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Abstract

We establish a method of constructing kernels of Bergman operators for second-order linear partial
differential equations in two independent variables, and use the method for obtaining a new class of
Bergman kernels, which we call modified class E kernels since they include certain class E kernels. They
also include other kernels which are suitable for global representations of solutions (whereas Bergman
operators generally yield only local representations).

1980 Mathematics subject classification (Amer. Math. Soc.) : primary 35 J 15; secondary 35 C 15.

1. Introduction

LetQ = G x G* < C?, where G is a simply connected domain in the complex z-plane
such that 0e G, and G* is the corresponding domain in the z*-plane. Consider the
differential equation

(1.1) Lu = u, .+ b(z, z¥) upu + (2, 2*)u = 0,
where b, ce C“(Q2). Note that (1.1) can be obtained from
Aw+ A(x, y)w, + B(x, y)w, + C(x, y)w = 0

by setting z = x +iy, z* = x —iy(x, ycomplex), and that the absence of the u,-term in
(1.1)is no restriction of generality. We exclude the trivial case ¢ = 0. All C*-solutions
of (1.1) in Q can be locally represented by Bergman operators. Such an operator

T,: C%(D,) » C*(D, x D},
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1s defined by

1

(1.2) (T, N)(z,2%) = J

gz, z*,t) f(zr) 2r)"¥dt, ©=4(1-17),
1

where ¥ = min (r, 2F), D, is an open disc of radius 4 about the origin, ge C*(Q, x J),
Qy=D,xD5<cQ,and J=[—-1,1]

DEerINITION 1.1. g is called a Bergman kernel for L(in Q) if

1.3) Kg = 2tg,—t 'ga+22tLg =0 (z,2%,)€Qo xJ
(1.4a) (2) "1 g, e COQy x J),
(1.4b) t¥g,,—»0 ast— +1 uniformly in Q,.

An operator T, with such a kernel is called a Bergman operator for L (in Q,), and fan
associated function of u = T, f.

THEOREM 1.2 (Bergman (1969)). If fe C*(D;) and T, is a Bergman operator for L in
Qo, then u = T, fe C*Q,) and Lu = LT, f=0 in Q, = D, x D%

By means of Bergman operators one can utilize methods and results of complex
analysis for characterizing general properties of solutions of (1.1); in this way one
obtains theorems on the location and type of singularities, the coefficient problem,
the growth near the boundary of the domain of holomorphy and other basic
properties; for some recent developments, see Meister and others (1976). In general,
an equation (1.1) being given, there exist various Bergman kernels g. In connection
with those applications, the ‘simplicity’ of g is essential. Hence the development of
methods for constructing suitable Bergman kernels is a fundamental problem,
which has attracted particular interest during the past decade and is far from being
solved, although important special classes of kernels (first and second kind, class E
(see below), class P) have been introduced and investigated.

In connection with Riemann’s method, the determination of the Riemann function
of a given equation (1.1) is often accomplished by means of ordinary differential
equations; see Wood (1976) and Geddes and Mackie (1977). This suggests a similar
approach for Bergman kernels, although K in (1.3) is more complicated than the
adjoint L*. A first systematic contribution in that direction was made by Florian
(1962, 1965). Relations to the theory of class P operators were later obtained by
Kreyszig (1973). In the present paper we show that the method of ordinary
differential equations can be developed to include certain operators of class E and
other Bergman operators which yield global representations of solutions.
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2. Ordinary differential equations for modified class E kernels

For a Bergman kernel
21 g=4@), q=4qlz,z%1), (zz%0)eQx]

we immediately have from (1.3)

LemMMA 2.1. A Bergman kernel (2.1) for L in Q satisfies

(2.2a) rg"+sg'+g =0, ‘'=d/dq (z,z%t)eQxJ,
where

22b) r=[(zet) ' 1q,+ ¢ 4,1 qpn

(2.2¢) s = (zct) " Y1 e — 3t g+ ¢ (g e+ bgye).

The main problem now is the determination of functions g such that (2.2) becomes
an ordinary differential equation with g(z, z*, t) as the independent variable. We shall
give a solution of this problem for g(q) with

(2.3) q(z, z*,t) = exp[ 2‘,0 q,(2,2%) t“:|, meN.

If g(q) = q with g as in (2.3), then T} is called an operator of class E and its kernel g a
kernel of class E. A given equation (1.1) is said to admit an operator of class E if C*-
solutions of the equation can be obtained by the use of such an operator; similarly
for other classes of operators. Necessary and sufficient conditions for (1.1) to admit
an operator of class E were obtained by Kreyszig (1955). We shall now determine
conditions on g in (2.3) such that (2.2) becomes an Euler equation

(24) xq*g"+Pag +9 =0

and characterize the operators L in (1.1) which admit Bergman operators with such
simple kernels. The latter include certain operators of the first kind (see Bergman
(1969), p. 12) as well as operators of class E (called operators of exponential type in
Bergman (1969), p. 31). These new Bergman operators and their kernels are said to
be of class E,,; we also call them modified class E operators and kernels, respectively.

THEOREM 2.2. q in (2.3) satisfies (2.2b) withr = aq® and (2.2c) with s = Bq if and only
if B = a. The corresponding solutions

(2.5) g(q) = A, cosdq+A,sindg (6% = a Y
of (2.4) are Bergman kernels for L with
(2.6) b=0, c=gq,q,,+20z,
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and the coefficients of q are of the form

4 - m
(a) qO(z) = Z dv zv’ dy = Const, P = 5 R
v=0

T Qu+D)! S\p

ag = ag(z*), a,=constif v>0, o=[Im—1)],

QT ) dari(zz® = SHEY 5 (v>av 2 p=0,..0,

@ a@=crE ()i st

3. Proof of Theorem 2.2

(2.2¢) can be written
2qu‘t -t ! q:+ + 2Zt(qzz* + qu‘ - ﬂcq) =0.

Substituting (2.3), dividing by g and abbreviating the exponent in (2.3) by p(z, z*,t)
we have

20(p,ug+ Py P) =17 P+ 228(p, 04 P, Pre+ bp— ) = 0.

Let [ ] denote the equation obtained from this by equating the coefficient of ¢/ to
zero. From [ —1] we have g4,. = 0. Hence by [1],

(3.1) ¢ =(q1 91+ q222)/2Pz.
[0] is an identity. [ j] with j =m+2,....2m+1is

;0 Ej+vqm—v,z‘ =0,

0
(3.2) Ek=[220_2"(’("”"1)]%—».—1+(k-m+1)qk—m+1,

q,=0 ifu>m
We show that g,,,. = 0. Suppose not. Then
(3.3 E;=0, j=m+2,.,2m+1,
from [ j] stepwise, beginning with j = 2m + 1, proceeding in descending order and, in

each step, using E; = 0 with i = j+1,...,2m+ 1. Equation [m+1] is

(3 4) (F_rn)qrrlz‘+2zqmzz'+v§1 Em+ 1+vdm—v, 2+ = 09

F = 2(q, + zq,, + zb).
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Here 2z2q,,,,« = mq,,,. by differentiating E,,, ., = 0, so that F = 0 by (3.3) and (3.4).
With F = 0 and (3.3), equation [m] becomes simply

(35) q: qmz"‘_(m—1)qm—1,z"+22qm—l,zz‘ =0

Here 2zq,,_, ,,. = (m—1)g,,_, .. by differentiating E,,, = 0. Hence ¢, g,,,» = 0 by
(3.5). By the assumption that ¢,,,. # O we have q, = 0. Hence by (3.2) and F =0,
from [m — 1] we finally obtain g,,,. = 0, contradicting g, # 0. The same method
proves

(3.6) 4»=0, j=3,.,m—1,

stepwise in descending order, for each j obtaining a contradiction to g;,. # 0 from
[j—1]. Next we note that (3.3) with j = m+2,...,2m—1 is equivalent to

(3.7 22q;,—jq;+(i+2)g5+. =0, j=1,..m=2,

and remains valid; indeed, this now follows stepwise from [m + 1], [m], ..., [4], in this
order. q; = 0 was obtained from g,,,. # 0 which is false, so that g, # 0 becomes
possible. (3.6) is valid in both cases. In the case g, # 0 it gives g5, = 0 by [2]. Hence
by (3.1),

(a) qd1 qlz‘/zﬁz 1f‘11 ?é 0’
(3.8) c=
(b) G222 ifq, =0.

Since ¢ = 0is excluded (see Section 1), F = 0 now follows from [3] ifg, = 0 and from
[2]if g, # 0. From F =0,

(3.9 b= —dqy/dz—q,/z
Furthermore, by integrating E,,,., =0 and E,, =0,
Im :kmz’n/z’ Im-1 =km—lz(m—”/2'

Starting from this and using (3.7), we find that
(3.10) 4:(z,2%) = ap(z¥) 22 + ¥ a,2""4,
v=1

which proves (2.7b) with u = 0. Solving (3.7) algebraically for g; . ,, we obtain (2.7b)
with pu = 1,..., o, stepwise from (3.10). Formula (2.7¢) is obtained similarly, first for
1 = 1from (3.7), and then for u = 2, ..., p by the transformed form of (3.7), as before.
We now also see why g;,. = 0,j = 3,...,m, implies a, = const,v = 1,...,,0,in (3.10), as
shown.
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We now turn to (2.2b) with r = ag?. Substitution of (2.3) gives

< u v—1 um < v
(3.11) T #gl Guort vgl vq,t"" 2t ,ZH Quoet vgo q,,t' = azct.

We equate the coefficients of each power of t on both sides, denoting by {;} the
equation corresponding to ¢/. Then {1} is ¢, g,,» = 2azc. Hence § = a by (3.8a). Since
q, = 0 would yield the trivial case ¢ = 0, (3.8b) is excluded and the second formula in
(2.6) is proved. Furthermore, {2} and g,,. # O give

2qo(z)+q,(2) = 0.

This implies b = 0 by (3.9) and also entails (2.7a), which now follows from (2.7c) with
p = 1. The other equations {3},...,{m+2} are equivalent to (3.7) and (3.3) with
j=2m, 2m+1, so that they do not cause new conditions. Theorem 2.2. is proved.

4. Further properties of modified class E kernels

From (2.7a) and (2.7c) it can be seen that the sum of the terms in the exponent of ¢
in(2.3) containing even powers of t may be arranged in powers of zt, so that (2.3) then
becomes

o P
(41) q(z’ Z*, t) = exp[ Z q2u+ 1(29 Z*) t2”+ ! + Z dv(ZT)v:I’
u=0 v=0

where d, = 2”Jv. This is useful in simplifying kernels for a given L, particularly for
obtaining minimal kernels for L, that is, Bergman kernels g(g) with g of the form (2.3)
and of minimum degree in t. (For minimal kernels in other classes of Bergman
operators and their application, see Kracht and Schroder (1973).)

The class E,, includes operators which are not of class E. Indeed, this holds for
certain operators of the first kind as well as others. A simple example will be given
below. On the other hand, we have the following remarkable fact.

PROPOSITION 4.1. If Lin (1.1) admits a Bergman operator of class E,,, it also admits
a Bergman operator of class E.

PROOF. Suppose that an operator L admits an operator T, of class E,;,, whose
kernel we denote by g. From (2.6) and (2.7¢c) we see that ¢ does not depend on
45,(2,2%), p =0,...,p. Hence by choosing Jv =0, v=0,..p, we obtain from g
another kernel

d(q) = A, cos p, + A, sin 5p,
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for the operator L under consideration; here, p, denotes the first sum on the right-
hand side of (4.1). Clearly, we can take 4, =0 and 4, = 2, so that

(4.2) g(q) = exp(idp,)+exp(—idp,).

Substituting this into (1.2) and setting ¥ = —¢ in the integral corresponding to the
second term on the right-hand side of (4.2), we obtain a representation of # by an
operator of class E, and the proposition is proved.

ExaMPLE 4.2. We call Aw+y(x, y)w =0 or
4.3) Lou =t u+c(z¥)u=0
the generalized Helmholtz equation. L, admits operators of class E,,. The simplest of
them has the kernel
4.4 g(z,z*,t) = cos q,(z,z%)t, q,(z,z*) = a(z*) z*.

This operator is not of class E. It is of the first kind if and only if a(0) = 0. For
instance, we see that this holds for the classical Helmholtz equation

(4.5 Aw+k*w=0 or u,.+ik*u=0.

This generalizes a result by Florian (1962) for (4.5) which he obtained in a different
way. We further note that the operator T, with kernel (4.4) maps f,(z) = z” onto
solutions of (4.3) which are essentially Bessel functions; more precisely, from (1.2)
and a well-known integral formula (see Watson (1966), p. 25) we have

ul(z,2*) = (T, f)(z,2*) = /(M T(n+4) 2" q,(z, )" ] (q,(z, 2*).

We finally mention that the operator ’T; obtained by the process of reduction in the
proof of Proposition 4.1 has the property that each solution

(4.6) u(z,2%) =T, L)z 2%, =2, n=01,.,

satisfies an ordinary linear differential equation with x = (z+2*)/2 as the in-
dependent variable, of order independent of n and not exceeding m + 1. This follows
from a result by Kreyszig (1956) and is of interest in applying the Fuchs—Frobenius
theory for characterizing singularities of solutions. We conjecture that a similar
result holds for operators T, of class E,,, but the order of the equation may be larger
in this case (although still independent of n).
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