ON THE IMBEDDING PROBLEM OF NORMAL
ALGEBRAIC NUMBER FIELDS

EIZI INABA

Let G and H be finite groups. If a group G has an invariant subgroup H,
which is isomorphic with H, such that the factor group G/H is isomorphic with
G. then we say that G is an extension of H by G. Now let G be the Galois
group of a normal extension K over an algebraic number field % of finite degree.
The imbedding problem concerns us with the question, under what conditions
K can be imbedded in a normal extension L over k such that the Galois group
of L over k is isomorphic with G and K corresponds to H. Brauer connected
this problem with the structure of algebras over %, whose splitting fields are
isomorphic with K. Following his idea, Richter investigated its local aspect using
the norm theorem in the class field theory. Counsidering the case, where G is
a p-group and the order of H is p, Scholz, Reichardt, and Tannaka succeeded
to construct a normal extension over %k, whose Galois group is a given p-group
with p=2. Scholz also solved the case, where G and H are both abelian. In
spite of the efforts of these mathematicians the general case remains in a situa-
tion very difficult to approach. In the present paper we shall investigate the case,
where G is arbitrary and H abelian of type (p,..., p) for a prime number p.
In view of the fact, that every solvable group has a chief series {G;} such that
the factor groups G;/Gi+ are abelian of type (p,. . ., p), the following investiga-
tion shall be available for the construction of normal extensions with solvable
groups.

In the following we identify H with H. Let gs€G be a representative of
the coset, which corresponds to sEG. We denote with sk the element gshgs'
€ H, which is uniquely determined for s€ G and h& H irrespective of the choice
of gs from the coset. H becomes a G-module by this operation and yields a
representation 4 of G. If the rank of H is #, then every element in H can be
regarded as an n-dimensional vector, whose components are integers mod. ».
If it corresponds a matrix A(s) for s€G in the representation 4, then sk = A(s)h.
From gsg: = A(s, t)gs with A(s, t) € H it follows

(D) Als, 1)+ A(st, u) = A(s, tu) + A(s)A(L, w),

where Als, t) is called the factor set of the extension G of Hby G. If we take
gt = B(s)gs with B(s) € H in place of gs, then we have a factor set A'(s, ), which
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is equivalent to A(s, t), and
A'(s, t) = A(s, t) + B(s) — B(st) + A(s)B(¢) .

The transformation of the basis of H gives rise to a representation DAD™, which
is equivalent with 4. In this case we obtain the factor set DA(s, t) in place
of A(s,t). Itis well known that the extension of H by G is uniquely determined
up to isomorphism by the class of representations and the class of factor sets.

Now let S be a subgroup of G. If there exists B(¢)EH for every ¢S
such that

A(ag, 7) = B(a) — B(ar) + A(a)B(7)

for every o, €S, then we say that A(s, #) splits relative to S. In this case
A(s, t) is equivalent to a factor set A'(s, t) such that A'(s, v) =0 for every o,
rES. 4

LEMMA. o being any fixed element in G, A(v)A(v™'sv, v"'tv) is a factor set,
which is equivalent to A(s, t).

This lemma can be easily verified, if we choose gt = g g1s0&;" as the repre-
sentative of the coset gsH in place of g. From this lemma we have readily

TaeoreMm 1. If A(s, t) splits relative to S. then it splits also relative to any
conjugate subgroup v~ Sv of S.

THEOREM 2. Let S be a p-Sylow subgroup of G. If A(s, t) splits relative
to S, then it splits relative to G. Two factor sets are equivalent to each other,
if their difference splits relative to S.

Proof. Let 1S,7=1,..., 7, be all left cosets of Sin G. We can assume
that A(g, v) =0 for every o, €S and A(4,0)=0,i=1,...,7, for every ¢ES,
if we put g, =g:,8,. Since we have from (1) A(s, ¢) =0 for every ¢v&S and
sEG, it follows A(s, ) = A(s, to) from (1). If we put

B(%) = lzfle(u, t)

for every #&G, then B(u) is determined uniquely irrespective of the choice of
the representatives #; in the cosets #:S. Then we have from (1)

B(u) — Bluv) + A(u)B(v) =rA(n, v)

for every u, v&G. Since the index 7 of S is prime to p, A(%, v) splits relative
to G.

By this theorem we see that the extension G is completely determined by
the representation 4 and the part of the factor set for a p-Sylow subgroup S.
When in particular the order of G is prime to p, then G is determined completely
by 4. Next we consider the case, where .1 is irreducible. This means that the
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G-module H is irreducible, i.e. H has no proper subgroup, which is an invariant
subgroup of G. In this case the extension G is called irreducible. When G is
not irreducible, it can be obtained by repeating irreducible extensions. In fact,
choose an irreducible G-submodule H; of H. Then G becomes an irreducible
extension of H; by G/H, and G/H; an extension of H/H; by G, and so forth.
Now let S be the subgroup of G, which corresponds to S in the natural homo-
morphism G- G. By a theorem on finite groups it follows that the intersection
of H and the center of S has a vector, which is different from zero, since S is
a p-group. Consequently there exists %0 in H, such that ¢k =% for every
o€S. The submodule of H, which is generated by th, t=1,..., 7, is a G-
module and hence is identified with H, since H is an irreducible G-module. Then
we can assume that #k, . . ., £,k form a basis of H, where n<7. If in particular
S is invariant, then H becomes a G/S-module and yields an irreducible repre-
sentation A of the factor group G/S.

Every element #& G induces a permutation of all left cosets #S with u#:S
=tiu,S and hence a permutation - Z(#) of indices 7 with (uv) =i(v)(u). Let
the matrix A¢(#) = (4;{n)) be determined such that A;(u) =1, if i=j(«), and
2ij(u) =0, if i j(u). Then A(u) yields a representation .1, of G, which is in-
duced by the identical representation of S. If in particular S is invariant, then
A, is the regular representation of the factor group G/S. We can assume that
t is the identity of G and, putting

S

we have
0

hi=tih= A= | 1 |.
0
We denote with H, the G-module, which is gererated by h;, i=1,..., 7. An
extension Gy of H, by G with the representation .1, shall be called regular. The

following theorem asserts that every irreducible extension can be obtained by
means of a certain regular extension, if S is invariant.

TueoreM 3. Let G be an irreducible extension of H by G. If the p-Sylow
subgroup S of G is invariant, then there exists a regular extension G, of H, by
G and a submodule T of Hy, such that G is isomorphic with Go/H and H corre-
sponds to Hy/H.

Proof. Since the order of G/S is prime to p, its regular representation .l
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is completely reducible. There exists a submodule H; of H, with Hy = Hy+ H,
such that H is operator-isomorphic with H;. If A is the irreducible representa-
tion of G by H, then we have

- 4 0
DAoDl:(O X)

Let A(s, t) be the factor set of the extension G. Putting

al(s, t )
A(s, t) = . ,
an(s, t )
we consider the 7-dimensional vector

(al(s, t) )

A(s, 1) = an((s), t)

0 /
Then this becomes a factor set for the representation DA,D™" and yields a regular
extension Go of H, by G. The factor group Go/H: is now an extension of Hy/H:
by G, where H,/H: is isomorphic with H. Its factor set can be identified with
Als, t), the representation being 4. Hence G is isomorphic with Go/H; and H
corresponds to Hy/ H:.

If S is invariant, then A(s) is the unit matrix for every ¢€S. Hence
every component al(s, t) of the factor set A(s, ) for an irreducible extension
satisfies the relation

(2) a(o, 7) +alor, ¢) =alo, v¢) +a(z, ¢)

for o, t, ¢E€S. This is also satisfied by every component of the factor set for
a regular extension, since Ai(¢) is the unit matrix for ¢€S. From the preceding
lemma we have

At At ati, t7'eti) = Ao, ) + Bla, i) — B(ar, ©) + 4o(a)B(x, i) .
If we consider only the i-th components, then this implies
a7 'oti, t7'cti) = ai(o, ©) + bi(a, ) — bi(or, §) +bi(z, 7).

Now, putting
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a;(tflotl, ifl‘t‘tl) bl(d, 1)
Ao, ) = } . Bo=| = |,
al(t;latfa t;l‘l'tr) br(O', 7’)

we have
A'(a, 7) = A(g, t) + B'(s) —~ B'(s1) + A(a)B'(7)

for ¢, t€S, If we choose B'(s) arbitrarily, when s does not belong to S, then
we can extend A'(g, ) to a factor set A'(s, t), which is equivalent to A(s, t)
by theorem 2, such that

Al(s, t) = A(s, t) + B'(s) — B/(st) + 4(s)B'(t) .

The vectors A'(g, t) can be determined only by the values of the first components
ai(o, t) of Alg, 7) for all g, tES. The set of values ai(s, ) is called the funda-
mental component of the factor set for the regular extension and denoted with
a(o, 7) in place of ai(s, ). We say that two fundamental components a(s, 7)
and a'(g, v) are equivalent, if there exist integers #(¢) mod. p such that

a'(o, v) =als, v)+b(s) —b(ar) +6(r)

for all s, r€S., Two fundamental components yield a same regular extension
up to isomorphism, if and only if they are equivalent. We suppose that it holds

A’O...g

()A._,...

DADT=) o,
00 An

where /; are irreducible. Then the factor set DA/(s, r) decomposes into A(s, 7),
i=1,..., m, where Ai(qg, v) is referred to 4; respectively. We observe that the
fundamental component a(s, v) of a regular extension is a linear combination
of components of factor sets of all irreducible extensions, which can be obtained
from the regular extension. Conversely every such irreducible extension is com-
pletely determined by 4; and a(s, 7). We say that each irreducible extension,
which can be obtained by a(g, ), is referred to a(s, 7).

We shall now pass to the imbedding of a normal extension K over &, whose
Galois group is G. Let 2 be the subfield of K, which corresponds to the p-Sylow
subgroup S of G. We assume that % contains a primitive p-th root ¢ of unity.
If a(g, r) is a fundamental component of the factor set for a regular extension,
then the a(o, r)-th powers of ¢ become a factor set with respect to S and K by
virtue of (2). If ale, v) and d'(s, v) are equivalent, then they yield associated
factor sets with respect to S and K. If there exists & & K such that the a(o,
7)-th power of ¢ is equal to o(£;)&51&, for all o, v from S, then we say that it splits.
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THEOREM 4. Suppose that k contains a primitive p-th root  of unity and
the p-Sylow subgroup S of G is invariant. The necessary and sufficient condition,
under which the imbedding of K for every irreducible exiension by G referred to
a fundamental component a(a, t) is possible, is that the factor set £*>™ with
respect to S and K splits.

First we shall prove that the condition is necessary. Let G be an irreducible
extension of H by G with the fundamental component a(s, ) and the Galois
group of L over 2be G, where K corresponds to H. We choose & H such that
tih, . . ., tzh constitute a basis of H, where oh = h for all & S. To the subgroup
H; of H, which is generated by all elements of the basis except ¢/, corresponds
a subfield L; = K(¥a;) of L with a;&K. We can assume that % induces the
automorphism of L; with 2/a; » /a;. An automorphism g, of L over % induces
B-a(B) for fE K. Since H; is an invariant subgroup of S, the field Z; is normal
over 2. Hence we have g(R/a;) =%/aié, with §,€K. Now let g.g: = Ao, 7)Zox
with A(s, t) € H and ai(s, v) be the i-th component of A(s, ). Then the auto-
morphism A(s, v) induces

Rai - 04" R,
1t follows then from g,2:(¥a;) = A(s, 7)g:x(%/a;) the relation
Q/E‘;’EO.U(ET) = Cai(ﬂ"na/‘;;éct .

Hence the ai(g, v)-th power of ¢ splits. Since a(s, ) is a linear combination of
all components a;(g, v) for all irreducible extensions, which are referred to a(o, ),
we can readily see that the a(s, v)-th power of ¢ splits.

Next we prove that the condition is sufficient. By Speiser’s theorem we
have 22 =a""! with «a €K for all s€S. We choose a prime ideal g in £ with
degree one, such that ¢ is prime to all conjugates of @ and does not ramify in
K. Choose a number ¢ in £ under following conditions: (1) ¢ is divisible by
q and not divisible by the square of ¢, (2) ¢ is prime to all conjugate prime
ideals of ¢ except gq. Putting ac = we have °*=£&2. We put 8;=#(8) and
r = IIB;%, where c¢; are rational integers. Then r becomes a p-th power of a
number in K, if and only if all ¢; are divisible by . Now let L be a field gener-
ated over K by adjoining all numbers 2/8;, i==1,..., . The extension L is
normal over & and abelian over K with the Galois group H,, which is abelian
of type (p,..., p) and of rank ». H, has a basis hi, . . ., ks, where #; induces
the automorphism 2/8; - 22/3; and makes invariant all 2/8; for jxi. If uti = tiw,¢
for #€G with ¢ €S, we choose the automorphism gx of L/k with

ﬂ«/ﬁ-i”ti(u)(&a)&ﬁé:;; .
Then we can readily see that it holds guh:gn' = hiw, and hence H, yields the
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representation .4,. Also it is easily verified that we obtain g.g: = A(0s, 7)gsx,
where Afs, 7) is a product of a(#'ti, ti'cti)-th powers of hi, i=1,..., 7.
Therefore the Galois group of L over k is the regular extension of H, by G with
the fundamental component a(s, v). The imbedding is now possible for every
irreducible extension referred to a(s, v) by Galois theory and theorem 3.

COROLLARY. If the order of G is prime to p and k contains a primitive p-th
root ¢ of unity, then the imbedding of K is possible for every irreducible extension
of H by G.

The case, where a p-Sylow subgroup of G is not invariant, is rather compli-
cated and seems difficult to obtain a simple condition, under which the imbedding
is possible.
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