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Abstract

The hyperbolic random geometric graph was introduced by Krioukov et al. (Phys. Rev.
E 82, 2010). Among many equivalent models for the hyperbolic space, we study the d-
dimensional Poincaré ball (d > 2), with a general connectivity radius. While many phase
transitions are known for the expectation asymptotics of certain subgraph counts, very
little is known about the second-order results. Two of the distinguishing characteristics
of geometric graphs on the hyperbolic space are the presence of tree-like hierarchical
structures and the power-law behaviour of the degree distribution. We aim to reveal such
characteristics in detail by investigating the behaviour of sub-tree counts. We show mul-
tiple phase transitions for expectation and variance in the resulting hyperbolic geometric
graph. In particular, the expectation and variance of the sub-tree counts exhibit an intri-
cate dependence on the degree sequence of the tree under consideration. Additionally,
unlike the thermodynamic regime of the Euclidean random geometric graph, the expec-
tation and variance may exhibit different growth rates, which is indicative of power-law
behaviour. Finally, we also prove a normal approximation for sub-tree counts using the
Malliavin—Stein method of Last et al. (Prob. Theory Relat. Fields 165, 2016), along with
the Palm calculus for Poisson point processes.
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1. Introduction

In this article, we study random geometric graphs on the d-dimensional Poincaré ball, a
canonical model for negatively curved spaces in geometry [15, 41]. Random geometric graphs
were first studied in the 1960s, beginning with [24], as a model of radio communications.
Since then, they have been a thriving topic of research in probability, statistical physics, and
wireless networks (see [35, 38, 42, 3, 4, 26]). In its simplest form, the random geometric
graph can be constructed by taking a set of independent and identically distributed (i.i.d.)
points &, = {X1, ..., X,;} on a metric space as its vertex set, and placing an edge between any
two distinct points within a distance 7,,. Most of the studies on such graphs assume that the
underlying metric space is Euclidean or a compact and convex Euclidean subset. However,
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various applications, especially those in topological data analysis, necessitate more general
metric spaces. For example, the extension to a compact manifold without boundary has recently
been investigated in [8, 9, 18]. A crude one-line summary of these studies is that the behaviour
of the graph on a ‘nice’ d-dimensional manifold is similar to that on a d-dimensional Euclidean
space, though the proofs are technically more challenging and boundary effects need to be
accounted for carefully.

Going beyond the class of nice d-dimensional manifolds with positive curvature and the
Euclidean space with zero curvature, we focus on ‘negatively’ curved spaces in this paper. Such
an investigation on hyperbolic spaces was initiated in [30]. Among many equivalent models
for the hyperbolic space, we focus our attention on the widely used d-dimensional Poincaré
ball. Apart from mathematical curiosity, a good reason for investigating hyperbolic geometric
graphs lies in their properties such as sparsity, power-law degree distribution, small-world
phenomena, and clustering. Such properties are often observed in complex networks. For more
details, see the introductions in [30, 25, 20], where the graph is often referred to as the disk
model or the KPKVB model after the authors of [30]. However, we always call it the hyperbolic
random geometric graph. In a broader sense, our work is an addition to the developing literature
on random structures of hyperbolic spaces (see [12, 6, 5, 34, 31, 40, 17, 21]).

The rest of the article is organized as follows. Sections 1.1 and 1.2 provide simulations on
hyperbolic geometric graphs, and a preview of our results and their implications. In Section 2,
we introduce our setup in detail and state all our results. We compare our results with those
in the existing literature in Section 2.4, and Section 2.5 sketches results for analogous models
in the Euclidean case. This is followed by the proofs in Section 3, where we introduce basic
lemmas on the hyperbolic metric and measure and also the abstract normal approximation
bound or second-order Poincaré inequality from [32] needed for our central limit theorem
(CLT).

1.1. Simulations on hyperbolic geometric graphs

We begin by introducing the Poincaré ball and the hyperbolic random geometric graph.
Though there are other models of hyperbolic spaces, they are all isometric to the Poincaré ball
(see [15, Section 7]); therefore, our results are essentially independent of the model selection.
The d-dimensional Poincaré ball, denoted by

B :={(x1, ..., xp) eREG 440G < 1} (1)
with negative curvature —¢2, is a d-dimensional open unit ball equipped with the Riemannian
metric

e 4 |dx? 4 dd 4 4dx; o

s == =—

2 2 2 2’
- pp)? -2 —2)

where | - | denotes the Euclidean norm. Then, the hyperbolic distance between the origin (the
same as the origin in the Euclidean plane) and x € Bff) is given by d;(0,x)=¢ ~!og ((1 +
[xD)/(1 — |x|)), where d; is the hyperbolic distance induced by (2). Though Bg) is topologically
the same as any open Euclidean ball, what matters to us is the metric itself. In the notation of
(2), the Euclidean metric can be specified as ds? = dx% 4+ 4+ dxtzj, and so, on compact sets
of the unit ball, the two metric elements differ only by a constant. This ensures that various
geometric ingredients in the Euclidean case can be carried over to the Poincaré disk when
restricted to a compact set of the unit ball. However, as |x| 1 1 in (2), one would expect that the
geometry of the Poincaré disk significantly differs from that of the Euclidean disk; see Figure 1
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FIGURE 1. Geodesic line segments and triangles (red lines), geodesic line segments of unit length (violet
lines), and unit circles with centres on the Poincaré disk (green circles) with ¢ = 1. These figures were
drawn using the applet NonEuclid [16].

for hyperbolic lines and circles on the Poincaré disk with d = 2. The reader may refer to [41]
for a rigorous discussion of basic features of hyperbolic spaces and geometry.

Let B(0, R) denote the hyperbolic ball of radius R centred at the origin. In addition to the cur-
vature parameter —;2 in (2), our model involves a second curvature parameter —a? of another
d-dimensional Poincaré ball BE;‘). We first choose a sequence of radii R, — oo as n — 0o and

select N, 4 Poisson(n) i.i.d. ‘uniform’ points X, ..., Xy, in B(0, R,) C BE)_,“). Here, we mean
‘uniform’ with respect to the hyperbolic volume measure with curvature —a2. We then rep-
resent X; in the hyperbolic polar coordinates as (r;, ®;), where r; is the hyperbolic distance
with respect to the curvature —a?, and ©; € [0, n]d_2 x [0, 27) is a uniform random vector
specifying angles. Next, we consider X; = (r;, ®;) as the points of B[(f) by keeping their polar
coordinates fixed, and connect any two points X;, X; if 0 < d;(X;, Xj) < R,. In other words,
we sample points uniformly in a growing ball in B&a) with respect to the hyperbolic volume
measure with curvature —a?, and form a geometric graph on Bﬁf) with respect to the hyper-
bolic metric with curvature —¢ 2. We denote the resulting graph by HG,(R,; a, ¢), for which
four parameters are involved: the dimension d, two curvature paramaters « and ¢, and the
radii regime R,. As will be clarified in our later analyses, by choosing two distinct curvature
parameters, one can construct a larger parametric family of random graphs with a richer set of
features. We refer the reader to Remark 1 for a discussion about the dependence of our results
on the individual parameters, not just their ratio, unlike many earlier results. After Definition
1, we briefly remark on the relationship of this model to the random geometric graph on a
stationary Poisson process.
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Figure 2 presents five simulation results with d =2, n=1000, { =1, R, =21og 1000 =
13.82, and different choices of «. It is useful to keep in mind that for a small «, the space is
closer to the Euclidean space, in the sense that more points are scattered near the centre. For
a large «, the points near the boundary mainly dominate the asymptotics. Furthermore, by the
geometry of a hyperbolic space, the points near the centre easily connect to many other points,
and so the presence of such points will change the connectivity structure. Additionally, we may
notice a phase transition in the connectivity at « = 1, due to the appearance of points closer
to the centre. Some of the above observations will be crystallized later as rigorous theorems,
while many more still await exploration in future works. We now preview some of our results
and place them in the context of the growing literature on hyperbolic random geometric graphs.

1.2. Tree-like hierarchical structures: a preview of our results and some implications

One of the main characteristics of hyperbolic random geometric graphs is the presence
of tree-like hierarchical structures, implying that the vertices on Bif) are classified into large
groups of smaller subgroups, which themselves consist of further smaller subgroups (see
[30]). This is reflected in our simulations, illustrating that, as compared to the Euclidean
spaces, the non-amenability of a negatively curved space enables one to embed many more
trees in the space.

The study of the hyperbolic random geometric graph started with [30]. Since then, various
features of the resulting graph have been investigated intensively by many authors. Indeed,
there are a number of publications on the subject, in areas including the structure of large
components [10, 22, 29], the probability of connectivity [11], clique-counts [7], the degree
sequence and clustering [14, 25, 21], the bootstrap percolation process [13], the typical dis-
tances and diameter of components [1, 27, 36], and the spectral properties of the graph [28].
More recently, [23] has proved expectation and variance asymptotics as well as CLTs for the
number of isolated and extreme points for the hyperbolic random geometric graph.

The earlier studies cited above, however, treat only a special case, namely,

d=2 and R, =2¢ " 'log (n/v) 3)

for some v € (0, 00), or similar variants. In contrast, the current study assumes a set of condi-
tions more general than (3). For example, we allow for a general dimension d, and we do not
put any restrictive conditions on R, as in (3). Under this general setup, the primary objective
of this paper is to uncover the spatial distribution of the tree-like structure via sub-tree counts,
i.e., the number of copies of a given tree in HG,(R,; o, ¢). In graph-theoretic language, we
count the number of injective graph homomorphisms from a fixed sub-tree to HG,(R,; «, ).
Our main results in Theorems 1, 2, and 3 establish expectation asymptotics, variance asymp-
totics, and the normal approximation bounds for the sub-tree counts. All of our asymptotic
results crucially depend on a degree sequence of the tree under consideration as well as the
two curvature parameters —;2 and —a?.

More specifically, the present paper studies a more general sub-tree count, denoted by SE,V),
y € (0, 1], which counts sub-trees only on the space B(0, R;) \ é(O, (1 — ¥)Ry). In other words,
S,(f) counts sub-trees in an annulus with inner radius (1 — y)R,, and outer radius R,,. In partic-
ular, S, := SEII) denotes the sub-tree counts for the ‘entire’ space B(0, R,). Our results will

reveal that if « is sufficiently large, i.e., the space Bila) is sufficiently hyperbolic (for example,
o = 1.2 in Figure 2), then the asymptotics of Sff) does not depend on y. In other words, the
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FIGURE 2. Simulations of HG19po(R1000; ¢, 1) for d =2 with Rjggp = 2 log 1000 = 13.82 and different
values of «. Isolated vertices have been omitted.

spatial distribution of sub-trees is mostly determined by those near the boundary of B(0, R,).

In this case, S, is well approximated by Sf,y) for any y € (0, 1). On the other hand, if « is

small, as in Figure 2 with o = 0.8, the distribution of sub-trees will be affected by those near

S;V )

the centre of the space, and no longer approximates S,. To relate the above phenomena
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TABLE 1.Summary of related results for d=2, ¢=1, R,=2log(n/v), ve(0,00). Here Kj
denotes the number of k-cliques in HG, (R, 1), Peopn =P(HG,(Ry;, 1) isconnected), and
Ppere = P(HG,(Ry;ex, 1) percolates), where, by percolation, we mean the existence of a giant component,
i.e., a component of size ®(n).

Regime/Properties  Peomn  Ppee  EKi), k=2 EGSY)), p €0, )\ {1/2}

Results from [11] [10] [7], [14] Corollary 2
a<1/2 1 1 Not Known ~ 12y (k—1—ka)
12<a<1-—1/k 0 1 A(n1-0k) ~ Y i) [di—20)4
1—-1/k<a<1 0 1 An) ~ gty T di—20)4
l <a<dg/2 0 0 On) ~ plty T di—20)4
dp/2 <a 0 0 O(n) ~n

to the context of previous studies, Corollary 2 restates our results in the special case when
R,=2(¢(d— I log (n/v). If d =2, this clearly reduces to (3). Interested readers wishing
to understand this special case can proceed directly to Section 2.4. In particular, Table 1 com-
pares a part of our results with those of earlier works on connectivity, percolation, and clique
counts. If we take the tree to be a single edge, then S, denotes the number of edges. Our results
restricted to this case are consistent with the power-law behaviour for degree distributions. Our
results also indicate a similar power-law behaviour for more general sub-tree counts, revealing
the dependence of the exponents on the degree sequence of the tree under consideration and
the parameters «, ¢. This is also explained in detail in Section 2.4.

Let us now add a few words on our proofs. The expectation and variance asymptotics for
sub-tree counts involve the Mecke formula for Poisson point processes and various estimates
for the measure and metric on the Poincaré ball. By virtue of the tree assumption, the relative
angles between points will exhibit sufficient independence (see Lemma 2). For the CLT, we use
the abstract normal approximation result (see [32]) based on the Malliavin—Stein method. To
use this result, we derive detailed bounds on the first- (add-one cost) and second-order differ-
ence operators of the sub-tree counts. In many applications to Euclidean stochastic geometric
functionals, the first- and second-order difference operators are bounded by a constant, but
in our setup, the bounds for these operators are unbounded in n. Nevertheless, we manage to
apply [32] by carefully bounding the difference operators, so that their growth is dominated by
our variance lower bounds (see Remark 3(iii)).

2. Our setup and results

2.1. The Poincaré ball

Our underlying metric space is the d-dimensional Poincaré ball Bg) in (1), which is
equipped with the Riemannian metric (2), where —¢2 represents the negative (Gaussian) cur-
vature with ¢ > 0. This is a standard model in the literature, but earlier studies (e.g. [10, 22,
29, 11,7, 14,25, 13, 27, 36, 28, 23, 1, 19, 20]) treated only the special case d = 2, whereas we
allow for higher dimensions as well. We mention some of the basic properties of this metric
space, and some more will be stated in Section 3.1. For more details on the Poincaré ball, we
refer the reader to [41, 2], while [15] is a good resource for a quick reading. In what follows,
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we often represent the point x € Bif) in terms of ‘hyperbolic’ polar coordinates: for x € B@),
we write x = (r, 61, ..., 64_1), where r > 0 is the radial part of x, defined by

1 14 |x|
r=—log ,
¢ 1 —|x]
and (01, ...,04-1) € Cy:=10, 71472 x [0, 2m) is the angular part of x. Let d; denote the
hyperbolic distance induced by (2); then it satisfies d; (0, x) =r.
Using the hyperbolic polar coordinates (r, 61, . . ., 64—1), the metric (2) can be rewritten as

h 2 d—1k-1
ds® = dr* + (Sm—(m> (def + 3 []sin6; de,f), )
£ k=2 i=1
from which we obtain the volume element,

. —1d-2
sinh (¢r) =1 . d—i—
dV = (%) | | Slnd L 19idrd91 ~-~d9d—l~

i=1
We now generate ‘quasi-uniform’ random points on a sequence of growing compact subsets of
the Poincaré ball. First, we choose a deterministic sequence R, n > 1, which grows to infinity
as n — o0o. We assume that the angular part of the random points is uniformly chosen from the
density,
]_[;1;12 sin?~=1 g;
d—1

2 l_[,-: 1 Kd—i—1
where we have set k,, = fon sin 0 d6, and trivially, ko = 7. We use the symbol 7 to denote
the angular density as well as the famed constant, but the context makes it clear which of them
we refer to. Given another curvature parameter o > 0, we assume that the density of the radial
part is

w1, ..., 604-1)= , (01, ...,604-1) ey, )

sinh?~! (ar)
Sk sinh?=" (@s)ds
This density is described as the ratio of the surface area of B(0, r) to the volume of B(0, R,),
where B(0, r) and B(0, R,,) are both defined on Bgla). So the density (6) can be regarded as a
uniform density (for the radial part) on Bg"). Combining (5) and (6), we can generate uniform

Pn,a(r) = 0<r=R,. (6)

random points on ng). Since their radial coordinates are bounded by R,,, we can also consider
them as points in B(0, R,) C ng) . By using the same hyperbolic polar coordinates, i.e., the
same radial and angular coordinates, we now represent these points in Bif) as well, and con-

struct the hyperbolic geometric graph in Bg). Specifically, we connect any two distinct points
Xi, Xj if 0 < d;(X;, Xj) < Ry. Obviously, (6) is no longer a uniform density (for the radial part)
on Bif), unless ¢ = «; it is called ‘quasi-uniform’.

Though the probability density in (6) looks a little complicated, we shall mostly resort to
the following useful approximation. Set T := R, — d¢ (0, X), where X is a random point with
density p,,« ® 7. Denote by p, o (f) the density of T’ i.e.,

sinh’~! (a(R, — 1))
fOR " sinh?~! (as)ds

Pna(1) = , 0<tr=<R,. )

https://doi.org/10.1017/apr.2022.1 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.1

Sub-tree counts on hyperbolic random geometric graphs 1039

In the sequel, we often denote a random point X with density p, o ® 7 by its hyperbolic polar
coordinates X = (T, ®), where O is the angular part, and the radial part is described by T rather
than d, (0, X). The approximation result below was established for d = 2 in [14]. The proof is
in Section 3.

Lemma 1.

(i) Asn— oo, we have
Bra(t) < (14 o(1)a(d — De= @@=
uniformly for 0 <t < Ry,
(ii) Forevery 0 <A < 1, we have, as n — oo,
o) = (1+ o(1))a(d — 1)e~ @@=t
uniformly for 0 <t < AR,

More concretely, this lemma claims that if # is restricted to [0, AR,,] for some fixed A € (0, 1),
then p, (7) is asymptotically and uniformly equal to a(d — 1)e=*“@=D! If there is no such
restriction on the range of 7, we can only bound p, «(f), up to constant factors, by the same
quantity. For the exact asymptotics of p, (), we apply the result in Case (ii), while Case (i) is
used for bounding 0, «(?).

Now we define our main object of interest, the hyperbolic random geometric graph. The first
ingredient is the Poisson point process on Bif). For every n > 1, let (X;, i > 1) be a sequence

of i.i.d. random points on Bif) with common density p, o ® 7. Letting N, be a Poisson ran-
dom variable with mean n, independent of (X;), one can construct the Poisson point process
Pn=1{X1, X2, ..., Xy,} whose intensity measure is n(po,,o ® 7).

Definition 1. (Hyperbolic random geometric graph) Let R, — 00 as n — oo. The hyperbolic
random geometric graph HG,(Ry; «, ) is a simple, undirected graph whose vertex set is
the Poisson point process P, with intensity measure n(p,o ® w), and whose edge set is
{(Xi, Xj):Xi, Xj € Pp, 0 <d¢(Xi, Xj) < Rp}.

Finally, we remark that even if o = ¢, the process P, is not the restriction of a station-
ary Poisson process to BS‘) unless |B(0, R,)| =n. A random geometric graph on a stationary
Poisson process is a different model, which is actually beyond the scope of this article.

2.2. Expectation and variance asymptotics for sub-tree counts

We introduce the notion of a graph homomorphism to define our sub-tree counts. Suppose
H is a simple graph on [k]:={1, ..., k} with edge set E(H). Given another simple graph
G = (V(G), E(G)), a graph homomorphism from H to G refers to a function f:[k] — V(G) such
that if (i, j) € E(H), then (f(i), f(j)) € E(G), i.e., the adjacency relation is preserved. We denote
by C(H, G) the number of injective graph homomorphisms from H to G, i.e., of functions f as
above that are injective homomorphisms. Informally, C(H, G) counts the number of copies of
H in G. This can be represented easily as follows:

+
CH.G)= Y [[ YouweEo). 8)

0150V EVI(G) (L)) €E(H)
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where Zsﬁ denotes the sum over distinct k-tuples vy, . .., vg and 1{-} is an indicator function.
Notice that the subgraphs counted by C(H, G) are not necessarily induced subgraphs in G
isomorphic to H. By (8), it is easy to derive a monotonicity property: if Hy, H, are simple
graphs on [k] such that E(H|) C E(H3), then C(H3, G) < C(H{, G).

Let us return to our setup in Definition 1. If N, > k, we denote a collection of k-tuples of
distinct elements in P, by

Prsi={Xip., ... X)) €Prij {1, ..., Ny}, ij#ig forj L}, )

Set Py, =@ if N, < k. Define the annulus Dy (R,) := B(0, RI\BO, (1 —y)R,) for0O<y <1,
where A denotes the interior of a set A. Constructing the hyperbolic random geometric graph on
Pu N Dy, (Ry) as in Definition 1, we denote it by HGE,V)(R,,; o, ¢).Fork > 2,let 'y be a tree with
nodes [k] and edge set E. Our interest lies in the sub-tree counts S,(1V) =C (Fk, HGf,V)(R,,; o, ¢ ))
for y € (0, 1]. Recalling that 7; = R, — d; (0, X;) and using (8), one can represent Sﬁ,” as

sP= > J] Y0o<de(Xi. X)) <Ru, Ti. Ty < yR). (10)

In particular, we write S, := 55,1’. Then S, = C(Fk, HG,(R,; «, {)). Our first result gives the
asymptotic growth rate of ]E(S,(f)) for y € (0, 1].

Theorem 1. Let Ty be a tree on k vertices (k> 2) with degree sequence di, ..., dy, and let
Sgly) be the sub-tree counts in (10). For y € (0, 1)\ {%}, we have

E(Sgg”) ~ (_) ak(d _ 1) nke_{(d—l)(k—l)Rn/z l_[ agly)(dl')v n— oo, (11)
Kd—2 el

where X
y n
() = / LA-DO-20/012g e N,
0

Fory =1/2, we have

k
E(SY) = @@fe @ DEDR2TT 4(1/D(d), n— oo (12)
i=1
Furthermore, let di1y <dp) < ... =<dy) be the degree sequence of 'y arranged in ascending
order. If 2a /¢ > d(k), then, for all y € (0, 1], we have

2471 . k ‘ 8\ b e t—DR.2
E(Sy) ~E(SY)) ~ @] @ I (a — 7) nke=¢@=DE=DR2 -y oo,
- =1

13)

Remark 1. Many of the previous studies cited in Section 1.2 set either o or ¢ to be 1,
because in their setup, the asymptotics of the hyperbolic random geometric graph is completely
determined by the ratio «/¢. The crucial assumption in these studies is

R,=2[¢(d— 1)]_110g (n/v) withd =2, (14)
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for some positive constant v. In the current study, however, we do not put any stringent assump-
tions on R, as in (14). Consequently, as seen in (11)—(13), ¢ contributes, as an individual
parameter, to the asymptotics of sub-tree counts via the term ¢~¢(@=D&=DR/2,

Theorem 1 indicates that the asymptotics of IE(SELV)) are crucially determined by the underly-
ing curvatures —¢2 and —a2. To make the implication of the theorem more transparent, we fix
¢ and think of « as a parameter. If « > 0 is sufficiently large, i.e., the space B;“) is sufficiently
hyperbolic, sub-trees are asymptotically dominated by the contributions near the boundary of
B(0, R,,). More specifically, if 2a/¢ > d(y), then aﬁ,y)(d,-), i=1,...,k, all converge to a positive
constant, and thus the growth rate of IE(SSLV) ) does not depend on y, implying that the spatial
distribution of sub-trees is completely determined by those near the boundary of B(0, R;). In
fact, for each y € (0, 1), the growth rate of E(Sﬁzy)) coincides with that of E(S},).

On the other hand, if « becomes smaller, i.e., the space ng) becomes flatter, then the spatial
distribution of sub-trees begins to be affected by those scattered away from the boundary of
B(0, R;,). For example, if dx—1) < 2a/¢ < d), we see that as n — oo,

1 Cdi =1 _
aglw(d(k))wd_l( 2“—0:) =D =2/ R /2, o

while aﬁ,y)(d(,-)), i=1,...,k—1,all tend to a positive constant. In this case, the growth rate

of IE( 5,}/)) is no longer independent of y, and the growth rate becomes faster as y 1, i.e., as
the inner radius of the corresponding annulus shrinks. Moreover, if « becomes even smaller, so
that dx—2) < 2a/¢ < d—1), then a,(f)(d@_l)) also asymptotically contributes to the growth rate
of ]E(S,Sw ). Finally, if 0 < 2a/¢ < d(1), then all of the terms aY(d;) contribute to the growth
rate of IE(S,(J/)).

The corollary below claims that if an underlying tree I'y is a k-star such that
dwy=k—1, dg—1)=---=dg)=1, then even more can be said about the asymptotics of
log E(S,).

Corollary 1. Let Ty be a k-star with k > 2. Moreover, assume that Ry, satisfies
Ry
logn

— ¢, n— 00, forsome ce [0, o]

(note that c =0 or ¢ = 00 is possible). Let a v b = max{a, b} for a, b € R.

M If2e/>k—1,
2d—1

(d — Dka—2

1

k—1
E(Sn)~< ) of (@ —¢ck—1)/2)"

x (o — £/2) " Vpheme@DE=DR2 s o0 (15)
(i) If1<2a/t <k-1,
log E(S,)
R, Vlogn
(i) If0<2a/¢ <1,
log E(S,)
R, Vlogn

—kievD) T —a@d—D(1ve ) i oo

—kev ) —@d—D(ak—ck—1)/2)(1ve ), no oo
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Our ultimate goal is to establish the CLT for the sub-tree counts Sﬁly) for 0 <y < 1. Before
describing it, however, it is important to investigate the variance asymptotics. The theorem
below provides an asymptotic lower bound for Var(Sff/)) up to a constant factor. Similarly
to Theorem 1, if o/¢ > d), the lower bound of Var(S;y)) is independent of y, whereas it
depends on y when «/¢ <d). Furthermore, if o/ > d), we can obtain the exact growth
rate of Var(S,). For two sequences (a,) and (b,), we write a, = Q2(b,,) if there exists a posi-
tive constant C such that a, /b, > C for all n > 1. Furthermore, C* denotes a generic positive
constant, which may vary between lines and does not depend on #.

Theorem 2. Let [y be a tree on k vertices (k > 2) with degree sequence dy, . .., dy, and let
Sfly) be the sub-tree counts in (10). For0 <y < 1,

k—1
Var(SﬁlV)) =Q <n2kle{(dl)(kl)R”a;y)(Zd(k)) 1_[ agy)(d(i))z
i=1
k
v nke—tW@d=Dk=DRy/2 1_[ aglw(d,‘)). (16)

i=1

Suppose further that a /¢ > d); then, for all y € (0, 1], we have
Var(S,) ~ Var(S") ~ C* [nz’He*f (@=Dk=DRy , nkﬂ(dfl)(kfl)Rn/z], n—oo. (17

The main point of (17) is that the growth rate of Var(S,) is determined by how rapidly R,
grows to infinity. To see this in more detail, we consider a special case for which R, =clogn
for some ¢ € (0, 0o). Then we can observe the following phase transitions:

Crp2km1=etd=D=D if 0 < c <2¢71d = D7,
Var(S,) ~ { C*n if c=2¢7"Yd -1,

C*nk—c;‘(d—l)(k—l)/Z if ¢ > Zf_l(d _ 1)—1'

Moreover, Theorems 1 and 2 imply that, in the case of «/{ < dk) < 2a/¢, Var(SE,)/)) grows
super-linearly, while the expectation exhibits only linear growth. A similar phenomenon has
been observed for isolated points in [23, Theorem 1.1]. This is indicative of a power-law
behaviour in the sub-tree counts.

2.3. Central limit theorem for sub-tree counts

Having derived variance bounds, we proceed to prove the CLT for SS,V). Before stating the

normal approximation result, we need to define the two metrics to be used: the Wasserstein
distance dw and the Kolmogorov distance dg. Let Y, Y> be two random variables, and let
Lip(1) be the set of Lipschitz functions 4 : R — R with Lipschitz constant of at most 1. Then
we define the two metrics as follows:

dw(Y1, Y2)= sup |E(h(YD) —E(h(Y2))
heLip(1)

dg(Y1, Yo)=sup | P(Y; <x) — P(12 <) |.

xeR

)
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Although we have defined dy, dk as distances between two random variables, they are actually
distances between two probability distributions. Let N denote the standard normal random
variable, and let = denote weak convergence in R. In our proof, we derive more detailed,
albeit complicated, bounds that indicate the scope for improvement.

Theorem 3. Let [y be a tree on k vertices (k > 2) with degree sequence dy, . .., dy, and let
Sﬁly) be the sub-tree counts in (10). Assume further that R,, satisfies

ne—{(d—l)Rn/z —cE (07 OO] (18)

For every 0 < a < 1/2, there exists 0 < yy < 1/2 such that for all 0 < y < yp, we have

) ) () ()
S —E(S, Sn " —E(S,
aw [ S=ESD W) Zomrey. g [SZESD ) Copre. o)

V Var(Sﬁ,y) ) Var(S,(ly))

Furthermore, if /¢ > d), then
Sn — E(S»)
' VYar(S,)

Here, we claim that for a small enough y, the CLT holds for Sﬁ,”, and if «/¢ > d), the
CLT holds for S, as well. Heuristically, a larger /¢ means that the space Bg’) is more hyper-

=N, n— oo. (20)

bolic relative to Bff) and hence contains more points in the boundary. So in that case, S, is

well approximated by Sfly). Note that the CLT for Sfly) possibly holds even when the variance
grows super-linearly in n. It is still unclear whether or not the CLT holds for §,, under super-
linear growth of the variance. In [23, Theorem 1.3], it is shown that the CLT for ‘isolated
points’ cannot hold under super-linear growth of the variance. Finally, Remark 4 at the end of
Section 3.3.3 gives a more precise quantification of the bounds in (19).

Remark 2. If the constant ¢ in (18) is finite and 2«/¢ > dk), we see from (13) that E(S,)
is asymptotically equal to n, up to constant factors. This implies that S, behaves similarly
to the subgraph counts in the thermodynamic regime of the Euclidean setting (more detailed
arguments on this point are given in Section 2.5). If ¢ = oo in (18), R, grows more slowly, so
that the spatial distribution of I'y becomes denser. For the sparse phase asymptotics, the first
author’s ongoing work studies the case in which R,, diverges faster than (18), so that E(S,) is
asymptotically equal to a positive constant. In this case, the tree-like structure rarely occurs,
and S, will be approximated by a Poisson random variable.

2.4. Special case and comparison with previous studies

The objective of this section is to restate our results in the special case

Ry =2[¢(d — )] log (n/v) 1)

for some positive constant v € (0, co). By doing so, we can make an easy comparison with
previous studies. As mentioned before, most earlier works (e.g. [10, 22, 29, 11, 7, 14, 25, 13,
27, 36, 28, 23, 1, 19, 20]) are concerned only with the case

d=2 and R, = 2;'_1 log (n/v) for some v € (0, 00), 22)
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or its variants; hence, (21) serves as a higher-dimensional version of (22). Assuming (21) and
20/¢ ¢ N, it is easy to see that as n — o0,

a?(p)~|(d — D —¢p/2)| "

n\vyp—2a/t)+
( ) , peN,, (23)

v
where (a)+ = a if a > 0 and (a);+ = 0 otherwise.
Corollary 2. Let R, =2[¢(d — 1)]~!log (n/v), let Ty be a tree on k vertices (k>2) with

degree sequence dy, . .., dy, and let S,(1V) be a sub-tree count as in (10). Suppose that 2a/¢
is not an integer. For y € (0, 1)\ {%}, we have, as n — 00,

d—1

=1k _
E(59) ~ T] ‘ o — de ) L kloy T @i20/00, 14y T (@d=20/0)+
(d—Drg—> il 2

and for y =1/2, we have
E (Sgl)/)) -0 (n1+2_' Zle(di*Za/C)Jr) ) (24)
Furthermore, as for the variance asymptotics, we have for y € (0, 1)

Var(S")) = Q(n1+21’(d(k)—0¢/§)++2)/ Y do=2a/0)1 \, 14y T <d[—2a/;)+)_

If 200/ > dk), we have for y € (0, 1]

) nd—1 k—1 L ¢ 1 -
E(S,) ~ E(Sny )~ m o (Ot — Edj) % n, n— oQ. 25)
_ i1

Ifa/t > d), we have for y € (0, 1]
Var(S,) ~ Var(S?)) ~ C*n, n— oo.

To avoid repetition, we do not state the corresponding CLT. However, it holds under the
assumptions of Corollary 2. Note that (24) is a partial generalization of [14, Claim 5.2] to
higher dimensions.

Now we compare the results in Corollary 2 with those in the existing literature. If we choose
k=2 in (25), then S, represents the number of edges with d() = 1. Moreover, S,/2n denotes
the empirical degree distribution. Then (25) asserts that E(S,/2n) — C* if «/¢ > 1/2. The
convergence of the expected typical degree to a constant indicates that this regime is, in nature,
the thermodynamic regime. Furthermore, when 1/2 < «/¢ < 1, the expected degree distribu-
tion converges to a constant, but the variance diverges. This is consistent with the power-law
behaviour for degree distributions with exponent 2c/¢ + 1, which itself was predicted in [30].
Such a power-law behaviour for degree distributions was proven in [25, 19] for d =2. For
2a/¢ <1, the expected average degree grows to infinity, which is again consistent with the
conjecture that the degree distribution has a power-law behaviour with exponent 2 (see [30]).

In Table 1, we summarize some of the results in the existing literature and those in this
paper in the case d =2, ¢ =1, R, =2log (n/v), v € (0, 00). As seen in Table 1, our results
demonstrate various phase transitions. For example, for 1 < o < d)/2, the expected sub-tree
counts grow super-linearly in n, whereas the expected number of k-cliques is linear, and there
is no ‘giant component’. This justifies our observation in Section 1.2 that hyperbolic random
geometric graphs contain many tree-like hierarchical structures, as compared to their Euclidean
counterparts.
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FIGURE 3. Simulations of EG|, 100 with 775, = 100 and EG3 500 with 772, = 500, 5500 = 1 for d = 2.

2.5. Comparison to subgraph counts of Euclidean random geometric graphs

In this section, we sketch asymptotic results for subgraph counts of analogous random geo-
metric graph models in the Euclidean space. We claim that the behaviour of the subgraph
counts of the Euclidean analogues is significantly different from that of the counts in the
previous sections. For example, in contrast to Theorem 1, the growth rates for the subgraph
counts in the Euclidean case do not depend on the degree sequence of the subgraph under
consideration.

For simplicity, we restrict ourselves to the case @ =¢ =1 and R, =2(d — 1)~ log (n/v)
for some v > 0 as in Section 2.4. Then, by Corollary 2, we have that E(E,) = ®(n), where
E, denotes the number of edges in HG,(R,; 1, 1). We now consider two possible Euclidean
analogues in the setting of Corollary 2. One of them is defined by following the construction
of HG,(R,; 1, 1), and the other is defined to ensure that the expected degree is of the same
order as HG,(R,; 1, 1). It is a moot point as to which is the right analogue, and hence we make
comparisons to both. See Figure 3 for the simulations of these Euclidean graphs.

The two analogues are constructed as follows:
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1. Consider Poisson(n) points distributed uniformly in a sequence of growing Euclidean
balls of radius r, — 0o, and connect any two points within a distance of r, (this is
the dense regime). We call this graph EGy ,. It has been defined by mimicking the
construction of HG,(R,; 1, 1).

2. Consider Poisson(n) points distributed uniformly in a sequence of Euclidean balls of
radius r,, and connect points within a distance s, such that the expected number of
edges grows linearly in n (this is the thermodynamic regime). We call this graph EG> .
The expected degree of this graph is of the same order as HG,(R,; 1, 1).

We now give a sketch of the calculations for the subgraph counts in the above two models,
referring the reader to [38, Chapter 3] for details. Denote by A}, the collection of Poisson(n)
points distributed uniformly in B,, (0) C R?, where B, (0) is the d-dimensional ball of radius
r, centred at the origin. Then EG,(r,, s,) denotes the graph with vertex set X, and edges
between X;, X; € &), such that |X; — Xj| < s,, where | - | is the Euclidean metric. In this notation,
EG1 , =EG,(ry, 1p) and EGy , = EG,(ry,, sp), where s, is chosen such that the expected num-
ber of edges grows linearly in n. Let I' be a connected graph on k vertices, and let J; ,(I'),
i=1, 2, denote the number of copies of I in EG;,, i=1, 2. By the Mecke formula, we
have that

E(Jy o)) =nk = / L |xi — x| < 1 }dxy ... dig = O(nb).
By, (OF ])EF

Since the order of E(Jj ,(I')) is the same as that of the complete subgraph on &}, we call
it the dense regime. We observe that the choice of r, and the degree sequence of I' do not
contribute to the growth rate of E(J; ,(I')). This shows a striking contrast to the asymptotics
for hyperbolic random geometric graphs in Corollary 2.

As in the above case, assuming s, =o0(r,), we can also derive that E(J;,(I")) =
@(nk(%)d(k_l)). In the special case of k=2 and s, = n~ Y4y, this implies that the expected
number of edges is asymptotically equal to n, up to a constant factor. The resulting regime
is called the thermodynamic regime (see [38, Chapter 3]), since the expected average degree
(or empirical count of neighbours) is asymptotically constant. In contrast to the hyperbolic
random geometric graph, the above calculation indicates that the asymptotics of E(J2 ,(T"))
is again independent of the degree sequence of I' and the choice of r,. Finally, we wish to
emphasize that the broad message remains unchanged even for the second-order results; see
[39, 8] for more detailed computations.

3. Proofs

We first prove the basic lemma on an approximation of the hyperbolic probability density.
Subsequently, Section 3.1 presents a few more lemmas concerned with hyperbolic distance.
Utilizing these lemmas, we prove expectation and variance results for the sub-tree counts in
Section 3.2. Finally, Section 3.3 establishes the required CLT. Throughout this section, C*
denotes a generic positive constant, which may vary between lines and does not depend on .

Proof of Lemma 1. We see that

X@=DR=0(] _ e—Za(R,l—n)d—l

fOR" ea(dfl)s(l _ efZQS)dflds

Pn.a(1) = (26)
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Applying the binomial expansion

d—1

(1 _ e—Zas)d—l — Z <d; 1) (_ l)kg—Zaks’ §> O,

k=0

we find that f(f " ¢*(@=1s g is asymptotically the leading term in the denominator in (26). Using
the obvious inequality (1 — e’z"‘(R"”))d_] < 1, we complete the proof of (i).
For the proof of (ii), we need to handle the numerator of (26) as well. By another application

of the binomial expansion, we have that

d—1

eot(d—l)(Rn—t) |: 1+ Z (d; 1) (_l)ke—zak(Rn—t):| — eot(d—l)(Rn—t)(l +0(1))

k=1
uniformly for 0 <7 < AR,, where 0 < A < 1. O

3.1. Lemmas on hyperbolic distance

We first present a crucial lemma that explains why we consider (not necessarily induced)
sub-trees, which are counted as injective homomorphisms in the hyperbolic random geometric
graph. In particular, the conditional independence proven in Lemma 2 below does not hold for
more general subgraph counts. The asymptotics of general subgraph counts is highly non-
trivial not only for ‘induced’ sub-tree counts, but also for even seemingly simple triangle
counts. For the latter case, [14] introduced the notion of a global clustering coefficient defined
as three times the ratio of the number of triangles to the number of paths of length two.

Lemma 2. Let Ty be a tree on k vertices with edge set E. Let X1, ..., Xy be i.i.d. random
points with common density p, o ® 7. Define T; =R, — d; (0, X;), i=1, ..., k, and write T =
(T1, ..., Ty). Then it holds that

IP’( de(Xi, Xj) <Rn, (i, ) €E] T) = 1_[ ]P’( de (Xi, Xj) <Ry | T) almost surely (a.s.).
(i.))eE

Proof. Let ®; be the angular part of X;, i =1, .. ., k. For the proof, it suffices to show that

P(d;(Xi, Xj) <Rn, (i, ) €E|©1,T) = l_[ P(d;(Xi, X)) <R, | T) as. (27
@.)ek

Let us denote by ® 1, the relative angle between ® and ®;. Then, because of the uniformity
of the angular density of ®; in (5), we can derive that the density m,,; of ®12, which is also the
same as the conditional density of ®1,|®1, is given by

7rel(0) = (ka—2)~ ' sin? 26, 6 €0, 7). (28)

Note that d; (X1, X3) depends only on 77, T2, ®12, and so we obtain that

P(d¢(Xi, X)) < Ru | ©1. T) = P(de(X;. X)) <Ry | T) as. 29)

https://doi.org/10.1017/apr.2022.1 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.1

1048 T. OWADA AND D. YOGESHWARAN

Suppose that I’y is of depth 1 rooted at vertex 1. In this case, since X», ..., Xi are i.i.d.,
k
P(dy (X1, Xj) <Ry, j=2,....k|©1, T) =] [P(d:(X1. X)) <R, |01, T)
j=2

k
- ]‘[ P(d; (X1, X)) <R, T) a.s.

Suppose, for induction, that (27) holds for any tree ['y rooted at vertex 1 with depth M > 1.

Assume subsequently that 'y is rooted at vertex 1 with depth M 4 1. Let 2, ..., m be the
vertices connected to 1, and S7, . . ., S, the corresponding trees rooted at 2, . .., m. Let E(Sy)
be the edge set of S;. Then, from the disjointness of the trees and independence of the points
X;, we have
m
P(de(X;. X)) <Ry, (i) €E|©1,T) = [ [ P(d¢ (Xi, X)) <Ra, (i) €ES) |01, T) as.
(=2
Now, an application of conditional expectations for each £ =2, ..., m gives us the desired

result as follows:
P(d;(Xi, X)) <Rn, (i,j) €ES)|©1, T)
= E[ Hd (X1, Xe) <R} P(de(Xi, X)) <Ry, (i,)) € ES)\{(1, O} | O, T)| O, T]

:E[l{d;(xl,Xg)sRn} I1 IP’(d;(X,-,Xj)SRan)|®1,T]
(DEESONM(L.0)

H P(d;(Xi, X)) <R, |T) a.s.,
(i) EE(Se)

where the induction hypothesis is used for the second equality, and (29) for the third
equality. O

We now mention some lemmas that help us to approximate the Poincaré metric. Given

— —

ur, up € B(0, R,), let 815 € [0, ] be the relative angle between the two vectors Ou; and Ouy,
where O denotes the origin of Bgf). We also define t; =R, —d; (0, u;), i=1, 2.

Lemma 3. Set ), = (e’zf(R”*“) + efzg(R"*tZ))l/z. If 612 /61> vanishes as n — 0o, then

N 2
2 . (612 012
de(uy, up) =2R, — (11 + 1) + —logsin | — | + O — , n— 00,
¢ 2 012

uniformly for all uy, uz, with t| +to < R,, — w,, where w, =loglogR,,.

Proof. Fix a great circle of B(0, R,)) spanned by O—M)l and O—)I/tz Then the hyperbolic law of
cosines yields

cosh(¢d; (u1, uz)) = cosh { (R, — 11) cosh £ (R, — 1) — sinh ¢ (R, — 11) sinh £ (R, — 1) cos (012).
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Since this great circle is a two-dimensional subspace of B(0, R,), the rest of the argument is
exactly the same as that for Lemma 2.3 in [19]. O

Lemma 4. In terms of the hyperbolic polar coordinates, let X1 = (t1, O1), X2 = (2, ®2), where
®1, ©y arei.i.d. random vectors on Cq with density w, and t1, to are deterministic, representing
the hyperbolic distance from the boundary. With the setup in Lemma 3,

2
P(d; (X1, X2) < Ry) ~ @=ria ze_g(d_l)(R"_t'_m/z, n— oo,

uniformly on {(t1, 1) : t; +t2 < Ry — wy }, where kq—> = [ sin®~2 0 df and w, =log log R,.

Proof. We again denote the relative angle between ®1 and ®, by ®1;. Recall that ©; 4
®12]01. From the hyperbolic law of cosines, we know that the distance between X; and X> is
determined by 71, #> and their relative angle ®1;. Since #1, t, are fixed, by (28) we can write

P(dy (X1, X2) < Ry) =/Cz 1{ d¢ (u1, uz) < Ry} 70(61)7(62) d61d6>

d

1 T
= / 1{ d;(u1, u2) < Ry} sin?=2 612612,
0

Kd—2

where we write u; = (t;, 6;), i = 1, 2, and 01 is the relative angle between u; and u,. Now, we
shall approximate the above integral. Let A1, = efRn»="1=2)/2_ Claim 2.5 in [19] proves that
Al_zl/(a),,élz) — 00 as n— 0o0. By virtue of Lemma 3, along with Al_zl — 0 as n— 00, we
have, on the set {(¢, 12):t1 + 12 <R, — wy},

Y

T 0
[ 1{ de(uy, uz) <Ry } sin?~2 612 d61p ~ / 1{ sin (%) SA]_ZI } sin¢ =2 612 db1>
A

—1 —1
12 /®n Al [on

<[ 1o =247} @ an ~ FE—
A [wn -

Therefore,

P
/ 1{ d; (ur, w) <R, } sin?~2 012 db12
0

ZA—I Sd_l
—(@d-1) o d 12
=o(A" V) + 1 dp(u, u) <Ry } sin® 201, d0jp ~ ~—2—— n— oo,

AL fon d—1 ’
as required. (]

3.2. Proofs of the expectation and variance results

In what follows, we calculate the moments of S,(17/) . We first introduce some notation to save
space. For u; € B(O, R,),i=1, ..., k, we write

&y U1, ..., uwg) = 1{ 0<dr(ui,up)) <Ry, G,)EE, t;<yR,, i=1,..., k} 30)
and

By Qur, oo ) :==1{ 0 <d;(ui, u)) <Ry, (i,j))€E, t;>yR,forsomei=1,...,k}, (31
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where t; = R, — d; (0, u;). Note that g, ,, represents the product of multiple indicator functions

in the right-hand side of (10), while 4, , is a similar indicator for S, — Sg,w.

Proof of Theorem 1. Let X1, ..., Xi be i.i.d. random points with density p, o ® 7, and set
T; =R, — d;(0, X;) as before. By an application of the multivariate Mecke formula for Poisson
processes (see, e.g., [33, Chapter 4]),

E(SY) = nk E(gn,, (X1, ..., Xp))

=n"Elgn, X1, ... X0) [] UTi+Tj <Ry — on}]
(i,j))eE

+ E[gn,y(Xl, ce Xk)l{U(,"j)eE{Tj + 7> Ry — a)n}}]
=:A, + By, (32)

where w,, = log log R,,. From now on, the argument aims to show that A,, coincides asymptoti-
cally with the right-hand side of (11). It follows from the conditioning on the radial distances
of X1, ..., Xi from the boundary and Lemma 2 that

A,,:nk]E|:1{T,-+Tj§Rn—a)n, (i,))€E, Ty<yRu, i=1,... k| ]_[
(i.,))eE

x P(d;(X;, Xj)fRn|T):|,
where T = (Ty, ..., Ty). Setting t = (1, . . ., tx), we may write
yRy YR,
Anznk/ dt1~--/ dl‘kl{li-i-ljSRn—a)n, (i,j)eE}
0 0

x [T P(deXi X)) <R 11) pnal®), (33)
(i.)EE

where p, o (t) denotes the product of densities in (7):

k
/Sn,ot(t) = 1_[ ﬁn,a(ti)~

i=1

Applying Lemma 4 on the set {ti +L <Ry —wp, (,))€ E}, we have, as n — 00,

e
[] P Xy <Ry lty~ [ o—— e ¢ VEmimi)/2
r L2 (d—Drg—
i,j)€E (i.))eE
2d-1 “t k
— o~ [(k=DRy =1, ditile (d=1)/2
(d— DKy

Furthermore, it follows from Lemma 1(ii) that

k
Pra(®) ~ ak(d — Ve @@ DXty o0,
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uniformly for ; < yR,, i=1, ..., k. Substituting these results into (33), we obtain
2d—1 k—1 k
Ay~ of(d — 1) nte ¢ @ DEDRZTT 4 (dy). (34)
Kd-2 i=1

We now show that B,, = 0(A;) as n — oo, unless y = 1/2. We check only the case in which
there is an edge joining X and X» such that T 4+ T» > R,, — w,, while all the other edges satisfy
T; +T; < R, — w,. However, the argument below can be applied in an obvious way even when
multiple edges satisfy 7; + T > R, — wj. Specifically, we shall verify

Co:=n"P(dy(X;, X;) <Ry, (i, ) €E, Ti<yRy, i=1,....k
T'+Tr>Ry—wn, Ti+Tj <R, —wy,, (i,))eE\{, 2)}) =0(An). (35)
Proceeding in the same way as in the computation for A,, while applying the obvious bound
{d (X1, X2) <R} <1,
we see that
n
C, < CHpke=¢@d=DUk=2)R, /2 1_[ a;)/)(dl.)
i=3

VR ) T2, (dm 120000,
x/ / ¥ @D Ui d=1=20/0tq ) 4 gy > R, — w, }dridia.
o Jo

By comparing this upper bound with the right-hand side of (11), we see that it suffices to show
that

d 2 [T (R 2 (di—1-2
Dn = eg( _I)R"/ / / e {( _I)Zi:l( i_l_ a/{)til{tl +t2 >Rn_(l)n}dt]dt2
0 0
=o(a(@d)a(dr)), n— oc. (36)

If 0 <y < 1/2, then D, is identically 0; hence, we may restrict ourselves to the case 1/2 <
y < 1. Without loss of generality, we may assume that d; > d» and rewrite D,, as

YRy
ez(d—l)(dl—l—Za/C)tu/Z/ ef(d‘1)(d2‘1_2“/§)’2/2dt2dt1.

Rn—t1—wp

YRy
D, = 5= DRi/2 /
(1=y)Ry—wn

If0<2a/¢ <dy—1, then
D, < C*eS@= DR+ L, di=1-20/0)y Ral /2
= &1/2=VEE=DRy (D) (dy)aP (d)) = 0(a(d1)aV ().
On the other hand, let 2ot/ > dy — 1. Then

D, < C* b d=Dl(d2 =2/ Ry +-(d1 —d2)y Rnl/2 _ O(a;y)(d] )al(g/)(dz)).
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The same result can also be obtained in the boundary case 2«/¢ =dy — 1, and thus we have
proven (36). Finally, if y = 1/2, the above calculations imply

D, =0(a(d)a (@), n—os,

and thus (12) follows.
We now proceed to proving (13). For 0 < y < 1, define U,(,V) =S8 — S,(Qy). Suppose 2« /¢ >
d(x). Appealing to (11), we obtain

2d—1 k—1 k |
E(SD)) ~ <—> ok TT(e = ¢cdif2) ™" nkec@=DE=DRi/2,
( n ) (d— 1)Kd—2 111( ! )
because, for every i =1, . . ., k, a’(d;) converges to (d — 1)~ (a— {d,-/2)71. Therefore, to
complete our proof, it suffices to verify that
E(U;V)) — O(nke—;“(d—l)(k—l)Rnﬂ)_ (37)

Recalling the notation (31), we apply the Mecke formula to obtain that
E (U;W) =nF B (b (X1, . ... X0)

=i B[k, X1, ..., X0 [ UTi+Tj <Ry — wn)]
(jeE

+n* E[hny (X1, . .., XOU U jyeelTi + T > Ry — wn}}] =: A}, + B),.

We can calculate A, in almost the same manner as A,; the only difference is that when handling
Pn,«(t), we apply the inequality in Lemma 1(i) instead of Lemma 1(ii). We then obtain

Rn R’l
A, < C*nke’“d’l)(k’l)R"/z/ dty - / dy
0 0

x 1{t; > yR, forsomei=1,...,k} 2 ¢@=D Xl @i=20/0)
= o(nke ¢ @=DE=DRx/2)
Here, the second equality follows from the assumption that d; — 2a¢/¢ <O foralli=1, ..., k.

Furthermore, we can show that B), = o(nke_g(d_l)(k_l)R"/ 2); the proof of this is similar to that
of the corresponding result for the derivation of (35) and (36), so we omit it. Thus, we have

(37) as needed to complete the proof of the theorem. (]
Proof of Corollary 1. Define Sg,y) as the sub-tree counts relating to a k-star with dyy =k — 1,
dik-1ny=---=dy=1
s = Z 1{0<de (X1, X)) <Ry, i=2,....k, T;<yRy, i=1,....k}.

X1, X0)EP,

We also define Ufly) =5, — S,(1y). First, (15) is a direct consequence of (13), so we shall prove
only (ii) and (iii).
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For the proof of (ii), we start by deriving a suitable upper bound for E(U,(f’) )- By the Mecke
formula and Lemma 1(i),

IE(U,SW):nkP(d;(Xl,Xi) <R,, i=2,...,k, T;>yR,forsomei=1,..., k)
<nfkP(T) > yR,) < C*nfe—d=DrRup
Taking the logarithm on both sides, we get

1 E )
lim sup (22 E(U)

<kevD) ' —ad—1y(1ve )]
mSUp g — (cvl) a( )V( c )

On the other hand, it follows from Theorem 1 that
IE(S(V)) ~ C*nke—f(d—l)(k—I)Rn/2a(y)(k — D~ C* ke @@= Dy Ry=t (d=D)k—=1)(1—y)R, /2
n n ?
which implies that, as n — oo,

log E(SY”)
—_—
R, Vlogn

1

Kev) ™ —ad—Dy(ve )™ —c@= k- DA —y)(1ve )2

Moreover, if lim sup,,_, o E (U,(f)) /E (S,(f)) R

: log E(S,) . log £ ( " )
lim Sup ———— = lim sup ———,
n—o00 Rn Vv log n n—o00 Rn \4 log n

and if limsup,_, ., E (U,SV)) JE (s,(,”) = o0,

. log E(S,) ..
limsup ——— = _
n—soo Ry Vlogn n—soo RyVlogn

Therefore, using the obvious inequalities

log E (S,(ly))
lim inf ————~= <liminf
n—oco R, Vlogn n—oo R,Vlogn =~ ;o500 R,Vlogn

logE (SSP) logE (Uf,”)
<limsup ——— VvV Ilimsup ———~,
nsoo RpVlogn nsoo RyVlogn

logE(S,) _ . logE(S,)

and letting y ' 1, we obtain
log E(S,,)

R, viogn —SkicvD) ' —ad—1DAveHL asn— co.

The proof of (iii) is very similar to that of (ii), so we omit it. t

Proof of Theorem 2. We start by writing

k
E[(S7)] = ZE[ Z gy X1, ..., Xp)
(X1,.

=0 Xoe-)ePrLt

k
X gny X1, oo, Xy Xiy 1y - - ,sz—e)} =: ZE(IZ),
=0
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(@) (b)
]: 1.3)

(c) (d)
rs a H Ok Ty %
4 a a
3
2/\; OK b b
5

FIGURE 4. (a) Let k=35, i=1, and j = 3. Take two copies of I's. (b) Identify vertex 1 in one copy and
vertex 3 in the other copy, and glue them together. The vertex ‘a’ denotes the glued vertex. The degree
sequence of Fgl's) is {5,2,3,1,1, 1,1, 1, 1}. (c) Consider the same I'5 as in (a) and set £ =2. Glue
vertex 2 in one copy of I'5 to vertex 2 in the other copy. Do the same for vertex 3 for the two copies
of I's; this yields the subgraph H shown here. (d) Removing an edge (a, b) from H, we get one of the
corresponding spanning trees.

where g, , is defined at (30). For £ = 0, the Mecke formula yields
2 2
E(lp) = n2* [E(g,,,y(X))] = [E(s?)].

Let F;’kﬁ) | be a tree on [2k — 1] (meaning |E| = 2k — 2) formed by taking two copies of I'x
and identifying the vertex of degree d; in one copy with the vertex of degree d; in the other
copy. In other words, the degree sequence of ngj_) | 18 di +d;, d;, d; and a pair of d;’s for
£ e[k]\ {i,j} ; see Figure 4(a)—(b).

We first note that 1 = Zi’i/:l C(Fg,;jll, HGi,y)(R,,; o, {)) , and so, from the identity for E(/y)

above, we have that

k
Var(s)) = Y BU) = B = E[ C(T47) HGY (Rui . 0)]. (38)
=1

where i’ =j = (k), that is, dy = dj = d(). Therefore, applying Theorem 1 to (38), we derive
that

k—1
Var(Sily)) — Q (n2k_lE_{(d_l)(k_l)R”a,(,ly)(Zd(k)) l_[ asl)/)(d(l))Z) . (39)

i=1

Note that owing to (32) and (34), the assumption y # 1/2 is not required for the lower bound.
Similarly, by using the bound I > C(T'%, HGY (R,; a, ¢)) and Theorem 1, we get

k
Var(SY) = B = B ¢, HGY (Res 0, 0)) ] = 0<n’<e—§ (@=DG=DR/2 T a,(j’)(di))
=1
’ (40)
Finally, combining (39) and (40) establishes (16).

We now proceed to showing (17). Assume that «/¢ > dy), and for O <y < 1, write
Var(s?)) = S ¥_Ey) as in (38). To derive exact asymptotics for Var(s?), we need to
derive exact asymptotics for E(/;) and E(/;) and also show that E(I¢) = o(E(/;) v E(Iy)) for
2<l<k-1.
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From the representation of /1 before (38) and Theorem 1, we have that

k
E()= E[c(rg‘,;fjl, HGY) (Ry; , g))]
ij=1

k k
~ CF k=1 g=Ed=1)k=1Ry Z H aﬁ}’)(de)Zaﬁ,’”)(di+dj)a£2’)(di)a53’)(dj).
ij=1 b=1, 0£i]

However, because of the constraint o/ > d), we see that

k
[T a?@’a) @i+ dpal’ @dpa’ )
0=1, L#ij
tends to a positive constant for all i, j=1, .. ., k. Thus, we conclude that

E(l}) ~ C*n? e @=DE=DR = a5 5 5 00,

Similarly, we can verify that E(Iy) ~ C*nke¢@=D&=DR/2 35y 5 o0,

Next we investigate the rate of E(I;) for £ =2, ..., k— 1. Similarly to /1, we can express
Iy as a sum of C(H, HGY(R,: a, ¢)) over subgraphs H on [2k — ¢] formed by identifying ¢
vertices on two copies of I'y. Choosing a spanning tree I'y of H, and using the monotonicity of
C,we get C(H, HGY Ry a, ) =<C(T'w, HGY (R,; a, ¢)); see Figure 4(c)—(d). By the choice
of H and I'y, the vertex degrees are necessarily smaller than «/¢. Thus, from Theorem 1, we
get that for every I'y,

E[C(FH, HGY Ry . C))] o CF 2kt g8 (d=1) k== DR, /2.
Now, we derive that

E(ly) = 0(n2k—£e—§(d—l)(2k—£—l)R,7/2)’ =2, ..., k—1.

Note that for every n > 1, g(m) =n"e™*¢ (d=1(m=DRx/2 i monotonic in m € N4, so either E(I)

or E(I;) determines the actual growth rate of Var(Sﬁ,y)). Thus, we have that E(I;) = O(E(I DV
IE(Ik)) for all 2 <{¢ <k — 1, and we can conclude that

Var(s?) ~ c* [nqu o= Sd=D=DR, , nkefadfl)(kfl)&l/z], " — 0.

Next, let U,(ly) =S, - Sfly) for 0 < y < 1. We can finish the proof provided that
Var(U(V)) — o(nZkflefé(dfl)(kfl)Rn v nkefi(dfl)(kfl)Rn/Z) 1)
p .

As in the proof for Var(S), we write

k
Var(UY)) = ZIE|: > By (X1, - .., Xi)

=1 [o.C sz_g)epff{;k

k
X hny (X1, oo Xey Xierts - - sz—z)} =: Y B
¢=1
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Repeating the same argument as in the proof of (37) in Theorem 1, we obtain that for all
t=1,...,k

E(J,) = O(nZk—(Ze—{(d—l)(Zk—K—l)R,l/2).

Thus, (41) follows. Moreover, by the Cauchy—Schwarz inequality,

| Cov(s?, U | < \/Var(Sgly))Var(Uﬁly)) = o(nZk_le_g(d_l)(k_l)R’l \Y nke_{(d_l)(k_l)R"/z),
from which we have
Var(S,) = Var(SY)) + Var(UY) + 2Cov(SY, UY)
~C I:nZk—le—g(d—l)(k—l)R,, v nke—é'(d—l)(k_l)Rn/z]’ - 0o, 0

3.3. Proof of the central limit theorem

The proof relies on the normal approximation bound derived from the Malliavin—Stein
method in [32] (see Theorem 4 below). The Malliavin—Stein method has emerged as a crucial
tool for the approximation of Gaussian, Poisson, and Rademacher functionals. An important
aspect of the method is to express the terms in Stein’s equation in terms of the Malliavin oper-
ators and derive suitable estimates for the latter. The bound in [32] reduces estimates involving
the Malliavin operators to those expressed in terms of more tractable difference operators.
For a more detailed introduction to this subject, see [33, 37]. In our proof, we use only the
first- and second-order difference operators. Our sub-tree counts are U-statistics, and one may
express these difference operators in terms of g, , as defined in (30). The bulk of our work
(see Lemmas 5-7) will be in deducing good estimates for these difference operators. By substi-
tuting the obtained estimates and the already derived variance estimates into the second-order
Poincaré inequality, we obtain the required normal approximation.

This section is organized as follows. In Section 3.3.1 we introduce the normal approxima-
tion bound, as well as simplifications for our case. Next, in Section 3.3.2 we derive necessary
estimates for difference operators, which we use in Section 3.3.3 to complete the proof of the
CLT.

3.3.1. Malliavin—Stein bound for Poisson functionals. Let P be a Poisson point process on a
finite measure space X with intensity measure A( - ). For a functional F of Radon counting
measures (i.e., locally finite collection of points), define the Malliavin difference operators
as follows. For x € X, the first-order difference operator is D F := F(P U {x}) — F(P). The
higher-order difference operators are defined inductively as Dﬁl _____ oF :=DXK(D£]_’_1_” o B)-
We require only the first- and second-order difference operators. The latter is easily seen
to be

D2 F=F(PU{x,y}) — F(P U {y})) — F(P U {x}) + F(P),
for x, y € X. We say that F' € dom D if

E(F(P)?) < oo, E[ / (DF (P10 | < 0.
X

The normal approximation bounds in [32, Theorems 1.1 and 1.2] are given in a compact form
but involve the second moments of the product of second-order difference operators. A sim-
plified version of [32, Theorems 1.1 and 1.2] is given in [32, Proposition 1.4], but it does
not suffice for our purposes. Therefore, the bounds we shall use below are those obtained by
combining [32, Theorems 1.1 and 1.2] and [32, Theorem 6.1].
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Theorem 4. ([32, Theorems 1.1, 1.2, and 6.1]) Let F € dom D and let N be a standard normal
random variable. Define

cl = supIE(leF|5), cp:i= sup E(IDﬁ,yFIS),
xeX x,yeX

where these supremums are essential supremums with respect to ) and \?, respectively. Then
F —E(F)

" (W’
F—E(F)

(«/W(F) ’

where Wy, ..., We are defined as follows:

N)§W1 + Wa + W3,

N>§W1+W2+W3+W4+W5+W6,

1/2

wi= 2D DT [ (57 £0) P (02 20)] ™ )|

2/5 172

W= VZZV(F) [/);3 [P (DJZCI%F # 0) P (D)%z,xsF # 0)]1/10 A3 (d(xl , X2, X3))] ,

1
Wi=———> [ E(ID,F|*)A(dv),
3 Var(F)3/2/X (| X |) (dx)
AP A0 g 2el P
T Var(F)3/2 Var(F)? )
B C?/S)\,(X)l/z
ST T Var(F)
V6(cie)'d + «/§c§/5 5 | 1/2
= /10,2
o= Var(F) |:/XZ P(Dy, o, F #0172 (d(xl, Xz))] .

For a self-contained proof, we state [32, Theorems 1.1 and 1.2] in the appendix, explaining
how the above theorem can be deduced using the proof strategy of [32, Theorem 6.1].
In order to apply Theorem 4 to our setup, we take

F=S7,  Mdx)=npna®m@)1{t < yR,) dido,

where x is represented by its hyperbolic polar coordinates (¢, ).

(v)
n

In what follows, we write g =gy, (see (30)). Observe that S, is a U-statistic and its

Malliavin derivatives have a neat form as follows: for two distinct points x, y € B@),

k
DSV =" > gXi . x L X1, (42)
=1 (X],‘..,kal)elpﬁ,;l ¢
DSV = ) 2 e S (43)
1

Isbi<bsk .. Xe2)eP,}

4 Z Z eXy, iy Xy, Xp—2),

1<ly<l<k [o:C Xk—Z)EP,I,:,Z
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where ¢ and the ¢; denote the positions of the corresponding coordinates. In particular, (42)

represents the number of injective homomorphisms from Iy to HGf,y)(Rn; o, ¢), with one of
its vertices fixed at x and the remaining k — 1 points taken from P,. Similarly, (43) represents
the number of injective homomorphisms, but here, two of the vertices are fixed at x and y,
respectively.

From (42) and (43), the constants ¢y, ¢ in Theorem 4 have become

cini= sup E[IDSYP].  con:= sup E[|D; STP].
xeDy (Ry) x,y€Dy (Ry)

For notational convenience later on, we also define

YRy
3= fo L E[IDxSY 1] on.o ()7 (0)d6dt,
d

where x is again represented by its hyperbolic polar coordinates (z, 8). With this notation
and the preliminary facts now available, we can rephrase W, i=1, ..., 6, in Theorem 4 as
follows:

202 (c1 ne2)'
1 _——
Var(s")

3 1/2
x / PO, S #ORDY, ST #O1 [ | hualtim @drde; |
[0,yRPxC5 im1
/()

Var(s7)

3 1/2
x f [P(D?, .S #OPDE, SV 001 T | puo ) (B)drid6; |,
[0,y R, PxC) i=1
nes

T Var PP
n(cra)® 0 er ) 2032 (e )

P Vars?p Var(s{)?
WS _ nl/Z(Cl,n)Z/S ’
Var(s7)
We = n{V6(c1nc2n)' + V3(c2)??)
Var(sy)
2 1/2
x [ f [PD;, S #NVO] ﬁn,am)n(e,»)dtidei} : (44)
[0,y R, 2% C3 i1

where we identify the terms x; with their hyperbolic polar coordinates (¢;, 6;).

3.3.2. Some auxiliary lemmas for the proof of the central limit theorem. Having already derived
variance bounds in Theorem 2, we now deduce necessary estimates for the W; terms in (44).
More specifically, Lemmas 5 and 6 below are used to estimate ¢y, 2,4, and ¢3 ,, while Lemma
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7 calculates the rate of the remaining integral terms. These estimates are then substituted into
the W; terms in (44). Recall that C* is a positive generic constant, which is independent of n.

Lemma 5. Let the assumptions of Theorem 3 hold, and let y €(0,1/2). Set
pn i =ne $@=DRJ2 For p> 1, define QI(,I) and Q,(,z) respectively to be the set of all trees on
{0} U [pland {—1,0}U [pl. Foratree T € QI(,I), letdy, dy, ..., d, be the degree sequence, and

similarly, for a tree T € Q(z), letd |, dj, ..., d;, be the degree sequence. Then we have
crn=0(p"e],). 5)
con=0 (,0,5!(]‘_2)6/2’”) , (46)
where
p
roa_ {(d—1)dyyRn/2 W
¢y, = max e 0 a’’(d),
L k1 S k=1, E 0 ()
TGy
p
/o S(d—1)(d"_+dy)yRn/2 W) g
Ch, = e 1% a’’(d)).
2T k2, S (k=2), H i ()

*
Teg? ’

Lemma 6. In the notation of Lemma S, for 0 <y < 1/2,

30 =0 (pﬁ(k”)c/g,n) :

where
P
— g
Ccy = ax l_[a (d)
R o I (S T S
reg =

Lemma 7. For0 <y <1/2and 0 <a < 1, we have

2 o) 2 o) ¢
/ [P(Dxmsny £0)P (Dx27x3Sn” ;éo)]
[0,yR,1PxC3

3
x [ | Anattm @)deid6; = O(e=4 @~ DA=2Rn),

i=1

2
/ P2, S £ 01 [] Aneti) @6y = O(e~@=DA=2R/2).
[0,y R, 2% C2 ’

i=1

Remark 3.

(i) One can make the growth rate of the ¢}, as slow as one likes by choosing y small
enough. To make this a little more clear, assume, for simplicity, that 2«¢/¢ is not an
integer. Then, as n — oo,

[7 71 U P 7
e~ max ‘ d—1)(a—1¢d/2 ‘ D[ L 2erc). ko
i p:k_l,...,S(k_U,H d—Da—tdj2)| e

Tegﬁl) J=
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Note also that p, — c € (0, oo] implies R,, = O(log n). Therefore, for any € > 0, there
exists yg > 0 such that for all 0 <y < yp, we have that C/l,n = 0(n). The same claim
holds for C/Z,n’ c/3’n as well.

(ii) The separation of each ¢; , into ¢, and p, terms is because ¢; , depends on y, whereas
pn does not.

(iii) In many applications to Euclidean stochastic geometric functionals (see [32, Section 7]),
C1,n, C2.n are shown to be bounded in n, whereas in our case, c1 ,, ¢2, are unbounded in
n. This is why it is challenging to obtain optimal Berry—Esseen bounds in our normal
approximation result.

Proof of Lemma 5. Fix x € Bgf). Forp=k—1,...,5(k—1), let X54_1)p denote the set
of all surjective maps from [5(k — 1)] to [p]. From (42), we have that

k 5
\DXSEV)PSC*Z( Z g(Xl,...,x,l...,Xk_l))

=N XieneP,
5(k—1) !
=CY D X >
p!
=1 p=k—1 0ET5(k—1).p (X1,..., XI’)EP{;;&

W

S Hg(Xa((i—l)(k—l)+l)s R Xa(i(k—l)))'
¢

i=1

It is possible that under some surjections o, the coordinates in (a((i—l)(k—1)+
1),...,0(k— 1))) may repeat for some i, but in such cases, g =0 by definition; thus,
X5(k—1),p in the last expression can be replaced with

Sy = o€ Ssk—1)p:o(i— Dk =D+ 1), ..., 0k—1))

are distinct forall i=1, ..., 5}.
Now, let us fix £ = 1, without loss of generality, andpef{k—1,...,5(k—1)},0 € )Z)g"(k_l)’p;
then we shall bound
5
Anpo Z=E|: Z 8(%, Xo (=D k=D+1)s - - - » Xa(i(k—l))):|' 47)
X1, Xp)eP) =1

Let G, be a simple graph on {0} U [p] with the edge set defined as follows: for every
i=1,...,5, define (a((i— Dk—1)+j1), 0@ — 1)(k—1) +j2)) eE, if G1+1,jo+1)is
an edge in I'y. Similarly we say that (O, o(i—1Dk-1) +j)) € E; if (1,74 1) is an edge in
['x. Then, setting Xo = x, we have that G, is the graph counted by the summand in (47), i.e.,

8% Xo (= Dk=D)+1)s - - - » Xotith—1)) = l_[ 1{d; (X, X)) <R, }. (48)

5
=1 (i.)eGy

1

Now, the surjectivity of ¢ implies that G, is connected, and thus we can always find a
spanning tree Gy, of G, on {0} U [p]. Let djy, . . ., d,, be the degree sequence of G, and let E;,
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be the edge set of G/,. By the definitions of A, », G, G, together with the monotonicity of
C and the above identity, we have that

Anpo = JE[C(GU, HGY(R,; a, g))] < E[C(Gﬁ,, HGY(R,; a, ;“))]

where o = R, — d; (0, x) is deterministic, and the Mecke formula is applied at the last equality.
Note that |E/ | =p.

Proceeding as in the derivation of (34) and noting that T; +7; <R, — w, with w, =
log log R, always holds as we are taking y < 1/2, we derive that

lel J/er
Mg = [ [t <R T] B0 ) < Ry 19000
0 0 L
(i J)EeE,

d—1 14
- (2_)” o e E= VPR 280021 < R, ] ()

Ka—2 i=1
) p
— O(IO’I;eC(d—l)dm’Rn/z 1_[ agly)(dl{))_ (50)
i=1
Now, let us take the maximum of A, , » overallpe{k—1,...,5(k—1)}, 0 € E?(k—l)p’
and the corresponding spanning tree G, of a degree sequence dy, d, . . ., d,,. Equivalently, we
take the maximum of A, , s overallpe{k—1,...,5(k—D}and T € g(”, to conclude that
p
— ¢(d—1)dyyRn/2 g
n= O(P=klr,rlni)§(kl), Pre ’ 1} % wi))’ 1)
TEg,(,]) =

If p, — o0, then clearly oh = O(,og(kfl)) forallk — 1 <p <5(k — 1), and hence the bound (45)

holds trivially. Otherwise, p, — ¢ € (0, 00), but we can still easily get (45).
Now we shall derive the bound for ¢ , in (46). Forpe {k—2, ..., 5(k — 2)}, let

E?(k—z),p = {a € B5x—2),p:0((@— Dk —=2)+1), ..., o(i(k —2)) are distinct for all
i=1,...,5}

Then, arguing as in the derivation of the bounds for c; ,, we find that the task of bounding
EHDX,_VSSZV) |5] is again reduced to that of bounding

Bupo ::E|: Z

5
(X150 X[))E/va# i=1

8% ¥, Xo (- Dk—2)+1)> - - - » Xa(i(k—z»)}
forallpefk—2,....5(—2)}and o € BZ;_, .

Setting X_; = x, Xo =y respectively, we can define a simple graph G, on {—1, 0} U [p] as
in (48) such that

8. Y. Xoi-yk—241)s - - - Xok—29) = [ [ 1{deXi Xj) < Ra}.
i=1 (i.)eGq
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Let G/, be a spanning tree of G,, which exists as G, is connected by the surjectivity of o.
Letd |.dj, ..., d;, be the respective degrees of vertices {—1, 0} U [p] in G/, and let E/, be its
edge set. Note that |[E_ | =p + 1.

Then, setting 7_; =R, — d;(0, x) and 1o = R, — d; (0, y) (which are deterministic), we again
derive that

Bupo < E[C(Gg, HGY (Ry; a, ;))]
=n"P(d;(X;, X)) <Ru, (i, ) €E,, Ti<yRy, i=1,...,p, t_1,t0<yRy). (52)

We basically proceed again as in the derivation of (34) by conditioning on the 7}, but here, we
need to account for one extra complication, i.e., whether (— 1, 0) € E/ ornot. If (— 1, 0) € E_,
then whether X_; =x and Xy =y are connected is purely deterministic and the randomness
arises only in the remaining p edges. In that case, the rightmost term in (52) is bounded by

YRy YRy
w [T [Tt ozyr) ] PEX) <R 195000
0 0 ()EEL\(1,0)

P
~ C*nl?e—f(d—l)[?Rn/2+27lK(d—l)[(d’_|—1)t—1+(d6—1)t0]1{t 1, fo < YRy} 1_[ a(y)(d/-)
-1, 10 = n i
i=1
1’ ! p
— 0( pgeé“(d—1)(d,1+d0)an/2—§(d—1)an 1_[ a;(qy)(dz/') ) (53)
i=1

On the other hand, if (— 1, 0) ¢ E_, the randomness arises in all p 4+ 1 edges of E, . Then the
rightmost term in (52) is bounded by

12:% YRy
> fo iy - /0 diy Ut 1, 10 < R} [T P(de(X X)) < R |6 a®
(i.)eE,

p
~ CFpP e S @D+ DR/ 2127 0D i1+ dyi0) 1 (| g0 < R} H a(d)
- —_ n 1
i=1
4 4 P
- 0( phe S @ DR2HLE=D@ oy R2 T 41 ) (54)
i=1

Combining (53) and (54), we conclude that

P
Bupo = O phe =D+ [T o ).
i=1
Now, proceeding as in the derivation of (45) (see below (51)), we get (46). O

Proof of Lemma 6. From the same reasoning as in Lemma 5, it suffices to bound

YRy 3
Cup.o :=f / IE|: E l_[g(x, Xo (= D)(k=1)+1)s - - - ,X(r(i(k—l))):| Pn,o(Om(0)dOdt
0 Ca

X1, Xp)eP, =1

foreverype{k—1,...,3(k—1)}ando € Eg‘(k_l),p.
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Let G, be the same simple graph on {0} U [p] as that constructed in the proof of
Lemma 5(i) (see (48)), for which x is identified as a vertex ‘0’. Once again, let G, be a span-
ning tree of G,, with d, ..., d;, the degree sequence and E/ the edge set of G.. It follows
from the monotonicity of C and the Mecke formula that

Cupo B[ C(Gy HGY Ry . 0) |
— n"P(d¢(X;, X)) <Ry, (i) €EL, T;<yRy, i=0,...,p). (55)

For further calculations, we note that Xy in (55) is random, whereas Xy = x in (49) was purely
deterministic. Taking into consideration this difference and using Theorem 1 with k=p + 1,

we have
p P
Copo < C Pl [[aV(d) = o(p,§<’<*‘> I1 a;w(d;)).
i=0 i=0
Finally, taking the maximum completes the proof. (]

Proof of Lemma 7. We first need the following fact. For 0 < y < 1/2, let HG(X') be a hyper-
bolic geometric graph on a point set X C Dy, (R;,), connecting any two points within a distance
R,. Suppose that y;, y» € X are connected by a path of length £ > 1 in HG(X), and their hyper-
bolic distances from the boundary, given by t; =R, — d(0, y;), i=1, 2, satisfy 11, < yR,,.
For the relative angle 01, between y; and y,, we claim that

012 < (1 +0(1))20e ¢ I=2RI2 3y s 0, (56)

uniformly for 1, 5 < yR,,.
The proof of (56) can be done inductively. For £=1, set fjp= (e 2R 4

e‘zf(R"_’Z))l/2 as in Lemma 3. Since t; + 10 <2y R, < R, — w,, we get
0o =o(e ¢ ®n=1712)/2) 0, n— o0, (57)

as in the proof of Lemma 4.
If 12 < 012, then 012 < (1 + o(1))e~¢U=2Rs/2 by (57) with 11, 1, < y R, and so (56) holds

for £ =1. If 610 > é]z, Lemma 3 yields the following: uniformly for ¢; < yR,, i=1, 2, we
have that

2 . /0
Ru = de(v1,72) = 2Ry = (1 + 1) + - log sin(=2) +o(1)
2 0
>2(1 —y)Rn—i—Elogsin(%)—i—o(l), n— oo.

Equivalently, we get that sin (612/2) < (14 o(1))e=¢(!1=2)Rn/2_ As the right-hand side tends
to 0 as n — oo, we have, uniformly for#; < yR,,i=1, 2,

012 < (1+ 0(1))2e E-2R/2 -y, o,

Hence, in either case, the claim for £ = 1 follows.
Now, suppose that the claim holds for £ — 1. Then, if y;, y> have a path of length ¢, there
exists a yo such that y; and yg have a path of length £ — 1, and y and y;, have a path of length 1.
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Denoting the corresponding relative angles by 81 and 6y,, we see that 61> < 619 + 6p2; hence,
the proof of (56) can be completed by the induction hypothesis.

Fix x1, x2, x3 such that 1; < yR, for i =1, 2, 3. From (43), D3, S/ # 0 implies that there
is a path of length at most diam(I'y) (i.e., the diameter of the graph) from x; to x3 in the
hyperbolic random geometric graph on (77,, nD, (R,,)) U {x1, x3} with radius of connectivity
R,,. Thus, from (56) and diam(T"}) < k, we have that

013 < (14 0(1))2ke C =202y o0

Therefore,

3
/ [B(D2, ;89 #OP(D?, . SP #0)]* [ ] i) (6)drid6;
[0,yR,¥xC3 i1

3
= / M = ke TR = 2} [ [ oot 0)dtid6;
[0,y R,] ><Cd

i=1
=C*P(Op < 2ke $U=2R2 512 T, <yRy, i=1,2,3),
where ©;3 denotes the relative angle between X; and X3, j=1, 2, and T; = R, — d; (0, X;) for

i=1,2,3.
Now, the probability of the last term equals

2 3
/ P05 <2ke™ 2082 4 10, 13) [ ] ) dii (58)
[0,7Rn] i=1

Using the density (28) of a relative angle, it is easy to see that

2 Q-1 \?

1_[ P(®/3 < 2ke*{(172y)Rn/2 | t, b, t3) ~ (—) eff(dfl)(lfﬁ/)Rn7 n— oo,
[ (d = Draa

uniformly for t; < yR,, i =1, 2, 3. It now follows from Lemma 1(ii) that (58) is asymptotically
equal to

YRy 3
CFe—E@-D(1-2p)R, ( / e—“(d—l)’dt> _ (e 5@ D020k,
0

This proves the first statement in the lemma. By exactly the same argument, we obtain the
second statement in the lemma. O

3.3.3. Proof of the central limit theorem in Theorem 3. We now put together all the bounds and
prove our main CLT.

Proof of Theorem 3. From (16), we have

k—1

Var(S7)) = Q<np§<k‘>a§ly>(2d(k)) I1 af}’)(d(,-))z).
i=1
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Substituting the lower bound for variance above and the bounds in Lemmas 5-7 into (44), and
using the definition of p,, we obtain
(C/] nc/z )I/Seyg(d_l)Rn

a’ Qday) T2 ai(d)>

)Z/Seyg(dfl)Rn

W] < C*n—l/2

<V)(2d<k)>n, L (dy)?

/
C3n

Ws=Cn 2 )
an Y (Q'd(k))3/2 1_[ —1 any (d(t))3

From Theorem 4, we know that
S;V) _FE (Sgly)>

VVar(s?)

one can see that

dw SN < Wi 4 W 4 Wil

By the definition of a(y)

C/],n <C* max 6271{(0[—1)[‘16"‘2?:1 (d;—Za/{)Jr]yR,,,

—1 P
¢, <C* max R SCEM RS vl (d;fza/;)+]y1en’

-1 _ P ’_
&, <C* max R v C 2a/§)+yR,,’

k—1
(y)(zd(k)) l_[a(]/)(d(l))2 > C* 2 {(d ])[ (d(k) Ol/{) +Z (d(i)*Z(Y/{)+]VRil‘

i=1
Note also that (18) ensures R, < C* log n. Substituting all of these bounds back into Wy, W5,
and W3 above, we find that
Wy < C*n_1/2+c”/, W, < C>i<n—1/2+c2ypn—l7 Wy < C*n—1/2+03y’

for some positive constants c;, i =1, 2, 3. Hence, for any a < 1/2, we can choose yp so
small that Wy 4+ W, + W3 = O(n™%) as n — oo, for all 0 < y < yp. This proves the Wasserstein
bound in (19).

To prove the Kolmogorov bound in (19), again using the bounds in Theorem 4, along with
Lemmas 5, 6, and 7 and the variance lower bound above, we derive using (44) that

)" )"

+ }
a2 T adw)?  a @da)? T aldiy)*

Wy < C*n—l/Z[

ik
a’ 2du) T2 aF(dy)?
ey{(d_l)Rn/z

(V)(Zd(k))l_[ 1 Lall (dp)?

Ws < Ctn= /2

We < C*(npy)~"/?

((huca )" + 0 (3, )P,
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From Theorem 4, we have

s — B
dg | ———— N | <Wi +Wr+ W3+ Wys+ W5 + Wg.

Var(s?)

Substituting the bounds for ¢/ ,, ¢} . and ¢ , into Wy, Ws, and W, as well as R, < C* logn,
one can see that

W4§C*n—1/2+64y; W5 SC*}’Z_I/2+C5V; W6§C*H_1/2+C6yp,1_l/2,

for some ¢; > 0,i=4, 5, 6. Now, for any a < 1/2, we can choose yp small enough so that the
Kolmogorov bound in (19) holds for all 0 < y < yp.
In order to show (20), let us assume «/¢ > dy). First, choose 0 < y < 1/2 such that

517) —E < 51}’))

Var (S,(ly) )

dw ,N|—>0, asn— oo.

Setting U,(,y) =S, — E,V), we write
Var (7)) SO -B(s8) -k (0F)

+
VarS,) W JVarSy)

From (17), we have that Var (SE,V)) ~Var(S,) as n— oo. Since the CLT holds for Sﬁ,y),
the first term converges in distribution to N as n — oco. Now, from (41), we know that

Sy —E(S,)

' Var(S,)

Var (U,(f)) /Var(S,) — 0 as n — oo, and hence, by Chebyshev’s inequality, the second term

converges to 0 in probability. Thus, applying Slutsky’s theorem, we obtain the CLT for S, as
required. (]

Remark 4. If 20/ > 5d(, one can deduce more precise estimates for W;, i=1,...,6. In

fact, by the choice of the d;, we have that each a,(f)(dl’.) converges to a constant, and so we

derive that c:.’n < C*(n/p,Y*=V for i =1, 2. Thus we have that

W < C*n71/2+2kypnf2ky’ W, < C*n71/2+2kyp;172ky,

Ws < C*n—1/2+2(k—l)ypn—2(k—l)y’ We < C*n—l/2+(2k—l)ypn—l/2—(2k—l)y'

In particular, the above inequalities imply that W; -0 for i=1,...,6, whenever
y <1/8(k—1).
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Appendix A

In this appendix, we state the main normal approximation result in [32] and explain how
Theorem 4 can be deduced from the same. Recall the notation from Section 3.3.1.

Theorem 5. ([32, Theorems 1.1 and 1.2]) Let F be as in Theorem 4. Then

d (F_—E(F) N>< (F) + »(F) + y3(F)
w W» =V Y2 V3 5

F—-EWF
(\/V?EF;, N) <V1(F) 4+ v2(F) 4+ y3(F) 4+ ya(F) + y5(F) + y6(F),
where y;i(F),i=1, ..., 6, are given by
__2 2 212 2\'/2,3 2
V(F) = VarF) [/}(3 (E([DX,F] [Dy, FI)E([D3, o FI°[Dy, o Fl )) A (d(xl,n,)@))} ,

1 12
)= [ f E(LD;, ,,F] [DJZCZX3F]2)/\3(d(X1,X2,X3))] :
1 3
y3(F) = W/ E(|D.F|7)A(dx),

1/4
Va(F) = [Bar —2wh] " [ [Bapr1] aa,

2Var(F)?

12
[ / E([DXF]“)A(dx)} ,

. 1 4 4y 2 12
yﬁ(F).—W[ f 6(E(D. FINE(DY ,,F] )) +3E(D2,,, F1'A (d(xl,xz»] .

ys(F): =¥, )

Proof of Theorem 4. We aim to deduce the bounds for y;(F) above via the proof strategy
for [32, Theorem 6.1]. Using the definitions of ¢y, c2, as well as Holder’s inequality, we have
that

5 4/5

E(D:FTY) < ¢y s E(DFIP) <) s B(D?, , F1H) < & BD2 L F#0)'°.  (59)

X1,X2

Applying these bounds, together with further applications of Holder’s inequality, gives
that y1(F) < W and y»(F) < W,. Note that y3(F) = W3. This completes the proof for the
Wasserstein bound in Theorem 4.

Subsequently, the bounds in (59) also yield that ys(F) < Ws and ye(F) < We. Using the
equation at the end of the proof of [32, Theorem 6.1], we obtain that

JEER 4/5 5/4+2 4/5 3/2
ya(F) < = ,
= Var(F)3/2 Var(F)2

where
Tp:= / P(D.F # 0)'/10x(dx).
X

Using the trivial inequality P(D,F # 0) <1, we get that y4(F) < W4. Now the Kolmogorov
bound in Theorem 4 has been obtained. (]
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