp)). @

Plugging (3) and (4) into (1) we get the result. (See Section B in the Appendix for more
details.) O

6. Comparison with mixed preferential attachment model

The minority-majority graphs presented in Avin et al. (2020), and (2015) are the only dynamic
models we are aware of, featuring communities and power-law degree distribution. Therefore, we
devote separate section for a comparison between them and our hypergraph G(Go, p, M, X, P, y).
As a model presented in Avin et al. (2015) is a simpler version of a model from Avin et al. (2020),
we mainly refer to the latter one, denoting it by G*.

6.1. Graph model G*(Gj, r, 8, pr, pg), (Avin et al., 2020)
In a mixed preferential attachment model G*, each vertex is assigned to exactly one of two com-
munities. Each vertex, on its arrival, establishes connections with § existing vertices. A preferential
attachment rule is specific here, as it may be marked by homophily (when vertices tend to con-
nect to others from the same community) or heterophily (when vertices prefer to join a different
community).

Let r € (0,1), pr, pg € [0,1],and § € N*. Let G be any graph with each vertex assigned either
to the red or to the blue community. For t > 0, G}; Y s constructed from G} = (V}, E}) as follows:

« A new vertex v arrives and is assigned to the red community with probability r and to the
blue community otherwise.

« Repeat until § new edges are constituted:

- choose a vertex u from V] in proportion to degrees (ie. P[uischosen]=
deg, (1) )
evy (deg )

— assume that v is of color x € {R, B}; if u is of the same color then with probability p, it
becomes a neighbor of v in G} |; if u is of different color it becomes a neighbor of u in
G}, with probability 1 — p,; multiedges are allowed (note that it may happen that no

edge will be constituted in this single procedure step).

The case with pr = pp =1 (thus when new connections appear only between vertices from
the same community) is called a perfect homophily. On the other hand, by pr = pp = 0 one talks
about a perfect heterophily. Note also that the case pr = pp = 1/2 (when the appearance of a new
connection does not depend on the colors) reflects the Barabasi- Albert model from Barabasi &
Albert (1999).

Remark 12. In this section, we will concentrate only on the degree distribution results for G*. It is
worth mentioning, however, that the paper Avin et al. (2015) studies the simpler version of G* in a
very interesting context of a glass ceiling effect. Informally speaking, it verifies which mechanisms
in social networks cause that the vertices of minority are not represented well among vertices of

high degrees.
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The mixed preferential attachment model G* exhibits a power-law degree distribution for each
community, possibly with different exponents, depending on pg, pp and r.

Theorem 3 (Theorem 2 in [4]). Consider a graph G* = G*(Gy, 1,8, pr, pp) for any t > 0. The
degree distributions of the red and the blue vertices follow a power-law with exponents

1 1
=1+ — and =1+ —
Br=1+ Cr Be=1+ s
respectively, where
1 ((1—r)(1—
Coe (( nNa—ps) TOR )
2\ppt+oa—2ppx 1—pr—a+2pra

CB_l( (1—7)ps r(1 — pr) )
2 \pp+a—2ppa  1—pp—a+2ppa)’

and « is a unique real number in (0, 1) satisfying the equation

= 1 pp(1 —1)(1 —a) rPRY
g —1)—a 1—a+prQRa—1)

Remark 13. The value « has its interpretation in G*, namely « = lim;_, o E[a;], where «; is the
ratio of the sum of degrees of red vertices in G} to the sum of degrees of all vertices in Gj.

6.2. Comparison of G* and G

Let us now consult the similarities and differences between G* and our model G. Definitely, both
models grow with time and both of them exhibit a power-law degree distribution for each com-
munity. Moreover, note that the homophilic/heterophilic behavior of G* may be reflected in G by
a proper parameter assignment in matrix P. What differs G* from G is that at time t the model
G allows for inserting edges between vertices that appeared before time ¢, while in G* a new edge
always attaches to a newly arrived vertex.

Nevertheless, we wanted to check whether it is possible to tune the parameters of G in a way
which preserves the main characteristics of G* and gives the same exponents in the corresponding
power-laws. Therefore for G* = G*(Gj, 1, 8, pr, pg) we considered G with the following parame-
ters. The vector M was chosen to be M = [r, 1 — r] (reflecting the fractions of vertices in red and
blue community, respectively), p=1/(8 + 1) (preserving the ratio of 1 vertex per & edges), the
vector X was chosen to have all the hyperedges of cardinality 2, the matrix P was preserving the
proper fractions of red-red, blue-blue, and red-blue edges (the calculations are given in the next
paragraph), and y was left for an adjustment to (possibly) obtain the same exponents for the
corresponding power-laws.

We figured out the reasonable parameters for the matrix P as follows. We obtained the limiting
expected fraction of red-red edges in G* (denote it by gr) using the concentration result for o;
from Lemma 7 in Avin et al. (2020) and getting

qur.a.pR+r.a.fR.pR+r.a.flg.pR+___:.—

where fr = «(1 — pr) + (1 — o) pr. Indeed, r refers to the arrival of a new red vertex, « for a chance
that a red vertex is chosen in a preferential selection and pg for a chance of constituting an edge
between red vertices in a single procedure step. Next, fr is a probability that no edge will be con-
stituted in a single procedure step, conditioned on the fact that a newly arrived vertex is red.
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Analogously, we got a limiting expected fraction of blue-blue edges in G (denoted by gp)

(1-=7r(1—0a)ps

qB= ,  where fp=(1—a)(1— pp)+a-ps.
1—/3

Thus for red-blue edges in G (denoted by ggrp), we got
_rl—e)1—pr) | (1= na(l—pp)

RB +
1 1—fx 1—f3
qr qRB
Now, setting P = we obtain the same limiting expected fraction of red-red, blue-blue,
qrB 9B

and red-blue edges in both models.

Having set all the parameters we could check whether the power-law exponents for G (from
Theorem 2) overlap with the ones for G* (from Theorem 3). The answer is negative, that is, it
is not possible to give the value of y such that for all € (0, 1) and for all pg, pr € [0, 1] the cor-
responding power-law exponents of two models overlap. We have repeated similar calculations
for G being a (8 + 1)-uniform hypergraph (thus choosing X such that all hyperedges were of size
8 4+ 1 and p =1/2), and we also got a negative result.

We conclude that, despite many obvious similarities, models G and G* noticeably differ in
their power-law behavior. We see the cause in the fact that G* does not allow for inserting edges
between “old” vertices. The fact that adding this possibility influences a power-law exponent in a
degree distribution was already observed in Cooper & Frieze (2003).

7. Experimental results

In this section, we show how the modularity of our model G compares with the ones of Avin et
al., hypergraph A (Avin et al., 2019) and of a real-life co-authorship graph R. We also check how
good is our theoretical lower bound for modularity.

To build a real-life co-authorship hypergraph R we used data from the citation database Scopus
(2019). These included articles across all disciplines from the years 1990-2018. As data were col-
lected within the frame of the project investigating the impact of different sources of funding on
French research, only papers with at least one French co-author were taken into consideration.
Obtained hypergraph consisted of & 2.2 - 10° nodes (authors) and & 3.9 - 10 hyperedges (where
a single hyperedge represented a set of co-authors of a particular article). We narrowed down
our experiments just to the largest connected component keeping 94.22% of nodes and 99.23% of
hyperedges.

To get a partition of R into communities, we used Leiden procedure (Traag et al., 2019)—
a popular community detection algorithm for large networks. Finding a partition maximizing
modularity score is NP-hard (Brandes et al., 2008). Leiden algorithm is nowadays one of the best
heuristics trying to do that. Therefore, we treat its outcome partition as the one whose modularity
score is a quite precise approximation of the modularity of graphs in question. Leiden algorithm
was run on the flattened (2-section) hypergraph, that is, a graph obtained from a hypergraph
by exchanging hyperedges with cliques. It identified 595 communities. The modularity score
of the obtained partition, calculated according to the definition of modularity for hypergraphs
(Definition 2), was approximately 0.63.

Remark 14. Initially, to get a community structure of R, we tried to use the algorithm dedicated
directly for hypergraphs and using hypergraph modularity, (Kaminski et al., 2019; Kaminski et
al., 2021; Antelmi et al., 2020). Unfortunately, we were forced to resign due to the big scale of the
hypergraph R and our technical limitations.
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Figure 1. Distribution of the sizes of 47 largest communities in R identified by Leiden algorithm. The numbers indicate the
fraction of the nodes from a given community with respect to the total number of nodes in 47 largest communities.
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For the rest of the study, we decided to keep only the communities with at least one hundred
nodes. This eliminated only 0.44% of the authors and resulted in R having 47 meaningful commu-
nities. In Figure 1, one finds the distribution of their sizes. Figure 2 presents the log-log plots of the
complementary cumulative distribution functions of degrees in the whole R and its three largest
communities. One may notice that their characters are similar. They resemble a power-law only
piecewise; thus, probably a broken power-law (i.e. the piecewise function consisting of different
power-laws) or a power-law with an exponential cutoff could give a good fit here.

Next, we implemented our model G and Avin’s et al., model A using the parameters (distribu-
tion of sizes of hyperedges, M, P) gathered from R. Our theoretical model G features a power-law
degree distribution (compare Figure 3) which is commonly expected from the models mirroring
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Figure 4. Comparison of the modularity between our model G, Avin et al., hypergraph A and the real co-authorship
hypergraph R.

the real-life complex networks. Upgrading the model to obtain a broken power-law or an expo-
nential cutoff in its degree distribution (e.g. including aging or deactivating of vertices) is left as
a future work. Figure 4 compares the modularities of G, A, and R (the modularities of G and A
were approximated using the same method as for R). For R the value o equals 0.21. Then, the
modularity of our model G is around 0.69 which is very close to the modularity of R (~ 0.63). The
modularity of A is very low (% 0.06), as A does not feature communities. Figure 4 also shows how
the modularity of G changes with « and one may notice that it stays at reasonably a high level
even when the number of hyperedges involving two communities increase leading to a network
less distinctly partitioned.

Finally, we wanted to confirm experimentally that our theoretical lower bounds for modularity
are indeed very good for uniform hypergraphs following our theoretical model. Figure 5(a) and
5(b) shows the lower bound from Lemma 3 in comparison with the modularity of 2- and 20-
uniform hypergraphs G(Go, p, M, X, P, y) on 10* vertices, where M is uniform and of size 47 (the
choice of 47 communities may be treated here as random; however, it was obviously inspired by
the previous experiments on real data) and the matrix P has values (1 — «)/47 on the diagonal
and the rest of its probability mass is spread uniformly over the remaining entries. M and P were
chosen such to deal with a possibly regular model in which we could control by a single parameter
«a the fraction of hyperedges that are spread across more than one community. Note that 1 — o
is the probability that a randomly chosen hyperedge is all contained within a single community,
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that is, @ measures the amount of noise in the network. As we expected, in this regular regime, the
theoretical bound almost overlapped with the value of modularity.

8. Conclusion and further work

We have theoretically proved and experimentally confirmed that our model exhibits high modu-
larity, which is rare for known preferential attachment graphs and was not present in hypergraph
models so far. While our model has many parameters and may seem complicated, this general
formulation allowed us to unify many results known so far. Moreover, it can be easily trans-
formed into much simpler models (e.g. by setting some arguments trivially to 0, repeating the
same distributions for hyperedges cardinalities, etc).

Our model exhibits power-law degree distribution. However, many real networks in fact
present an exponential cutoff in their degree distribution. One possible reason to explain this
phenomenon is that nodes eventually become inactive. As further work, we plan to include this
process in our model. The other direction of future study is making the preferential attachment
depending not only on the degrees of the vertices but also on their own characteristic (generally
called fitness; Borgs et al., 2007).
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a paid subscription.

Funding statement. This research was supported by grant SNIF (Scientific Networks and IDEX funding); and French
Agence Nationale de la Recherche ANR (UCA JEDI Investments in the Future, grant number ANR-15-IDEX-01), (EUR
DS4H, grant number ANR-17-EURE-004), (Digraphs, grant number ANR-19-CE48-0013).

Competing interests. None.

References

Aiello, W., Bonato, A., Cooper, C., Janssen, J., & Pratat, P. (2008). A spatial web graph model with local influence regions.
Internet Mathematics, 5(1-2), 175-196.

Antelmi, A., Cordasco, G., Kaminski, B., Pratat, P., Scarano, V., Spagnuolo, C. . . . Szufel, P. (2020). Analyzing, exploring, and
visualizing complex networks via hypergraphs using SimpleHypergraphs.jl. Internet Mathematics, 1.

https://doi.org/10.1017/nws.2022.35 Published online by Cambridge University Press


https://doi.org/10.1017/nws.2022.35

418 F. Giroire et al.

Avin, C., Daltrophe, H., Keller, B., Lotker, Z., Mathieu, C., Peleg, D. . . . Pignolet, Y.-A. (2020). Mixed preferential attachment
model: homophily and minorities in social networks. Physica A: Statistical Mechanics and Its Applications, 555, 124723.
Avin, C,, Keller, B., Lotker, Z., Mathieu, C., Peleg, D., & Pignolet, Y.-A. (2015). Homophily and the glass ceiling effect in social
networks. In Proceedings of the 2015 conference on innovations in theoretical computer science, ITCS ’15. New York, NY,

USA: Association for Computing Machinery, (pp. 41-50).

Avin, C,, Lotker, Z., Nahum, Y., & Peleg, D. (2019). Random preferential attachment hypergraph. In ASONAM ’19:
International conference on advances in social networks analysis and mining. ACM (pp. 398-405).

Barabasi, A. L., & Albert, R. (1999). Emergence of scaling in random networks. Science, 286(5439), 509-512.

Blondel, V. D., Guillaume, J. L., Lambiotte, R., & Lefebvre, E. (2008). Fast unfolding of communities in large networks. Journal
of Statistical Mechanics: Theory and Experiment, 2008(10), P10008.

Bloznelis, M., Godehardst, E., Jaworski, J., Kurauskas, V., & Rybarczyk, K. (2013). Recent progress in complex network analysis:
models of random intersection graphs. In Data science, learning by latent structures, and knowledge discovery (pp. 69-78).
Springer.

Bloznelis, M., Godehardst, E., Jaworski, J., Kurauskas, V., & Rybarczyk, K. (2013). Recent progress in complex network analysis:
properties of random intersection graphs. In: B. Lausen, S. Krolak-Schwerdt, and M. Béhmer, (Eds.) Data science, learning
by latent structures, and knowledge discovery, Studies in Classification, Data Analysis, and Knowledge Organization (pp.
79-88). Springer.

Bollobas, B., & Riordan, O. (2003). Handbook of Graphs and Networks: From the Genome to the Internet. Wiley-VCH, Pages
1-34.

Borgs, C., Chayes, J., Constantinos, D., & Roch, S. (2007). First to market is not everything: an analysis of preferential attach-
ment with fitness. In Proceedings of the thirty-ninth annual ACM symposium on theory of computing, STOC 07. New York,
NY, USA: Association for Computing Machinery (pp. 135-144).

Brandes, U,, Delling, D., Gaertler, M., Gorke, R., Hoefer, M., Nikoloski, Z., &Wagner, D. (2008). On modularity clustering.
IEEE Transactions on Knowledge and Data Engineering, 20(2), 172-188.

Chellig, J., Fountoulakis, N., & Skerman, F. (2021). The modularity of random graphs on the hyperbolic plane. J. Complex
Networks, 10(1), cnab051.

Chellig, J., Fountoulakis, N., & Skerman, F. (2022). On the modularity of 3-regular random graphs and random graphs with
given degree sequences. Random Struct. Algor.

Chung, F., & Lu, L. (2006). Complex graphs and networks. American Mathematical Society.

Cooper, C., & Frieze, A. M. (2003). A general model of web graphs. Random Structures & Algorithms, 22(3), 311-335.

Dorogovtsev, S. N., Mendes, J. F. F., & Samukhin, A. N. (Nov 2000). Structure of growing networks with preferential linking.
Physical Review Letters, 85(21), 4633-4636.

Fortunato, S. (2010). Community detection in graphs. Physics Reports, 486(3-5), 75-174.

Fortunato, S., & Hric, D. (2016). Community detection in networks: A user guide. Physics Reports, 659, 1-44.

Ghoshal, G., Zlati¢, V., Caldarelli, G., & Newman, M. E. J. (2009). Random hypergraphs and their applications. Physical
Review E, 79(6), 066118.

Girvan, M., & Newman, M. E. J. (2002). Community structure in social and biological networks. Proceedings of the National
Academy of Sciences of the United States of America, 99(12), 7821-7826.

Hoeffding, W. (1963). Probability inequalities for sums of bounded random variables. Journal of the American Statistical
Association, 58(301), 13-30.

Holland, P. W, Laskey, K. B., & Leinhardt, S. (1983). Stochastic blockmodels: First steps. Social Networks, 5(2), 109-137.

Jacob, E., & Morters, P. (2015). Spatial preferential attachment networks: Power laws and clustering coefficients. Annals of
Applied Probability, 25(2), 632-662.

Kaiser, M., & Hilgetagr, C. C. (2004). Spatial growth of real-world networks. Physical Review E, 69(3), 036103.

Kaminski, B., Poulin, V., Prafat, P., Szufel, P., & Théberge, F. (2019). Clustering via hypergraph modularity. Plos One, 14(11),
€0224307.

Kaminski, B., Pralat, P., & Théberge, F. (2021). Mining complex networks. Chapman & Hall.

Kaminski, B., Pralat, P., & Théberge, F. (2021). Community detection algorithm using hypergraph modularity. In Complex
networks & their applications IX (pp. 152-163). Cham: Springer International Publishing.

Kaminski, B., Pratat, P., & Théberge, F. (2021). Artificial benchmark for community detection (ABCD)—Fast random graph
model with community structure. Network Science, 9(2), 153-178.

Kaminski, B., Pralat, P., & Théberge, F. (2022). Modularity of the ABCD random graph model with community structure,
arXiv: 2203.01480.

Kumar, T., Vaidyanathan, S., Ananthapadmanabhan, H., Parthasarathy, S., & Ravindran, B. (2020). Hypergraph clustering by
iteratively reweighted modularity maximization. Applied Network Science, 5(52).

Lancichinetti, A., & Fortunato, S. (2011). Limits of modularity maximization in community detection. Physical Review E,
84(6), 066122.

Lancichinetti, A., Fortunato, S., & Radicchi, F. (2008). Benchmark graphs for testing community detection algorithms.
Physical Review E, 78(046110), Oct.

https://doi.org/10.1017/nws.2022.35 Published online by Cambridge University Press


https://doi.org/10.1017/nws.2022.35

Network Science 419

Lason, M., & Sulkowska, M. (2022). Modularity of minor-free graphs. Journal of Graph Theory. doi:10.1002/jgt.22896.

McDiarmid, C., & Skerman, F. (2018). Modularity of regular and treelike graphs. Journal of Complex Networks, 6(4), 596-619.

McDiarmid, C., & Skerman, F. (2020). Modularity of Erdés-Rényi random graphs. Random Structures & Algorithms, 57(1),
211-243.

Mitzenmacher, M., & Upfal, E. (2017). Probability and Computing: Randomization and Probabilistic Techniques in Algorithms
and Data Analysis (2nd ed.). USA: Cambridge University Press.

Neubauer, N., & Obermayer, K. (2009). Towards community detection in k-partite k-uniform hypergraphs. In Proceedings of
the NIPS, 2009 Workshop on Analyzing Networks and Learning with Graphs.

Newman, M. E. J., & Girvan, M. (2004). Finding and evaluating community structure in networks. Physical Review E,
69,026113.

Newman, M. E. J., Strogatz, S. H., & Watts, D. J. (2001). Random graphs with arbitrary degree distributions and their
applications. Physical Review E, 64(2), 026118.

Newman, M. E. J., Watts, D. J., & Strogatz, S. H. (2002). Random graph models of social networks. Proceedings of the National
Academy of Sciences of the United States of America, 99(Suppl_1), 2566-2572.

Penschuck, M., Brandes, U., Hamann, M., Lamm, S., Meyer, U, Safro, I, . .. Schulz, C. (2022). Recent advances in scalable
network generation 1. In: D. A. BADER (Ed.) Massive graph analytics, chapter 12. New York: Chapman and Hall/CRC.
Prokhorenkova, L. O., Pralat, P., & Raigorodskii, A. M. (2017). Modularity in several random graph models. Electronic Notes

in Discrete Mathematics, 61, 947-953.

Prokhorenkova, L. O., Pralat, P., & Raigorodskii, A. (2016). Modularity of complex networks models. In: A. Bonato, F.
C. Graham, and P. Pralat (Eds.) Algorithms and models for the web graph (pp. 115-126). Cham: Springer International
Publishing.

Scopus (2019), Elsevier’s abstract and citation database. Accessed 2019-10-10.

Traag, V. A., Waltman, L., & van Eck, N. J. (2019). From Louvain to Leiden: guaranteeing well-connected communities.
Scientific Reports, 9(5233).

Wang, J. W., Rong, L. L., Deng, Q. H., & Zhang, J. Y. (2010). Evolving hypernetwork model. The European Physical Journal
B, 77(4), 493-498.

Yang, W., Wang, G., Bhuiyan, MD Z. A., & Choo, K. K. R. (2017). Hypergraph partitioning for social networks based on
information entropy modularity. Journal of Network and Computer Applications, 86, 59-71.

A. Degree distribution of H(Hyp, p,Y, X, m, y)

The number of vertices in H is a random variable following a binomial distribution. Since | V| =1
we have |V¢| ~ B(t, py + pve) + 1. Since |Ep| =1, the number of hyperedges in H; is a random
variable satisfying |E¢| ~ mB(t, pye + pe) + 1.

Before we prove Theorem 1, we discuss briefly the concentration of random variables | V| (the
number of vertices at time t), D; (the sum of degrees at time ) and W; = D; + y|V;|. We start
with a couple of technical lemmas that will be helpful later on.

Lemma 5 (Chernoff bounds; Mitzenmacher & Upfal, 2017, Chapter 4.2). Let Zy,2Z,,...,Z; be
independent indicator random variables with P[Z; = 1] = p;and P[Z; =0] =1 —p;. Let 6 > 0, Z =
S Ziand u =E[Z] =3 I_, pi. Then

PIZ — | > 6] < 2e71°3,
Corollary 1. Since | V¢| ~ B(t, py + pve) + 1 setting § = / % in Lemma 5, we get

P[|Vel —E[| Vel = V9(py + pre)t Int] <2/£.

Now, let us restate Lemma 1 and present its proof.

E[N - o
[ t"'t] ~ ck=P for some positive constant c then

N,
lim E [ﬁ} L)
t—00 [ Vil Pv+ Pre

Lemma 1. If lim;, o

(Here “~” refers to the limit by k — 00.)
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Proof. Let (2, F,P) be the probability space on which random variables Ny; and |V;| are
defined. Thus, Ni;: Q2 — R and |Vy|: Q2 — R. Let ; C Q denote the set of all @ € 2 such that

[Vil(w) € (E| Vi — /9Py + pre)t Int, E| V| + /9(py + pre)t In t). By Corollary 1, we know that

Y weang, Plo] < 2/t. Using the fact that for each o |tht§Z; <1, we get

Vil
Nyt th(w) th(w) th(w)
E |-kt = L ] = L8 p LD
[WJ 2 i@ = L wi@ Pt 2 i

weR weQ weQ\Q]
Ni (o
e E|Vt| - 9(Pv +pv€)tlnt we\Q
E[Ni,] 3 E[Ng,]

< + 2/t~ —m—.
IE|Vt|_ 9(Pv+Pve)tlnt (Pv+Pve)t

On the other hand, since Ny, <t,

Nk,t] Nk,t(w) Nk,t(w)
El—|> Plw] > P
|:|Vt| w;-;l [Vil(w) (] wéz:l E|Vy| +\/9(pv +pve)tlnt ]

ENgd— Y Ni(@)Plo]

N E|V: + 9(Pv +Pve)t1nt weR\Q

E[NgJd— Y t-Plo]

>
E|Vi 4+ /9(py + pre)tInt wedQ

. E[N] B t-2/t __E[Ngl
T EIVil+ 90y +peltint  E[Vi|+/Op,+pie)tint  (py+puelt’

O

Lemma 6 (Hoeffding’s inequality; Hoeffding, 1963). Let Zy, Zs, . . ., Z; be independent random
variables such that P[Z; € [a;, bj]]=1.Let § > 0and Z = Z;Zl Z;. Then

P[|Z —E[Z]| > 8] <2 ex o w
SRR I SRR

Lemma 7. Let t > 0. Let E[Y{] = g, and E[Xgi)] =p;forie{l,2,...,r}. Moreover, let 2 < Y; <
t1/% and 1 <X§’) < t1/4forie {1,2,...,7}. Let Wy = D; + y|V¢|. Then

P[|W; — E[W{]| > mt*/*v/21Int] = O (%) )

Proof. Our initial hypergraph consists of a single hyperedge of cardinality 1 over a single vertex;
thus, Wo =y + 1. For t > 1, we can obtain W; from W;_; by adding:

(1) either y with probability p,,
(2) or y 4+ mY; with probability p,.,
(3) or ngl) with probability pgl),
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(4) or...

(5) or mer) with probability pff),

(6) or 0 with probability 1 — p, — pye — Pe-

Thus, we can express W; as the sum of independent random variables W; =y +1+Z; +
Zy+...+Z;, where E[Z;]=yV+Dand 1 < Z; < mt1/4—|—y forie{l,2,...,t}and Dand V
are defined as in Theorem 1:

v =pv+ Pre and D= m(PveUfO +P£l)l/«1 +... +p‘(f)ur).

Now, setting § = mt>/*+/21n t in Hoeffding’s inequality (see Lemma 6) we get

4.m? 154 Int 1
P[|W; — E[W{]| > mt¥/4V21n 1] < 2exp {_(t+1)(m-t1/4+y)2} =0 (t_4>

O
Lemma 8 (Chung & Lu, 2006, Chapter 3.3). Let {a;} be a sequence satisfying the recursive relation

by
ar+1 = 1—7 ar+ct

t t L )
where by X b>0and ct % ¢. Then, the limit lim;_s o0 “—tt exists and

. at 9
lim — = .
t—o00 t 1+b

Now we are ready to give a detailed proof of Theorem 1.

Proof of Theorem 1. Here we take a standard master equation approach that can be found, for
example, in the book Chung and Lu (2006) about complex networks or in the paper by Avin et al.
(2019) on preferential attachment hypergraphs.

Recall that Ny ; denotes the number of vertices of degree k at time t. We need to show that

N,
lim E [ﬁ] ~ kP

t—00 [ V4|
for some constant cand f =2 + VI-;/JFTW’;’”. However, by Lemma 1 we know that it suffices to show
— M Pye
that
E[N,
lim el kP
t—00 t

for some constant c.

Our initial hypergraph Hy consists of a single hyperedge of cardinality 1 over a single vertex;
thus; we can write Ny o = 0 and N; o = 1. Now, to formulate a recurrent master equation we make
the following observation for ¢ > 1. The vertex v has degree k at time ¢ if either it had degree
k at time t — 1 and was not chosen to any new hyperedge or it had degree k — i at time t —1
and was chosen i times to new hyperedges. Note that i can be at most min{k, mZ;}, where Z;
represents a random variable chosen among Y7, Xgl), . ,XEr) according to (py, pves pgl), R pS’).
Additionally, at each time step a vertex of degree 0 may appear as the new one with probability p,
and a vertex of degree m may appear as the new one with probability p,.. Let F; be the o -algebra
associated with the probability space at time t. Let Qg4 ; denote the probability that a specific
vertex of degree k was chosen d times to be included in new hyperedges at time ¢ (this probability
is expressed as a random variable since it depends on a specific realization of the process up to
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time t — 1). Let also Wy = Dy + y|V¢|. For t > 1 we get

E[No,|Fi—1] = pv + No,+—1Qo,0,¢
and when k> 1

min{k,mZ;}
E[Nj el Fio1] = Skmpre + Negm1Qoie + Necre—1Qui—1e + O Nicim1Qik—ins
i=2

where 8y, is the Kronecker delta. We have extracted the first two terms in the above sum since
below we prove that these are the dominating terms. Taking expectation on both sides, we obtain

E[No,:] = pv + E[No,+—1Qo,0,] (5)
andfork >1
min{k,mZ;}
E[Ni] = 8mpve + ElNkr—1Qoke) + EWNk—1-1Qui—re] + Y E[Nj—ip—1Qik—ie)- (6)
i=2

Note that

t—1

k+ m(Yt_l)
QO,k,tzpv+(1_Pv_Pve_Pe)+PveE |:<1_ W V) | Ft-1

" AN o Kty

1 r

E|(1- Fi_ E|l{1l- Fi_
+ p, ( Wt_1> |Fi—1 | + + pe ( Wt—l) | Fr—1

while fori e {1,2,...,k}

m(Ye— 1\ (k—i+y\ k—i+y "D
ik—it = E . Eeese— 1]— — Fi
Q,k + = Dve |:< i ) < Wi, ) Wi, | t—1

[ mxON (k—ity\ k— ity
+p£l)E ( it ><—th )(1——th ) | Fee1 |+

) : i : mx® i
X k—i+y k—i+y :
(r)]E m t 1— F
tPe ( i )( Wi )( Wi Tt

Now, for any random variable Z; with constant expectation p, independent of the o -algebra
Fi—1,and such that 1 < Z; < t'/4, by Bernoulli’s inequality we have

mZy;
. [(l_ ';v”) m_l] ﬂ[(l_w) m_l] _omulery)

—1 Wtfl Wt*l
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On the other hand (using the fact that for x € [0, 1] and n € N we have (l—x)”fﬁ),
k+y\™ 1
E (1— )/) [Fio1 [ <E W|ft—1
Wt—l 1+VIVT1V
Z:(k
_El1- mZi(k+y) |‘7:f1i|
| Wi +mZ(k+y)
[ mZik Zi(k + 7))
<El1-" k+y)  (mZl 2Jr)/)) Fis
L Wi Wi,
k t1/2 k 2
gl_mu( +y) T +V)), ®)

Wi w2,

where the last inequality follows from the assumption Z; < t'/4. Now, let us consider the master
equation (6) for E[Nj,] term by term. We start with the expected number of vertices that had
degree k at time # — 1 and are still of degree k at time . By (7), Lemma 7 and the fact that
Ni—1 <t weget

_ (1) %)
E[Nk,t_lao,k,t»E{Nk,t_l (1_ (k+ y)m(pye(po — 1)+ pSsy + ...+ pS u))}

Wi

_r |:Nk,t1 (1 _ (k+y)D - mpve))]
Wi

> E[Nj,_1] (1 (k+y)(D — mpy) > —¢ :4'

CE[W,_,] —mB/42Int Iz

To get the last inequality, one needs to conduct calculations analogous to those from the proof of
Lemma 1. By 8 and additionally using the fact that W;_; > 1

k D_ ve 1/2 ve e k 2
B[N, 1 Qo] <E[Nk,t_1 (1_( +Y)D = mp) | 1 (pre + p)mlk + 7)) )]

Wi w2,

D— 1/2 5
<E[Ngs-1] (1— k4D =mpue)  12(pue+ p)mlk+ 7)) )

E[(Wi_1] +mt3/4/2Int  (E[Wi_1] — mt3/4/21n t)?
1
+ (t+ £ (pre + p)mk+v))?) -

Again, for the last inequality, proceed as in the proof of Lemma 1. Since E[W; ]=
D(t— 1)+ yV(t — 1) and E[Ny;_1] < t, we obtain for fixed k

(k+y)(D — mpye) ) < 1 )
EIN, . =E[N;,_ - ol—=)-
[Nk,t—1Qokt] =E[Ngs—1] (1 {D+ V) + O/ 4/In ) + Vi ©
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We treat E[Nj_;;—1Q1—1,] similarly. On one hand we have

k—1+ mYi(k—1+
Qui—1s > preE [m(Yt—l) = v (1— 4 ”’) |ft_1}

t—1 Wi—1
+pVE |:mX51)k;V1tj Y (1 B th(l)(v’;t—_ll + V)) |]__t_1] L
N S Wy
> pucE [mm - 1)%%_1] ~puE [Yfz (m(kw_tz_lf 2k m_l} .
+pVE [m(XEr))k_‘/vl%|ft—li| _pVE [(XE”)Z(rnv(‘ictz_—1 1+y))? |}_H}

S Pvem(lf«o —Dk—-1+ V) _ tl/zpve(m(k -1+ V))z 4
- Wi w2,

P muk—14y) 0P n(k— 1+ )P
Wi w2,

(k—1+ V)(D - mpve) _ tl/z(pve +pe)(m(k -1+ )’))2
Wi Wtz_1

(the last inequality follows from assumptions Y; < £1/4 and X < 1/4), while on the other

k—1+
Ql,kfl,t gpve]E |:m(Yt — l)W—y

k—1
|]:t—1:| +...+pVE [mXﬁr)il]:t—l}
t—1 W

t—1

< (k—1+ V)(D - mpve)
= Wi '

Again, by Lemma 7, the fact that Ny_;;_; <tand Nx_;;_1/W;—1 <1 for fixed k we get

(k—1+y)(D— mpye) ) ( 1 )
E[Ni_q14_ 1+ =FE[Nj_q14_ — .
[Nik—1,i—1Q1k—1,¢] [Nx—1,¢-1] (t(D+yV)+O(t3/4«/E) +0 NG (10)

The terms from equations (9) and (10) are those dominating in master equation (6). For the
sum of other terms, we have the following upper bound when k is fixed (the fourth inequality
follows from upper bounding the sums by infinite geometric series and the asymptotics in the last
line follows from Lemma 7)
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min{k,mZ;}

k
Y BNk Qik—igl <t ) ElQik—i]

i=2
k m(¥i =D (k=i+y
X -E veE —
St ;( |:( >< Wi )lj:t 1:|
+p"E ( X(l)) (k 1+y> |Fior | +
pe Wi t
) B
+p<’)E[<mX )( ’”) \Fo 1})}

. (k+vY
<t-E|E Z(pve(th)’(W ”) +
i=2 -

k i
D (mx D) (%))mlﬂ

(r)
+P(r) (m(k+ y)X; )? 1

| Fr—1 (11)
2 o
Wi

k)X,

1- Wi—1

(m(k + y)t'/4)? 1

+
W2 _ m(k4y)tl/4
t—1 1 W

<t-E Pre

) (m(k 4 y)t'/*)? 1
WE, 1— %
|.F (pve + pe)(m(k + y))*t'/2 Wi
Wl?—l W[_l — m(k + )/)tl/4

+p¥"

_ 23/2 1
= (pye + pe)(m(k +y))°t E [Wt—l(wt—l — m(k+ V)tl/4)]

232 1 1 >
~ (et pmlk + )PP _o< =

Plugging 9, 10 and 11 into master equation (5) and (6), we obtain

V(D_mpve) ) ( 1 )
E =E[No;_ - v+O | —
[No,t] = E[No,t-1] (1 Bty T OCATmD +pv+ 7 (12)
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and

(k+y)(D — mpye) )
tD+ y V) + O@3/4/1nt)

(k_1+y)(D_mPve) ) ( 1 )
= - Skmpre +O | — ] .
ﬂD+yW+OUvaﬂ-+kp * Vit (13)

E[Ng] =E[Nk¢_1] <1 -

+ E[Ng—1,—1] <

For k > 0 by L denote the limit

E[N;
Ly = lim [ k’t] .
t—00 t

First we prove that the limit L exists. We apply Lemma 8 to equation (12) by setting

V(D_ MpPye) ( 1 )
by = — ~ and ¢=p,+0|— ).
‘T Dty V+o@iving) =Py NG
We get
D—
lim b, = D= M) and lim ¢ = py,
t—00 D+ yV t—00
therefore
D+yV
I Py P,
O = — = — — .
¥ (D—mpy.) D+yV
I+ =52 bompe TV

Now, we assume that the limit L;_; exists, and we will show by induction on k that L; exists.
Again, applying Lemma 8 to equation (13) with

(k+ V)(D - mpve)

by == -
"T D+yV+ 0@t/
and
 _ElNicy] ( (k=14 y)(D — mpy) ) Sepret O ( 1 )
- _ ! il
t D+yV+0O(t3/*V/Int/t) - Vi
we get
k D—
lim by = (k+ V_)( _mpve)
t—00 D+yV
and
. (k—1+y)(D— mpye)
Jim ¢ =Ly D+yV me+%wm
therefore
k— D—mpye Dty V
L Lk—1£—21%3%3722‘2'*akﬂﬁhw kal(k"1'*’/)*'5kmpveDjZ;w (14)
k= 5 = D+y V )
(k+y)(D—mpye) Dyv
1+Ty\7 k+y+D—mpve

%; thus, we have

ve

From now on, for simplicity of notation, we put D =

D Li_1(k—1 ) D
Lo= Py and L= k—1( +V)+ k,mPve '

~y+D k+y+D
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When k € {1,2, ..., m — 1}, iterating over k gives

k
B fle—1+y__gD []Ltr
ety+p v+ vy +D

and when k> m

ﬁg_l‘i‘y Dve 1—[ t—1+y
y+D i Z+y+D m+y+D {+y+D

{=m-+1
m k
:<pﬂ)<r16—1+y)+ PveD ) 1 (—14y
y +D ezle—i—y—l—D m+y+D e:m+1£+y+D
_( pyD T'(m+y) T'(y+D+1) PveD >
y+D TI'(y) Tm+y+D+1) m+y+D

I'm+y+D+1) T(k+y)
T(m+y) T(k+y+D+1)

Tk _

where I'(x) is the gamma function. Since limg ., (=)

y=1 for constant @ € R, we get

I E[Ng,]
im ——

t—00 t

=Lk ~C- k*(l‘l’D)

(“~” refers to the limit by k — o0) for

I'(y+D) I(m+y+D)
=p,D- e
cC=Dpy F( ) =+ Pre T(m+7)
Hence, by Lemma 1, we obtain
lim E [thi| ~—— D)
t—00 | Vil Pv+ Dre

We infer that the degree distribution of our hypergraph follows a power-law with

D+yV Vepm
B=1+D=1+ V" —py Y TP,
D —mpy, D —mpy,

B. Modularity of G(Gy, p, M, X, P, y)

Proof of Lemma 4. Let C ={CD,C?, ..., C"} and for i € {1,2,...,r} let 5; be the probability
that a randomly chosen hyperedge joins at least two communities and C'” is one of them. Note
that for s; defined as in Lemma 3 (that is, the probability that a randomly chosen hyperedge has at
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least one vertex in C1V) we get s; =5; + p;. By Lemma 3, we get that with high probability

i=1£>1

Jlim g*(G) = (1+0(1)) (ZP: ZZ <—(Z_1)Sl+zpl))

=(1+01) | (1-a) Z Z((z—l)sz-l-zpz)

€>1 i=1
=1+ o(1)).
al r ~ r ae r ~ ‘
: ((1 —a) -~ ((z— I)Zsi—i—zZpi) —ZS—ZZ((z— 1)5; + zp;) ) . (15)
i=1 i=1 22 i=1
Now, by r¢ denote the probability that a randomly chosen hyperedge joins exactly kK communities.
Note that
Y si=2n43n4.. e <z1-) p)=za. (16)
i=1 i=1
Thus,

al (z—l)Zs,—i—zZp,) < z—l)zoe+z(1—a))_a1< )((z—2)a+1). (17)

Moreover,
r r I4 /)
> g—ﬁ Y (z=Dsi+zp)' =) :—e > (k>((z — 1)5)k(zpn)'*
=2 i=1 02 i=1 k=0
— “li(ﬁ)(z 1! ngkpl k
) k , !
>¥) k=0 i=
¢ .
ag b4 _ 5
< 3 Z (k)(z l)k(z,B =k Z k
22 k=0 i=1
ay ¢ ¢ V4 I—k
=Y 5 (e + 2 () e- v Y
22 k=1

4 r k
< g_e (r(zﬁ)Z + (i)(z— DK(zB) (Z s,-> ) :
022 k=1 =

i=1
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Next, by (16) we get
r I4 )
YD (E—Ds+ap) < Z?—‘( )+ (k) — D¥(zp) "(za)k)
02 =1 2 k=1
14
=y g‘f ((r—l (zB) K+Z( )((z— Dza) (zB)"~ )
22 k=0
_ ;” (r— 1)(zB)" + ((z — 1)za+zﬂ)f)
=2
_ z\¢ ¢ ¢
—;ae (3) (e=DB +E@=Da+p)). (18)

Finally, plugging (17) and (18) into (15) we get that with high probability
lim g*(G) = (1 + o(1))-
t—00

1—a—a (3)(c-2a+D-) a (§>e (=B + (- Da+p))

22
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