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MUTUAL INJECTIVE HULLS

S. K. JAIN, S. R. LOPEZ-PERMOUTH AND S. RAZA SYED

ABSTRACT.  The mutual injective hull of an arbitrary family of modules is con-
structed. Applications to the calculations of quasi-injective and m-injective hulls of di-
rect sums are given.

1. Introduction. Consider the direct sum M = & ¥;c; M; of a family of right mod-
ules {M; | i € I}. Assume, for simplicity, that / is finite or R is right noetherian. If each
M; is injective, then M is injective. However, if each M; is merely quasi-injective (or
w-injective) it does not necessarily follow that M is quasi-injective (resp. m-injective).
In either case, M is quasi-injective (m-injective) if and only if the M;’s are “mutually
injective” in the sense that whenever j # k, M; is Mj-injective. If the M;’s are arbi-
trary, the question then arises to determine formulae for the quasi-injective hull g(3/)
and the 7-injective hull (M) of M as a direct sum of essential extensions of the M;’s.
These essential extensions should then be quasi-injective (7-injective) and mutually in-
jective. We start by focusing on the problem of producing, for an arbitrary family of
modules {N; | j € J}, over an arbitrary ring R a family of “smallest” essential extensions
{N; | j € J} which are mutually injective, namely a mutual injective hull of {N; | j € J}.

Theorem 3.1 proves the existence and Theorem 3.2 provides formulae for the mutual
injective hulls of arbitrary families of modules. The construction of mutual injective hulls
allows us then to show that if / is finite or R is right noetherian

q(M) = eazlq(Mi) =@ qM)
e

i€l
and

(M) = @Y n(M;) = &Y n(M).

i€l i€l

2. Definitions and preliminaries. A family of right modules {N; | j € J} over an
arbitrary ring R is said to be mutually injective if, for all j # k in J, N; is Ny-injective.
Given a family {N; | j € J} with corresponding injective hulls {E(N;) | j € J}, a family
{N; | j € J} is said to be a mutual injective hull for {N; | j € J} (in {E(N;) | j € J}) if

(i) forallj € J,N; C N, C EV),
(i) {Ni | k € J} is mutually injective, and
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(iii) for any mutually injective family {N; | k € J} if for all j € J, N; C N] C E(N)),
then for all j € J, N; C N..

Throughout this paper, all modules are right and unital unless otherwise stated. For
an R-module M, the symbols E(M) (or M), g(M) and w(M) will denote, respectively, the
injective hull, quasi-injective hull and m-injective hull of M. An R-module M is injective
relative to an R-module N (or N-injective) if

homg (N, E(M))N C M.

M is quasi-injective if M is injective relative to itself, i.e., M is invariant under
End(E(M)). M is m-injective if for any two submodules 4, B C M with 4N B = 0,
each of the projection maps 4 & B — 4 and 4 & B — B can be extended to an endo-
morphism of M. Equivalently, M is w-injective iff for each idempotent e € End(E(M)),
eM C M.1tis well known that a module is 7-injective if and only if it is quasi-continuous.
For any two modules M and M,, M, C’' M, will denote that M is essential in M,.

We record below some well-known lemmas which are used throughout the paper.

LEMMA 2.1. The quasi-injective hull of M is given by q(M) = End(E(M))M and the
w-injective hull of M is given by n(M) = SM, where S is the subring generated by the
idempotent elements of End(E(M)).

LEMMA 2.2. M is m-injective if and only if EM) = @Y M; implies M =
@XM N M).

PROOF. See ([3], Theorem 1.1).

LEMMA 2.3. (a) If M is N-injective, then M is both K- and (N | K)-injective for each
submodule K of N.
(b) If M is Nj-injective, i € I, then M is ® ¥ ;c; Ni-injective.
(c) If M is N-injective and M C' M’ is N-injective, then M’ is N-injective.
(d) If M is N-injective, then M is SN-injective for any subring S of End(E(N)). In
particular, M is 1(N)- (and q(N)-) injective.
PROOF. It is straightforward. (See, for example, ([1] Proposition 16.13, p. 188).

LEMMA 24. Let M and N be R-modules. Let My = homg(E(N), E(M))N+M. Then:
(i) M, is N-injective;
(ii) if M’ is any other R-module such that M C M’ C E(M) and M’ is N-injective,
then M, CM'.

PROOF. Follows immediately from the definition of N-injectivity.

We call M, (in Lemma 2.4) the N-injective hull of M (in E(M)), and denote it by
En(M).

LEMMA 2.5. IfM = @ Yic; M, is m-injective, then M; is m-injective and {M; | i € J}
is mutually injective. In case 1 is finite or R is noetherian, the converse also holds.

PROOF. See [4].

https://doi.org/10.4153/CMB-1996-009-0 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1996-009-0

70 S.K.JAIN, S. R. LOPEZ-PERMOUTH AND S. RAZA SYED

3. Main results.

THEOREM 3.1.  (Existence). Every family of modules {N; | j € J} over an arbitrary
ring R with corresponding injective hulls {E(N;) | j € J} has a mutual injective hull.

PROOF. Using the relative injective hulls introduced in Lemma 2.4, we define the
sequence

NO =N,
Mk) = EZj#iN}k_')(Nygk—-l))a k= l’ 2a 3’ st

LetN; = UN,(."). We show N; is ]Vj-injective for i # j. So, let f:N; — E(N;) be an R-
homomorphism. By our construction, N§’° is 304 N}k_l)-injective hence Nj(."_l)-injective
forj # i. Also, E(N;) = E(N;). So f(N;) C UN® = N, j # i. Thus N; is Nj-injective.

Let {N!} be a mutually injective family such that N; C N! C N,, for all i. We show
that N; C N/ for all i. Now N}’) is relative 37,4 Nj-injective hull of N; in E(V;), and since
N is also ¥ j#i Nj-injective, it follows that

N C N, foralli.
So N is Ej.r;il\lj(.l)-injective, yielding
N® C N,

Proceeding like this, we obtain Mk) C N Vk; hence N; C N/ as desired.

The family (V;);e; of R-modules obtained in the above theorem will be called the
mutual injective hull of the family (N;);c; in (E(M)) er

The next theorem shows that the sequence of R-modules {Mk)}, k=1,2,... con-

structed above to obtain V; indeed becomes stationary after the second step, i.e., Nf.z) =
N® forall k > 2.

THEOREM 3.2.  With the notation as in the proof of Theorem 3.1, N; = Nfz). Indeed,
N; = N; + 3~ hom(Xj, N)N; + 3~ hom(Nj, N;) hom(;, V)N,
J# J#
where N = E(N).
PROOF. For simplicity we will consider a family with only two modules N; and N;.
The general case works similarly.
]V(ll) = hom(Nz,Nl )Nz + N,
NP = hom(N,, N)N + ND
as exhibited in the towers:
N = hom(, M)V + N N2 = hom(¥y, KN + M)
MD = hom(A, K)NO + N N = hom(iy, Ko )N® + MO
N® =N N =N,
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Thus
N® = hom(N,, Ny)[hom(N;, N)N® + N7 + hom(A, NN + N
= hom(N,, Ny) hom(N,, N;)N; + hom(N,, N))N; + Nj.
Next,
N§3) — hom(Nz,N, )N§2) + N?)
where
N = hom(y, RN + D,
hence
Ngz) = hOl‘n(Nl,Nz) hom(Nz,Nl)Nz + hom(N1 ,Nz)Nl +N,.
Now

hom(N2, N)NS? = hom(N,, Ni)N; + hom(N,, Ny) hom(Ny, No)N;.
Adding N(lz) to both sides, we obtain

N® = N + hom(Ny, N)N; + - - -,
= Ny + hom(N, N1)N; + hom(N,, Ny) hom(Ny, Np)N; = NP,

This yields by induction that N* = N® Vk > 2, and hence N; = N®.
EXAMPLE 3.3. It is possible to have a family {N; | j € I} where N; # N}l).

PROOF. Let V be an infinite dimensional left vector space over a field F. Let R =
Endg(V), and S = Soc(Rg) = Soc(zgR). It is well known that R is injective but Ry is not
injective, and Sy is essential in Rg. Set M} = R, M, = S. Then M(ll) = R, Mé') = E(R),
and M, = E(R) = M,.

4. Applications to quasi-injective and 7-injective hulls. Next we return to our
consideration of a family of right R-modules {M; | i € I} where either [ is finite or
R is right noetherian and their direct sum M = @ Y";; M;. The mutual injective hulls
discussed above in Theorems 3.1 and 3.2 allow us to develop formulae for g(M) and
w(M). But first,

LEMMA 4.1. Let {N; | i € I} be a family of R-modules and f an endomorphism of
E(N;). Then
S CN; + ().

PROOF. Notice that N = hom(s;,N* D, )5 N*D + N Let g €
hom(%;; N}k"l),Ni). Then fg € hom(Z; 4 Nj(.k”l),](/,-). Hence f(Nf")) - Nf") +£(N;). Now
the proof follows by the definition of N;.
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COROLLARY 4.2. If N; is quasi or m-injective, then so is N;.
THEOREM 4.3. Let {M; | i € I} be a family of R-modules where either I is finite or
R is right noetherian. Then

(@Y M) =&Y n(M) = &Y (M),
i€l

iel iel

PROOF. Set 7 = m(® ¥ ic; M;). Then E(1r) = & Tic; E(M;), and so
mT= Z EM)Nm,
icl
which yields {E(M;) N | i € I} is mutually injective. Let {M; | i € I} be the mutual
injective hull of {M;} in {E(M)}. Then
M; C TN EWM,;) for all i.

Hence, m(M;) C , Vi. Thus @ Y n(M;) C =. But {n(M;) | i € I} is mutually injective
(Lemma 2.3). Hence, - n(M;) is m-injective and equals .

We next show the equality 7 = @ Yie; m(M;). Since {n(M;) | i € I} is a mutually
injective family and Igr alli € I, tM; C 7M;, we have by definition of mutual injective
hull of this family 7(M;) C n(M;), and so

M O3 (M) C @Y ().

Next,

) Gy M =n(®> M) C n(d M)
i€l i€l iel

=@ n(rM) = &Y (M),
by Corollary 4.2. Then by (1) and (2), 7 = ® ¥ 7M;, as claimed.
A similar result for quasi-injective hulls is contained in

THEOREM 4.4. If I is finite or R is right noetherian, then
(@YX M;) = @Y q(t) = & q(M)).
i€l i€l i€l

The first equality can actually be strengthened to obtain
9(®M) =& q01").
icl icl

PROOF. The proof of the first two equalities is identical to the proof of Theorem 4.3.
For the latter equality, since
MY = M; + 3" hom(M;, M;) hom(M;, My)M; + 3~ hom(M;, M;)M;,

J#i J#i

we get
gM®D = gM; + 3~ hom(M;, M;) hom(M;, M)M; + 3~ hom(M;, M;)M;,
J#i J#i

which is clearly M;-injective for all j # i, proving our claim.
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EXAMPLE 4.5. There exist modules My, M, such that m(M, & M) # Mgl)) ®
m(MD).
2

PROOF. Let M; = R be a non-left artinian ring with right composition length 2 and
essential simple right socle S = M, ([2], p. 337). Then M{" = R, M) = E(R). So,
M) ® (M) = R @ E(R) # (M & My) = E(R) ® E(R).
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