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DIHEDRAL GROUPS OF AUTOMORPHISMS
OF COMPACT RIEMANN SURFACES

QINGJIE YANG

ABSTRACT.  In this note we determine which dihedral subgroups of GL4(C) can be
realized by group actions on Riemann surfaces of genusg > 1.

1. Introduction. We study the realizability problem for dihedral groupsin GLg4(C).
Thisisaspecial caseof amoregeneral problem. A group G of analytic automorphismsof
aRiemann surface Sof genusg > 1 can be represented as asubgroup R(S, G) of GL4(C)
by passing to the induced action on the vector space V of holomorphic differentials. The
problem is to determine those subgroups of GL4(C) which are conjugate to R(S, G) for
some Sand some G. In 1983, |. Kuribayashi proved that an element A of prime order in
GLy(C) isredizableif and only if A satisfiesthe “Eichler traceformula’ [1]. In 1986 and
1990, I. Kuribayashi and A. Kuribayashi determined all realizable subgroups of GL4(C)
for g < 5(see[2], [3], [4] and [5]). We consider dihedral groups Dy, where pis an odd
prime.

MAIN THEOREM. A dihedral subgroup of order 2p in GL4(C), p an odd prime, is
realized by an action on a Riemann surface of genus g iff each non-identity element has
integer tracelessthan or egqual to 1.

2. Some lemmas. The essentia ingredients of the proof are the relationships be-
tween group actions on compact connected Riemann surfaces and Fuchsian groups, as
well as the Lefschetz Fixed Point Formula. Let Do, be the dihedral group of 2p ele-
ments and Ty, T> € Dy, be two fixed generators of orders p and 2, with the relations
Th = T3 = (TyT2)? = 1. Suppose there is an embedding of Dy, in Aut(S). Then we
have afaithful representation R: Dy, — GLg(C), by passing to the space of holomorphic
differentials on S. Recall that the genus of Sis assumedto be > 1.

Wewant to characterize such subgroups R(D2p). We denoteby D (A, B) any subgroup
of GL¢4(C) generated by A, Bwith therelation AP = B2 = (AB)? = |. Let G; = Dpp(Ai. By),
i =1, 2. Gy and G, are said to be conjugate, denoted by G; ~ G, if thereisQ € GL4(C)
such that Q~1G;Q = G,, and strongly conjugate, denoted by G; ~ G,, if Q71A1Q = Ay
and Q1B;Q = B,. A subgroup Dzp(A, B) is said to be realizable if it is conjugate to
some R(D2yp).

It iswell known that the trace of an element of order 2in GL4(C) isan integer, and the
trace of an element of order p in GL4(C) is an agebraic integer in the cyclotomic field
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Q(¢), where( = e% . A subgroup G in GL4(C) is called an I-group if all elements of G
haveinteger traces and furthermore G is called an IR-group if each non-identity element
has integer trace lessthan or equal to 1.

Let X € Day(A, B) be of order p. Then X ~ X1, and hence tr(X) = tr(X™1) = tr(X).
Therefore tr(X) isareal number. Furthermore if tr(X) isrational, then tr(X) is an integer.

LEmMMA 1. If some element X € Dyy(A. B) of order p has rational trace, then the
group D2y(A, B) isan I-group and all elements of order pin D, (A, B) are conjugate.

PROOF. It is clear that tr(X) = k+ky(C +¢ 1)+ +kn(¢™+¢™) (m = &2), for
some non-negative integers k, ky, ..., ky with k+ 2(kg + - - - + ky)) = g. But ¢, ..., ¢t
are independent over the rational field Q, so we havek; = .-+ = kq, say |. Therefore
tr(X) = k—I isan integer. Also we have some matrix Q € GL4(C) suchthat Q" 1XQ = A
where

I

A = ¢h

\ oy,

All elements of order p are powers of X, so they have the same canonical form and the
lemmafollows. ]

LEMMA 2. Suppose G; = Dyy(Ai, B), i = 1, 2, are two I-groups. Then the following
three conditions are equivalent.

1. G ~Gy;

2. Gy ~ Gy;

3. tr(Aq) = tr(Az) and tr(By) = tr(By).

PrOOF. Let G = Dyp(A, B) be an I-group. Let Q € GLy(C) be a matrix such that
Q~1AQ = A. Then from therelation AB = BA~1 it follow that

Bi1
Q'BQ= ( %2
Bp.2

where By ; isak x k matrix, and By, B3y—1, . ... By arel x | matrices. We also have
B?, = Iy and BjB;; =1, since B? = |. The matrix Q~1BQ can be conjugated to
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where x +y = k, by amatrix R commuting Q*AQ. In fact

Ry
B2p

Bp pia
» 2

2
\ I I(p—1)
2

where R 1By 1Ry = Ix | ) Thus every dihedral 1-group G & Dgy(A, Bxy). By
—ly

simple calculation we haveg = x+y + (p — 1)l and tr(A)) = x +y — |. The number of

[} blocksin Byy is p — 1, an even number, and therefore tr(Byy) = x — y. From these

equationsthe equivalences easily follow. n

3. Proof of Main Theorem. If ¢ is an automorphism of S of finite order greater
than 1, then we have the L efschetz Fixed Point Formula, tr(c) +tr(c) = 2 — Fix(c), where
Fix(o) isthe number of fixed points of o, see[7]. It is easy to deduce

LEMMA 3. If Dy(A, B) isrealizable, then Doy(A, B) is an IR-group.

PrROOF. In our case tr(c) = tr(o), and Fix(o) is an integer. Hence Dap(A, B) is an
[-group, see Lemma 1. Also since Fix(c) > O, we get D2p(A, B) is an IR-group. m

Thus we have completed the proof of the necessity condition of Main Theorem.
To any action of D2, on Swe can associate a short exact sequence of groups

t S
—

— 0
1-N—T=rg;p,....p.2.....2) > Dgp—1

where " has generators

and relations
(1) A’iz"'zAtp:Biz"’:Béz[xl-Yl]"’[Xgo~Yg0]A1"'A(Bl"'BS=1

By the Riemann-Hurwitz formula

) @—n=m@—n+@—m+%

we see that s must be even. From the results of Macbeath [6], we see that Fix(Tp) = 2t
and Fix(T2) = s. Hence if Dyy(A, B) is realized by this action then tr(A) = 1 — t and
tr(B) = 2%5 Conversely, if we have such a short exact sequence and IM is torsion free
then we can deduce a group action of Dy, on some S of genus g which is given by (2)
andtr(Tp) = 1—t,tr(Tp) = %S To prove the sufficiency condition of the Main Theorem,
we also need the following lemma.
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LEMMA 4. Assumethat Do(A, B) isan IR-group. Then (g+(p— D tr(A) +ptr(B))
is a non-negative integer.

Proor. Thisis an easy calculation. Let A, B be of forms Ay, Byy, asin the proof of
Lemma 2.

g+(p—Dtr(A) +ptr(B) = x+y+(p—Dl+(p—DXx+y—1)+px—y)
= p(x+y) +p(x—y)
= 2pX.
Thus 5 (g+ (p— 1) tr(A) +ptr(B)) = xis anon-negativeinteger. n
Now we can complete the proof of the Main Theorem.
PROOF OF MAIN THEOREM. Lett=1—tr(A), s=2— 2tr(B), and

1
Qo = Z)(g +(p—1)tr(A) +ptr(B)).
t S
. . . — e, —_—N—
We define an epimorphism 6:T(go; p. . .., P, 2, . .. , 2) — Dy, asfollows:

Case 1. If tr(A) <Oandtr(B) < 0,thent > 1ands > 2. We define
BA)=T2, 6(B)=TpT. and 6(X)=6(Y) =1
where &, by areintegerswith1 <a <p—1land T, & + stzl(—l)Sﬂbj =0 (mod p).
Case2. Iftr(A)=l1landtr(B) < —1,thent=0ands > 4. Welet
0(B)=ThT, and 6(X)=6(Y}) =1,

where by are integers (not all the same) with 0 < by < p—1and =5, (-1)'b = 0
(mod p).
Case 3. If tr(A) <Oandtr(B) =1,thent >1,s=0,andgo > 1. We set
OA) =T, 605)=Ty and 6(Y) =T
where g, ¢j areintegerswith1 < g <p—land YL, & + 22?21 ¢ =0 (mod p).
Case4. Iftr(A) =1,tr(B) =0,thent =0ands= 2, and g > 1. We define
0(B1) =0(B2) =T and 0(X) =0(Y) = Tp.
CAasebS. Iftr(A) =1landtr(B) =1, thent=0,s=0, and go > 2. We define
0(X1) =6(Y)=Tp, and 6(X)=06(Yi)=T, (fori=2,.... Oo)-
It is easy to check that 6 is awell defined epimorphismin all cases. Let I = Ker(6).
We get a short exact sequence of Fuchsian groups
t S
— | NN 0
1—-N—T(;p,---,p:2,..., 2)— Dyp— 1L
It isalso easy to check that I is torsion free and then there is an action of Dy, on some
S by Lemma 2, which realizes Doy (A, B). ]
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CoRoLLARY 1. Theminimal genusof Dy, isp — 1.
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