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DEGREE OF APPROXIMATION OF A FUNCTION
BY NORLUND MEANS OF ITS FOURIER SERIES

R.B. Saxena

Communicated by K.C. Shrivastava

Two theorems of T.M. Flett [Quart. J. Math. Oxford Ser. (2) 7
(1956), 81-95] on the degree of approximation to a function by
the Cesdro means of its Fourier series are extended to Norlund

means. Their conjugate analogues are also proved.

1.

Let f(x) 7be Lebesgue integrable and periodic with period 2m , and

let
(1.1) flz) ~%a. + Y (a, * cos kx + b, * sin kx} = A, (z)
ot L k L

be its Fourier series.

The conjugate Fourier series of (1.1) is

(1.2) Y (bk * cos kzr - @ * sin kz) = ¥ B, (z) .
k=1 k=1

«©
The NSrlund mean of an infinite series ) a s with the sequence of
k=1

partial sums {sn} , is defined (N&rlund [4], Woronoi [5]) by the sequence-
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to-sequence transformation
107
(1.3) tn[pn) =P Prk © %k
n k=0
where {pn} is a sequence of non-negative strictly monotonic decreasing

constants, and

We use the following notation:

o(t)

w(t)
v (p,; t)
v (b, t)
F(x)
¢, (t)
&,(2)

¥, (¢)

¥ (¢)

(=]

¢,(£) = fla+t) + flz-t) - 2f(x) ,

b ()

X

= flz+t) - flx-t) ,

1 % stn(k+k)t
k=0

2ﬂPn sint/2
n
1 5 cos(k+%)¢t
2ﬂPn %=o n-k sint/2

1 ("
——-J ¥(t) cot t/2 dt ,
0

t
1 r-1
() Jo (t-u) “¢(u)du , » >0,

(1) , @ () =0 (£) (-1<r<o),

1+r

1
I'(r)

t r-1
J (t-u) " W(u)du , r» >0,
0

W) , v (8) =¥l

(¢) (1 <r<o)

denotes the largest integer less than or equal to x .

2.

Fiett 2] has proved the following theorems for the degree of

approximation to a function by Cesiro means of its Fourier series.

https://doi.org/10.1017/50004972700007279 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700007279

Approximation by NSrlund means 397

THEOREM A. Suppose that f <is integrable in (-w, m) and of class
Lip a in the closed interval (a, b) where 0 < a <1 and that

a,b = O(n_s) . If 0=B<a and k z a-B, then

o:(x) - flz) = 0(n™%) ,

oﬁ(x) being the (C, k) mean of series (1.1).

THEOREM B. Let 0<a <1, 0=<B<1l, -1<r<0, 0<8§=mw,
kza-B, k>a+r, and let x be a point such that

(i) 4 (x) = 00",

1+o

t
(i1) ¢l+r(+0) =0, and J u_r|®1+r(u)| < At (o=t=<3§),

0

and

4 “1+0
(iii) J olu)du = 0(7%) ;

0

then
K@) - flz) = 0™ .

In the present paper we generalise the above theorems for Norlund
means and also prove their conjugate analogues. Precisely we prove the

following theorems.
THEOREM 1. Suppose that f is integrable in (-w, m) and of class
Lip a in the closed interval (a, b) where 0 < a <1 , and that
(2.1) a,b = 0{(q /Q )3} )
n’ “n n'n
If 0<B<a and {pn}, {qn} and {rn} be monotonic decreasing
sequences of non-negative constants such that

rn/Rn-l z pn/Ph-l - qn/Qn-l = Pn/Pn—l - Qn/Qn-l 2

q, and R, being defined similarly to P, > then
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¢,(z,) - fla) = 0{(R[Pn/pn] /R ) (pn/pn)“} ~ 0{ (pn/pn)a} ,
where tn(rn) is the Norlund mean (1.3) of series (1.1) generated by the

sequence {rn} .

THEOREM 2. Suppose that f is integrable in (-W, W) and of class
Lip o in the closed interval (a, b) , 0 <o <1 and that

(2.1) a,b = 0{(qn/Qn)B} .

If 0<B<a and {pn}, {qn} and {rn} are sequences as defined in

Theorem 1, then

¥ e - . ol ~ a

2l - B = o Ry, 1/ 15,0} = o{ ,17,)%}
provided that the conjugate function exists, §ﬁ(rn) being the Norlund
mean (1.3) of series (1.2) generated by sequence {rn} .

THEOREM 3, Let 0<a <1, 0=B<1l, -1<p<0, 0<§=n1
and let x be a point such that

o{ 4,/0,)%} .

t
-r
0 and Jou |d¢l+r(u)| < At

(2.2) An(a:)

1+a

(2.3) ¢, (+0) (0=t=8),

t
(2.4) J d(u)du
0

0(t1+a) ;
then
t,(r) - flz) = 0{(R[Pn/Pn]/Rn)'(Pn/Pn)a} ~ O{(pn/Pn)a} )

where {p }, {q.} and {r .} are sequences as defined in Theorem 1.
n n

n

THEOREM 4, [et O0<a <1, 0=B<1, -1<r<0, 0<§=mn7
and let x be a point such that

(2.5) B (z) = 0{(qn/Qn)B} ,
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Approximation by NSrlund means 399

tl+a

t
(2.6) ¥,,(+0) =0 and Jo u_rld‘l‘l_,_r(u)l =4 (0=t =<38),

¢
(2.7) J wu)du = o(t1*%)
0

then
g (r,) - Flz) = 0{(R[Pn/pn] /R) [pn/pn)a} ~ 0{ (pn/pn)a} ,

provided that the conjugate function exists, {pn}, {qn} and {rn} being

sequences as defined in Theorem 1.

3.
We shall need the following lemmas in the proof of our theorems.

LEMMA 3.1. For 0=t < pn/P% s
v, (p,; t) = 0n) .

Proof.

n
. _ 1 sin(k+%k)t
2,3 ) = ZnP, k§o Pyk " sint/2

1A

L g
p. . (2k+1)
2nPn %=0 n-k

1 n
e (2n+1)
n k=

A

0 Ppk
= 0(n) .
LEMMA 3.2 [3]. If the sequence {pn} is non-negative and non-

increasing then for 0 <a<b <o, 0=t=mw and any n , we have

b .
i(n-k)t
kZ; pe < F}

for any a , where T = [t_l] .

LEMMA 3.3. For O < pﬁ/Fh =t=8=1,
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(i) an(pn; t) | O{PT/tPn} s

(i%) lﬁn(pn; t)| = ofp_stp } .
Proof. (1)
n
. _ 1 sin(n-k+¥)t
INn(pn’ t)] = 2np lk§0 Px ~sint/2 ‘

n

N n
5541 X p, sin{n-k)t cot t/2{+| ¥ p cos(n-k)tl
211Pn { X=o k x=o k

o{ (P_r cot t/2)/Pn} + O{PT/Pn} using Lemma 3.2

1A

+

O{P_[/tPn} .
(Z7) The estimate for I‘V.n(pn; t) can be proved similarly.

LEMMA 3.4, For O=u=p/P ,
n''n

(1)
b, « ’ (t-u) " (v 5 t)
J ;u=[ t-u)" N (r 3 t)dt
n Pn/Pn n'n
- . r+ly |
) 0{(R[Pn/pn]/Rn) &, /e,) } ’
(i)

S
J(p 3 = (- )-r-lﬁ 3 tjdt = 0{ . 1’+1} .
(b, ) Jpn/Pn 0T (s )ae = o{ (v, g, 1/7,)- 0 p,)

Proof. (7)

s
J(pn; u) = J (t-u)""lwn(rn-, t)dt
pn/Pn

3
J (t—u)_r—lo{RT/tRn}dt using Lemma 3.3 (Z)

pﬂ /Pn

1A

8
o{(r [Pn /Pn] /Rn) . (Pn/pn] } J (t-u) "Lt

p?‘l /Pn
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Approximation by NOorlund means 401

-é
: (R[Pn/pn]m").[?n/pn)} ) {%}p /P

=0l 1 /R B ¢ {% ‘3 [i_n - “]—r}

n

{A

r+l
o{ (R[Pn /pn] /Rn)-(?n/pn) } for 0su=p/P .
(i2) The estimate for jlpn; u) can be proved similarly.

LEMMA 3.5. (%)

8 R
_ -r-1 . - -1-r " [1/ul
K(u) = Ju (t-)" 70 (5 t) = O{u —sHe } .

n
(1)
S R
Z _ -r-1— . _ ~1-r " [1/u]
K(u) = J (6-u)™7W (05 t) = O{u — } .
u n
Proof. (%)

K(u) = (t—uj_r_an(rn; t)de

(t—u)-r_lo{R[T]/tﬁh}dt using Lemma 3.3 (Z)

"
(o

{ﬁy“—]} . JG (t-u)"" Lt
U

{ [ulR/nu]} ) {(t__u)"'}i

O{Rflful} R R

]
i~
s

uRn -r
R
offspd . )
n

(ii) The estimate for X(u) can be obtained in a similar manner.

4,

Proof of Theorem 1. Let us write (Zygmund [6])
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n
S (x) = %a_ + A (x) ,
n 0 kz:l k

then we have

T
1 sin(n+})t
Spl®) = fl2) = oy Jo #8) Zinera 4

using (1.3) for ZAk(.r) , We have

n
(4.1) t (r) - flx) = -};—: k}zjo r 5 (@) - fl@)
m n
_ 1 sin(k+¥)¢
= fo o(¢) 2Tk, kgo Tyk  sintj2 %
W
= IO ¢(t)1vn(rn; t)de
{,’UYL/PTL JB ITI ( ]
= + + o(t)N_(r ; t)dt
n-n
0 pn/Pn S
=Il+I2+I3 , say.
Now
n/Pn
(4.2) |I1| < 0(n) o(t)|dt using Lemma 3.1
0
_ . o+l
= 0(n) - 0(p,/P )
= 0{ (pn/Pn)a} as np S P
Further
IR (rys )]
(4.3) I EI )] - |V (r ; t)|dt
2 Pn/Pn n'n
8 R
= f 0(t%) + 0 gz~ dt using Lemma 3.3 (i)
pn/Pn n
S
= J o[t“‘lR )dt
n ‘p_ [P T
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Approximation by N&rlund means 403

0{ (7 (2, /p,] /R,): BylPy) a}
0{ (pn/Pn)“} .

IR

Now we have

b (t) ~A +2 Y 4 (x) cos kt
x 0 &1 k

where A4 . = a, - 2f(x) . Hence we have

m

T ©
(4.3) |I3| < JG IAONn(rn; t)|dt + 2 J kgl A, (z) cos ktl . [Nn(rn; t) |dt

8

1A

y a, cos kx cos kt|
k=1

g1 4
LS |A0Nn(rn; t) ldt ve L

o

¥ b, sin kx cos kt| . |1Vn[rn; t) |dt

T
* N (r,s t)|dt + 2 Ié

k=1
= 13‘1 + I3.2 + I3.3 , say.
Now
1 R
(k.5) I3.l = LS AO ?}ildt by using Lemma 3.3 (7)
= 0(1/R)
=0(l) , as n+ o,
Further

o«

¥ 0{(qk/Qk]B} * {cos k(x+t) + cos k(x-t)}}
k=1

2 Yy ak(:c) cos kx cos kt
k=1

using (2.1)

Z 0(1) < {cos k(x+t) + cos k(z-t)}
k=1

o(1) .

Thus
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m
(4.6) I, ,=00) - Id |, (r,; ¢)]de
v
= 0(1) j IRT/tR |dt by Lemma 3.3 (%)
(S n
= 0(1/Rn]
=0(1) ,as n >,
Similarly,
(4.7) I3+ o(1) .

In view of (L.4), (4.5), (L.6) and (L.7),
(4.8) |I3|' = 0(1) .

Finally considering (4.1), (4.2), (4.3) and (4.8), the proof of the

theorem is complete.

5.
Proof of Theorem 2. We have
T
—_ o1 cost/2-cos{n+k)t
Sn(x) Tem JO w(t) sint/2 dt .
Using (1.3) for ZBn(x) , we have
1 % .z 1 "
(5.1) %n[rn) - Flx) = T ¥ rkSn_k(:c) - 2_1TJ Y(t) cot t/2 dt
n k=0 0
_ 1 % p L n () cost/2-cos(n-k+%)¢t dt
- Rn x=o k on o ¥ sint/2

1
am

i3
J W(t) cot t/2 dt
0

g n
_ 1 cos{n-k+%k)¢t
= - Jo ZnF, v(t) kz:o T~ sint/2 ¢

T
- Jo w(t)ﬁn(rn; t)dt
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Approximation by NS&rlund means 405

/P
Jpn * js F (L) (r ; t)dt
= - + + Y(t)N_ (r ;
0 p,/B, '8 n-n
= Il + 12

+ I3 , say.

Since the conjugate function exists, we have

/P

1 n n

EIF Y(t) cot t/2 dt = o(1) .
0

Hence

/P
1 JPn n _
o . Y(t) cot t/2 dt + 7,

/P
n'n n r cos(n-k+¥)t
- L JF U)(t){cot t/2 -2 ¥ k—-———}dt

on 0 Rn x=o sint/2
1 JPn/Pn ( %1: nik
= U( ) r 2 sin vt }dt
ek, Jo k=0 *|v=o

1A

/P
L f” " jo(e)| % nr, dt
21TRn 0 %<0 k
n/Pn
= 0(n) o(t%)at
0

0{ (pn/Pn)"} .

1R

Thus
(5.2) 17,1 = 0{(pn/z=n)“} +o(1)

Further
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— 6 —
(5.3) |Z,| = J lw(e)] « [V (r,; ¢)lat
P/
8
= I ()] - O(RT/tRn)dt using Lemma 3.3 (77)
Pn/%,

0(1/R) JG (1) - 0(R )dt

o(r @, /p,] /R) - o{ v,/ pn)a}
= o{ (r [Pn /pn] /Rn] . (pn /pn)a}
0{ (pn/Pn)a} .

Finally, since

IA

e

@

w(t) ~2 ) Bk(x) sin kt ,
k=1

we have
— " ® —
(5.4) |I3| =2 J g Bk(ac) sin ktllzvn(rn; t)[dt
§ k=1
mog @ _
=2 J Y b, cos ks sin ktl]N (r ; t)|dt
§ k=1 " non
b 7, (e s 0]
+ZI a, sin kx sin kt||N \r ; ¢} |dt
§ k=1 K ntn
= —I_3.l + f3_2 , say.
Now

2y bk cos kx sin kt y 0{(qk/0k)6} + {sin k(x+t) - sin k(z-t)}
k=1

A

Y 0(1)}{sin k(z+t) - sin k(z-t)}
k=1

o(1) .

Therefore, we have
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— Tr —
(5.5) I,, =o0(1) Js | (r,; t)]dt
gl
= 0(1) j O{R_/tR }dt by using Lemma 3.3 (i)
§
= 0(1/r))
=0(1) , as n>e»,
Similarly
(5.6) T . =o(1).

3.2
Considering (5.4), (5.5) and (5.6), we get

(5.7) II3| =o0(1) .

Consequently in view of {5.1), (5.2), (5.3) and (5.7) the proof of

Theorem 2 is complete.

6.

Proof of Theorem 3. We have, as in Theorem 1,

/P
’Pn n J«S jn ( t)dt
+ + ¢o(t) + N (r ;
0 /Pn s nn

6.1y ¢,(r) - flx)

Py
=J1+J2+J3 , say.
By using Lemma 3.1, we get
n/Pn
(6.2) J, = o(t) * O(n)dt
1o

o(n) - 0{(pn/Pn)l+a} by using (2.4)

o .
0{(pn/Pn) } since np, =P .
Further, since
#(t) ~A_ +2 Y A (x) cos kt ,
0 k=1 k

vhere .40 = a, ~ 2f(x) , we have

0
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A

(6.3) |J

T i1 <
Ja lagn, (r,; t)ldt + 2 Ls k§1 A, (x) cos kt| + |0 (2 ; t)|dt

N

J3.l + J3.2 , say.

Now

(6.4) J

3.1 = (1)

as in Theorem 1. Further

o«

kzi A (x) + cos kt - Nn(rn; t) Nn[rn; t) kéi 0{(qk/Qk)B} * cos kt

using (2.2)

= O{Nn[rn; t)} . k>=:1 {cos kt}

ofw (r; £)} .

Thus

m
(6.5) Iy p = ja ofw, (v, t)}at

T
I O(RT/tﬁh)dt by using Lemma 3.3 (Z%)
[

ox /Rn)

o(l1) , as n >,

Considering (6.3), (6.4) and (6.5), we have

(6.6) |J3| = o(1) .
Finally, following Bosanquet [1], we get

1

t
(6.7) 9, = Fr3y n (r,; t)dt f (t-u)""tdo  (u)

0 1

JG
p, /P,

1 n/Pn S o
EORIN e, (u) Jp /p (t-u) Nn(rn; t)dt
n'"n

https://doi.org/10.1017/50004972700007279 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700007279

Approximation by NSrlund means

409

by changing the order of integration

1 rn/Pn 8
e, 7C Wdo,, () + an/Pn K(w)de,  (v)

=Jdp 1 9.0 s sV

Using Lemma 3.4 (1), we get

6.8) J, . < —-i-—-fpn/ " ol(r R ). (P )r+l}|d¢ u)|
(6.8) 2.1 ~ I'(-r) o [Pn/pn]/ n n/pn r+1(

o{efg, 5,117 @t}

/P
p. /P n''n
. [{ur-o(ul““)}o” " -]P peul L
0

/P
rel n''n rf -
0{ (R[Pn /] /R )2 /2, )" } J’; u {u ”Id@ml(u)l}

0 (ul +a) du:[

by partial integration and using (2.3)

- o, /50 ™)

. l:o{ (Pn/Pn) a+r+1}_r{0 (pn/Pn)a+r+1}:|

{0 6}

Similarly,, using Lemma 3.5 (Z) we get

8
< -1l-r
(6.9) Iy o = 0(1/R) j o ¥ Riy 1190, ()]
pn/ n

1A

§
-r
w|de_ . (u)]
r+l
p, /P,

PR VARCWR] |

= 0{(R[Pn/Pn]/Rn).[pn/Pn)a} by using (2.3).

From (6.7), (6.8) and (6.9), we get
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a
(6.10) J, = 0{(R|Pn/pn|/Rn]-(pn/Pn) }

0{ (pn/Pn)a} .

By virtue of (6.1), (6.2), (6.6) and (6.10), the proof of Theorem 3 is

1R

complete.

7.

Proof of Theofem 4. We have, as in Theorem 2,

AT O
- + + | W (», t)at
o /P s ntn

n-n

(1.1)  E,(r) - F=)

" p

=¢71+72+¢_f3,say.

Proceeding as in Theorem 2, we get
= a
(1.2) J, = O{(pn/Pn) } +o(1) .
Further, we write as in Theorem 2,

¥(t) ~2 ) By(x) sin kt
k=]_

whence we have

'n’ [+
|7|52,J Y B () sin k¢| [T (v s £)ldt .
3 6 k=l k n'n
Now
Bk(x) sin kt = z: O(qk/Qk)B sin kt by using (2.5)
k=1 k=1
= 0(1) Y sin kt
k=1

= 0(1) .

Thus
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(7.3) 7.

Tr —
3| = 0(1) JG |1vn(rn; t) |dt

O(l/Rn) by using Lemma 3.3 (i%)

o(l) , as n+ o,
Now, using the fractional integration for Y(t) , we get

S
(1.4) 7 =—1——j ()

¥ (r;t) ’ (t-u) " av
2 1"(-1") /P Tnd 0 —%
pn n

n'n r+l

1 n/Pn S pl=
= m o ay l(u) J (t—u) Nn[rn', t)dt

8 J —pl—
+ J a¥ ., (u) J (t-u) Nn(rn; t)dt
pn/Pn u

by changing the order of integration

/P
1 n''n _ $ —
(- ”; J(Pn, udy o (u) + J /5 K(u)a¥,, (u)
n n

=dp1 * Ip 0 Y-

Using Lemma 3.4 (Z7) and 3.5 (%) and (2.6) and proceeding similarly

as in Theorem 3, we get

(7.5) Jyq = 0{(R[Pn/pn]/1?n)-(pn/pn)a}
and
(7.6) PP 0{[R[P /pn]/Rn).(pn/Pn)a} )

From (7.4), (7.5) and (7.6) we get

(7.7) I, = 0{[R[Pn/pn]/Rn]-(pn/Pn)a} .

Consequently, in view of (7.1), (7.2), (7.3) and (7.7), the proof of

Theorem 4 is complete.
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