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ON A #-ANALOGUE OF THE LOG-Γ-FUNCTION

HIROFUMI TSUMURA

0. Introduction

For complex numbers q and u, Carlitz defined the ^-Bernoulli numbers

{βk(q)} and the #-Euler numbers {Hk(u, q)} associated to u by

and

H0(u, q) = l , Σ ( k ) q'H^u, q) - uHk(u, q) = 0 (ft > 1) .

(See [2]). Note that if q->l, then βk(q) -* Bk and Hk(u, q) -* Hk(u) where

{Bk} and {Hk(u)} are the ordinary Bernoulli and Euler numbers defined by

t Λ *-* ^k />p

e — 1 Λ=O
 κ"

and

1 — u _ ™ t

e — u k=o k"

In [4], Kobiltz constructed a ^-analogue of the ^-adic L-function LPq(s, χ) which

interpolated the (/-Bernoulli numbers at non positive integers, and suggested the

following two problems.

(1) Are there complex analytic ^-L-series which LPq(s, χ) can be viewed as

interpolating, in the same way that Lp(s, χ) interpolates L(s, χ ) ?

(2) Do Carlitz's βk(q) occur in the coefficients of some Stirling type series for

or complex analytic #-log-iΓ-functions ?
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In [5], Satoh gave an answer to the problem (1). Namely he constructed a

#-L-series Lq(s, χ) which interpolated the generalized (/-Bernoulli numbers de-

fined in [4]. An answer to the problem (2) in the ^-adic case was given by the au-

thor in [7]. But the problem (2) in the complex case is unsolved.

In the present paper, we give an answer to the problem (2) in the complex

case. In §1, we construct a locally analytic function g(x, u, q) in which the

#-Euler numbers occur as the coefficients of the Stirling expansion. In §2, we con-

struct a locally analytic function G(x, q) in which the ^-Bernoulli numbers occur

as the coefficients of the Stirling expansion. In §3, we calculate the values of

Lg(s, χ) at positive integers by using G(x, q). The result is a ^-analogue of the

classical relation between the Dirichlet L-series and the log-/Munction. So we

can regard G(x, q) as the q-log-Γ-function which the above problem (2) in the

complex case requires.

1. The function g(x, u, q)

Let Z, R and C be the sets of rational integers, real numbers and complex

numbers. Let q be a complex number with \ q\ < 1, and u be a complex number

with \u\ > 1. For a complex number z, we use the notation [z] — [z q] = (1 —

qz)/{\ - q). Note that

(1.1) limM = τ ^ 7

Let

(1.2) Ks,u,q) = Σ j ,

for s ^ C .

LEMMA 1 (Satoh). l(s, uy q) is analytic in the whole complex plane. For k ^ Z

with k>0,

/(— k, u, q) =

u —

Proof. See [5].

https://doi.org/10.1017/S0027763000004840 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000004840


^-ANALOGUE OF THE LOG-Γ-FUNCTION 59

Now we define the function

(1.3) g(x, u,q) = Σ u~\x + [n])\og(x + [n]).

By the condition | u \ > 1, we can see that g(x, u, q) is a locally analytic func-

tion.

PROPOSITION 1. Forx ^ C with \ x\ > 1/(1 — \ q \)2,

u 1
g(x, u, q) = —ZΓT {xlogx + _ (logx + 1)}u i u q

oo / 1\H1 Λ

u ^ (~ 1) ( v J ^
- 1) + ^^

By (1.3),

(1.4) g(x, u, q) = Σ u n(x + [n])logx
n=0

By Lemma 1, we have

Σ -«r -i W

n=0 **

M — 1 u — q'

So the first term of (1.4) can be calculated and equals

On the other hand, by using the series expansion formula

oo ( _ ^ + 1 /

log(l 4- z) = Σ T ,

the second term of (1.4) equals

υ /c + l r -\k m / -, \ A: + l r TA

W , ~ (— 1) [n](1.5) Σ ^ Σ — T ^τ+Σ
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(-D
k+1

= Σ
Λ = l

Note that | [n] \ < 1/(1 - \q | ) for n = 1 , 2 , 3 , . . . . So the equation (1.5) holds

for x with I x | > 1 / ( I — | q |) . B y Lemma 1, we have the assertion.

COROLLARY 1. For x e C with \ x \ > 1 /(I — | q | ) 2 ,

// \ U (\ l IN i U ^ ( - l)k+1

 u f . 1

g'(x, u, q) = u _ i (logx+ 1) + u__ γ Σ ^ Hk(u, q) — ,

where g'(x, u, q) is the derivative —r~ g(x, u, q).

2. The function G(x, q)

In [5], the ^-Riemann ζ-function was defined by
2 n n

(2.1)
ύ X n-l [«] «=1 [n]

LEMMA 2 (Satoh). ζ9(s) ί5 analytic in the whole complex plane. For k ^ Z wi

ς(i - k) =
(Λ = 1)

(2.2)

Proof. See [5].

By Lemma 1, Lemma 2 and (2.1), we obtain the relation

βk(q) _ ft + 1 „ , _ _ ! _, , 1

k
_M-\ q)

for k <= Z with /c > 2.

Now we define the function by

(2.3) GOr, q) = (qx-x- l)g'(x, q~\ q) + 2(1 - q)g(x, q~\ q) + γ 4 :
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) 2
PROPOSITION 2. For x ^ C with \x\ > 1/(1 — \q | ) 2 ,

\ogχ-χ+ Σ m + χ ) βk+1(q) ~k .

Proof. By Proposition 1 and Corollary 1, the left hand side of (2.3) equals

{(q - l)x - 1} — ^ (logx+ 1) + 2(xlogx + —^ (logx+ 1)) + y

+ {(q - l)x - 1} y ^ - + Σ ^ — Hk(q-\ q) —k

1 Q K k
X

By (2.2), we have the assertion.

Remark. The formula in Proposition 2 is a #~analogue of the classical

asymptotic series (see [9]).

where Bn is the ordinary Bernoulli number.

3. Values of Lq(5, χ )

For r G Z with r > 1 and a function /Cr), let f{r\x) be the r-th derivative

LEMMA 3. For r G Z w Λ r > 2,

Proo/ We can see that
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gω(x, u, q) = Σ u~n {log Or 4- [»]) + 1},
n=0

and

(2)

Inductively we can see that

g{r)(x, u, q) = ( - l)r(r- 2)1 Σ -

for r > 2. So we have the assertion.

The ^-L-series was defined by

(3.1) Lq(s, χ) = _ , (1 - q) Σ — + Σ -
S 1 n=l [n]S n»l L̂ J"

where χ is a primitive Dirichlet character with conductor / Lq{s, χ) interpolates

the generalized ^-Bernoulli numbers βn>χ(q) (defined in [4]) at non positive inte-

gers. So we can regard Lq(s, χ) as the function which the Koblitz problem (1) re-

quires (see [4],[5]).

Now we evaluate the values of Lq(s, χ) at positive integers.

LEMMA 4. For k e Z with k > 2,

X (2k) / N ik)( -a \-ά\ -f

χ(a)g (q -^ ,q ,
2 — k , v ( — 1 ) X, a(2-k) / N ik)( -a \-ά\ -f

a - q ) Σ g χ(a)g (q q

1) a(l-k) , x (A+l)/ -a

(ft-Ό! [fγ

Proof. By (3.1)

(3.2) LΛk, χ)=τ~Z

-f f\

' q ' q >

a=lj=0 [a

By using the relation
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the first term of (3.2) equals

k_ -, (1 - q) Γ ,_! Σ tf χ (α) Σ

and the second term of (3.2) equals

fi

By Lemma 3, we have the assert ion.

PROPOSITION 3. For k ^ Z with k>2,

Proof. By (2.3), we can inductively see that

(3.3) GM(x, q) = (qχ-χ-l)gk+ι\x, q'\ q) + (1 - q)(2 - k)gk\x, q~\ q)

for k e Z with k > 2. So we obtain

- a [a] -fπ(k) -a L"-J / \ / / Λ\ -a

G [q jβ, q ) = [(q ~ Dq

ι / i Λ /o ;\ (k)( - a LWJ _/ /

+ (1 - q )(2 - k)g [q Jβ , q ,q

_ -a (k + 1)/ -a L#J _/

— — q s \q r r-j , ̂  ,
\ L/J

By Lemma 4,

β(2-t)

\ /o /\ (*)/ -« L#J -/ A -« (k+1)/ -a L#J -/ A l
-q)(2~ k)g [q yj, q ,q)-q g [q Jfl , 4 , Q )\

So we have the assertion.
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Remark. By Lemma 3 and (3.3), we can see that

/ 1 \ k r% oo n

(3.4) /i •* \ * CT \X, Q) —• i -Γ \L q) z_4

KK i). K i n=0 (χ+ [n]y

+ (1 + x - qx) Σ
«=o (x + [n])

for k e Z with A: > 2. This relation is a ^-analogue of the classical one

(-D* rf;

By considering the result in Proposition 2, Proposition 3 and (3.4), we can regard

G(x, q) as the #-log-.Γ-function which the Koblitz problem (2) in the complex

case requires.
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