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Let R be a hyperbolic Riemann surface and W an open subset of R with dW
piecewise analytic. Denote by M(R) the space of Dirichlet finite Tonelli functions on R
and by = the harmonic projection of M(R). Consider the relative HD-class on
W, HD(W;oW)={uec M(R)| u| We HD(W) and u | R\W =0}. The extremization op-
eration pp is the linear mapping of HD(W;aW) into HD(R) defined by up=
m | HD(W; @W). Since  preserves values of functions at the Royden harmonic boundary,
the maximum principle implies that wp is an order preserving injection and that
wip=up | HBD(W;3W) is an isometry with respect to the supremum norms.

The term malformed was introduced by Nakai [2] for subsets W of R with the
propery that wgp is surjective yet wpy is not. Royden’s theorem [4] on the CD-denseness
of HBD(R) in HD(R) (and that of HBD(W; 0W) in HD(W; dW)) leads one to believe
that there are no malformed subsets. However, Nakai [1, 2] showed that on an arbitrary
hyperbolic Riemann surface R corresponding to each unbounded function he HD(R)
there is a malformed region W with h¢ u(HD(W;dW)). The proof of this important
result on the classification of Riemann surfaces is elaborate and difficult. In this paper we
show that on a suitably chosen R the task of exhibiting malformed subregions is
considerably simpler. From this point of view the result presented here is weaker.
However, due to its simplicity one can observe a new phenomenon: the existence of
malformed subregions such that the deficiency of w)y, i.e. the dimension of
HD(R)/u5(HD(W; dW)), is infinite.

1. We use the Royden ideal boundary extensively and refer to [5] for the notations
and results. Let T be the Toki surface, a Riemann surface in the class Oyp \ Og. The
harmonic boundary of T consists of a single point p*. Thus, if U is any subregion of T
with T\ U compact, then dim HD(U; aU) =dim HBD(U; aU) = 1. Let g, be the Green’s
function on T with pole at a fixed point e T. For any ae(0,+) let G, =
{peT|gr(p)<a} and set w,=(1-a 'gr)U0. Note that w,c HBD(G,;dG,) and
w, (p*)=1.

LemMma. For a €(0, +o) the Dirichlet integral of w, over T is given by
Di(w,) =27/ 1)

For the proof consider the polar coordinate differentials dr,d@ on T defined by
drir=—dgy, d0 =—*dgr. Whereas r=e™® is a global function on T, § = —g% is defined
only locally. There is a neighborhood of each point of T except the countably many
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critical points of g in which re*® may be used as the local parameter. Thus we have

peio- [ ([ ()

where C, is the positively oriented boundary of {pe T|r(p)<p} and f is a suitable
function on G,. For all but countably many p € (0, 1) we know that

L do=2x 3)

0

(cf. {8, p. 199]). Setting f=gr in (2) and using (3) to evaluate the right hand side gives
Dg_(gr) = 2ma. Since Dr(w,) = Dg_ (o™ 'gr), we conclude that (1) holds.

2. We follow the procedure of [3] for forming a Riemann surface by welding
subsurfaces of T to a region in the complex plane C. Fix v € (0, +) such that T\ G, is

homeomorphic to a closed disc and does not contain critical points of gr. Set ¢ =2x/v and
fix a number a € (1, 2). Define two sequences

ak=akv, Bk=2kv, k=1,2,....
Note that G, = G,, = Gg,. By the lemma in Section 1 we have
Dr(w,)=cla*, k=1,2,.... (4)

We also remark that 1-wj,, |G, = B¢ (gr{9G,)N1=B;'vN1=27 and in particular,
1-wg |8G, <3,  k=1,2,.... (5)

We prepare copies T,, n=1,2,..., of T and for any a € (0, +o) we let G be a copy
of G, in T,. For n=1,2,... define X G;, W,=G,, V,=Gg. We view o, as being
defined on T, and set w, = w, | W,, v, =wp_| V,. We weld the surfaces V,, to the region

D =C\UJ{lz—3n|=1} by identifying 9V, with {{z—3n|=1}, n=1,2,.... Denote the
1

resulting Riemann surface by R. The functions w,, v, can be viewed as being defined on
the subsurfaces W,, V,, of R. Then according to (4) and (5) we have

Dy, (w,)=cla" (6)
and
1-v,]8X, <3, n=1,2,.... N

3. Denote the harmonic boundary of R by A. Since dim HD(X,,; 0X,)=1 we see
that X, NA consists of a single point which we denote by p%. Set A, ={p%, p%,.. .}.

LEMMA. A, is dense in A.

Assume that there is a point q* ¢ A\A,. Then we can find a function u € HD(R) such
that 0<u <1, u|A, =0, u(q*)=1. For each n, u(p)=1-0,(p*)=0 and u|oV,<1=
1-v,|8V,. Thus u|V,<1l-v,|V, and in view of (7) we have u|dX, <1 Consider
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1

the region Ro=R\U X,. Clearly, uldR,=<2. Since R, is planar we conclude that
1

u | Ro=% and consequently u | R <3%. This contradicts u(q*) = 1 and the assertion follows.

4. Set W= U W, and define a function w on R by setting w | R\W=0, w| W, =
w, n=172,.. Clearly we HB(W; aW). By (6) we see that Dg(w)= ZDW (w,) <+

and hence we HBD(W;dW). Since wlA_l—l, the lemma in Section 3 implies that
w|A=1. Thus Ac{p*e R*| w(p*)>0}c= W, i.e. W is a neighborhood of A in R*.

PropoSITION. The extremization ujp: HBD(W;9W)— HBD(R) is surjective.

This follows from Theorem 2 of [1] or can be established directly. Let h be any
function in HBD(R). Then wh is in the Royden algebra since each factor is and we can
set u = mgyw(wh), the harmonic projection of wh on W (cf. [5, p. 165]). Since ue
HBD(W;3W) and pwypu [A=ulA=wh|A=h|A, it follows that ujpu = h.

S. Define a measure o on A as follows:
o(A\A) =0, a({p}}) = Dw, (w,), n=12,.... (8)
The space HD(W; 0aW) is completely determined by o.
ProposITioNn. HD(W; dW) | A= L?(A, o).
Assume that u eHD(W oW). Then u | W, = u(p?*)w, and hence by (8) we see that
00> Dy (u) = ZDW (u) = Z (u(p¥)?o({p}). Conversely, let £¢€ L*(A, o) and define &, =

£(p™). The function u=Z Ew, is in HD(W;aW) and u(p¥)=¢, n=1,2,.... Thus
1
ulA=¢ o-ae.

6. Recall that the definitions of W and o depend on an arbitrary constant a € (1, 2).
Set W =W and o” =g to express this dependence.

PROPOSITION. The subset W° of R has the property that the deficiency of w)y" is infinite.

For the proof set Z* = w3 "(HD(W*; 3W*)). By (8) and (6) it is easily seen that for
a’,a" with a=a’<a"<?2 the space L*(A, 0*) is properly contained in L*(A, 0*"). Since
extremization leaves values on A fixed, the proposition in Section 5 gives Z* | A= LA, o9
and similarly for a’, a”. We conclude that Z* is contained in Z* and that Z% a<a'<2,
form a family of properly increasing subspaces of HD(R).

7. We revert to the notations W and o. In the remainder of this paper we show that
the open set W is contained in a region () such that

HD(; 8Q) | A= HD(W; aW) | A. (9)

Actually, in order to make 9{) piecewise analytic it will be necessary to shift our
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considerations to a Riemann surface R’ obtained from R by removing a point s, from R.
Since the harmonic boundary of R’ can be identified with A and s, will not be in W, the
propositions in Sections 4 and 6 will not be affected. The result in (9) implies that the
image of u coincides with the image of w5 in HD(R') and in particular that the image of
w25 coincides with the image of wjp. Thus our main result will follow from (9) and the
two propositions just mentioned.

THEOREM. There exists a Riemann surface R' and a subregion ) with 9§} piecewise
analytic such that w3 is surjective yet the deficiency of ug is infinite.

The region £} will consist of the union of W, a fixed parametric disc and a collection
of thin strips joining the components of W to this disc. Fix a point p, in the subset D of R
(cf. Section 2) and let g be the Green’s function for R with pole at py. Choose y € (0, +)
such that the set B, ={pe R | gr(p)>v} is homeomorphic to a disc and B, contains no
critical points of gg. We now fix the arbitrary constant a € (1, 2) that determines W so that
none of the critical points of gg lie on aW.

For each positive integer n let p, be a point in the compact set dW, such that
gr(p,) = max,yw_ gr. Then grad gg at p, is perpendicular to the tangent to W, at p,. Here
we are using the notations dr, d for the polar coordinate differentials of R obtained from
gr. In terms of the local parameter re” we can represent W, in a neighborhood of p, in
the form r={,(8), 6 €I, an open interval. The function § has a harmonic continuation
along any integral curve of grad gz with 6 being constant on the curve. Thus we may
choose 6,€l, such that the maximal integral curve of grad g, starting at the point
g. € aW, with 8(q,) = 6,, r(q,) = f,(6,) does not terminate at any of the critical points of
gg. Therefore, this curve intersects 3B, and we denote by [, the portion connecting g,
with 98B,

Let S, be a region on which 6 is well-defined and which contains [, but does not
contain any critical point of gg. Then re'® may be used as the parameter on S,. Denote by
go the minimum of the positive quantities min|t—86,| and inf |6(p)—6,]. For any
£ e (0, g,] define tedl, peas,

Ur=W,U{peR||6(p)—6,|<e and e <r(p)=f,(6)}.
Clearly U is a region containing W, with dU® piecewise analyticand (| U= W, U1,

O<e=egy

where [, =1, \8Bs,. Moreover, if n# n’, then the U?, U?. constructed here are disjoint.

8. Consider a fixed positive integer n. For each integer m >gg' there is a function
U, € HD(U™; dUY™) such that u,, (p¥) = 1. Extend the definition of w, to R by setting
w, | R\ W, =0. It is easily seen that for m'>m>¢;', w,=u, <u, <1 on R. Thus
u= lir{‘n u,, exists on R,

w,<u=u, on R, (10)

u | W, is harmonic and u | R\ (W, N1,)=0. By (10) we see that if we set u(p¥)=1, then u
is continuous on W, N{p%}. Since each point in W, \{q,} is eventually contained in
R\ U™, (10) implies that u vanishes continuously on dW, \{q,}. Let gr(:, g.) be the
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Green’s function on R with pole at g,. We apply the HB-maximum principle (cf. [5, p.
160]) to w,+ngr(-,q,)—u for any >0 and let n—0 to obtain w,=u on W,
Consequently, u=w, on R\, Since the sequence {u,,} is eventually harmonic at each
point of R\(dW, Ul,), we conclude that

limgrad u,, =gradw,, on R\ (0W, Ul,). (11)

For m’'>m > ¢y, the function u,, — u,,- vanishes on (R\ U™)U{p*} and is therefore
orthogonal to a harmonic projection on U)" (cf. [5, p. 162]). In particular,
DR(um - um'y um) = 0 and COﬂSCquently

OSDR(um’_um)=DR(um')_DR(um)- (12)
Similarly,
OSDR(wn_um)=DR(Wn)_DR(um)' (13)

Thus {Dg(u,)|m>eg'} is an increasing sequence bounded above by Dg(w,). Set
d =1lim Dg(u,,). Let m’'— +o in (12). By (11) and Fatou’s lemma we arrive at 0=

Dg(w, = u,,)=d— Dg(u,) which, by the triangle inequality, implies that lim Dg{(u,,) =
Dy (w,). Choose a positive integer m, such that "

Dg(w,)/2 < Dg(u,, )< Dg(w,). (14)

We repeat this construction for each n=1,2,.... Set Y,=U\™, y,.=u,, and

Y = U Y,.. Also define a measure 1 on A by setting 7(A\A;) =0, +({p*}) = Dr(y,). By (14)
1

and (8) we see that o(A)2=7(A)=0o(A) for any subset A of A. Thus L*A, o)=
L?*(A, 7). On the other hand, by the reasoning of Section 5 we can establish that

HD(Y;3Y)|A=L3*A, 7). (15)
It follows that
HD(Y;0Y)|A=HD(W;3W)|A. (16)

9. Each component Y, of Y intersects the disc B, and 3Y NaB,, has precisely one
accumulation point sg in R. We now regard R’= R\{s,} as a Riemann surface in its own
right. Let R™ be its Royden compactification and denote by B the closure of a set B in
R'*. Let D, be a punctured disc centered at s,. Then there is a homeomorphism between
R"™\ D, and R*\ D, with harmonic boundary points corresponding to harmonic bound-
ary points (cf. [5, p. 189]). Since the Green’s function of R’ (with pole at a fixed point in
R') is a potential bounded away from 0 in Dy, all the harmonic boundary points of R’ are
contained in R"*\ D,. In this sense the harmonic boundary of R’ can be identified with A.
Thus (16) continues to hold when Y and W are viewed as subsets of R'.

Define Q=Y U B,,. Clearly Q is a region with piecewise analytic 9 in R’. The final
step in our proof is to show that

HD(Q; Q)| A=HD(Y;dY)|A. (17)
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Let ve HD(Y;dY). Set u=mm (where M=R\0). Then u |A=v]|A and since
v | R\Q=0 we have ue HD(Q; 8Q}). To establish the converse let fe M(R') such that
fIR'\B,=1 and f| Bs,>=0. The support of grad f is compact in R’ and consequently,
for any ue HD(Q; 3), fue M(R’). Moreover, fu=0 on (R'\Q)U Bs,, which contains
R’\'Y. Therefore the function v = my(fu) (where N = R\Y) belongs to HD(Y;dY) and
v|A=(fu)|A=u|A.

In view of (17) and (16) we conclude that (9) holds for R’. This establishes the
theorem.
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