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ON A ¢g-ANALOGUE OF THE LOG-I-FUNCTION

HIROFUMI TSUMURA

0. Introduction

For complex numbers ¢ and #, Carlitz defined the ¢-Bernoulli numbers
{8,(¢)} and the g-Euler numbers {H, (u, q)} associated to u by

kY s
8@ =12 (%) 8@ - 8.0 = {

1 (k=1
0 (k=2

and
k k ;
Hy, 9 =1, 2 (%) B 0 — w9 =0 G2 1.

(See [2]). Note that if ¢— 1, then B,(¢) — B, and H,(u, ) — H,(#) where
{B,} and {H,(u)} are the ordinary Bernoulli and Euler numbers defined by

t =t
e —1 —EOBI‘H,
and
1—u d t*
: = ZHk(u) %T
e —u k=0 :

In [4], Kobiltz constructed a g-analogue of the p-adic L-function L, (s, x) which
interpolated the g-Bernoulli numbers at non positive integers, and suggested the
following two problems.

(1) Are there complex analytic g-L-series which L,,(s, x) can be viewed as
interpolating, in the same way that L,(s, x) interpolates L(s, x)?

(2) Do Carlitz's B,(g) occur in the coefficients of some Stirling type series for
p-adic or complex analytic g-log-I'-functions ?
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In [5], Satoh gave an answer to the problem (1). Namely he constructed a
g-L-series L (s, x) which interpolated the generalized g-Bernoulli numbers de-
fined in [4]. An answer to the problem (2) in the p-adic case was given by the au-
thor in [7]. But the problem (2) in the complex case is unsolved.

In the present paper, we give an answer to the problem (2) in the complex
case. In 81, we construct a locally analytic function g(z, #, ¢) in which the
g-Euler numbers occur as the coefficients of the Stirling expansion. In §2, we con-
struct a locally analytic function G(x, ¢) in which the g-Bernoulli numbers occur
as the coefficients of the Stirling expansion. In §3, we calculate the values of
L,(s, x) at positive integers by using G(z, g). The result is a g-analogue of the
classical relation between the Dirichlet L-series and the log-I-function. So we
can regard G(x, @) as the g-log-I-function which the above problem (2) in the
complex case requires.

1. The function g(x, u, q)

Let Z, R and C be the sets of rational integers, real numbers and complex
numbers. Let ¢ be a complex number with lq[ <1, and # be a complex number
with | #| > 1. For a complex number z, we use the notation [z] = [z;¢] = 1 —
¢)/(1 — @). Note that

) 1
(1.1) lim [n] = 7 .
Let
(1.2) Is,u, 9 = 22—,
n=1 [n]
for s € C.

LemMA 1 (Satoh). (s, #, @) is analytic in the whole complex plane. For k € Z
with k = 0,

1
u—1

e B (k=1

k=0
=k, u q =

Proof. See [5].
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Now we define the function
(1.3) gz, u, @ =X u"(x+ [#Dloglx + [a]).
n=0

By the condition | #| > 1, we can see that g(x, u, q) is a locally analytic func-
tion.

ProposiTioN 1. Forz € C with | x| >1/0 — | ¢q)?,

gx,u,q = 1 {xlogx + ” (logx + 1)}
I ( 1)k+1
i1 kG D Hen ‘1)

Proof. By (1.3),
(1.4) gr, u, @ = éu"%x + [nDlogz -
+ E u™(z + [n)log(1 + —[ﬁl)
By Lemma 1, we have
ni:lo u'lnl = —5

u 1
u—1u—q

H (u, @

So the first term of (1.4) can be calculated and equals

uﬁ 1 [xlogx-i— u qlogx}.

On the other hand, by using the series expansion formula

@ (— 1)F1gk
logl1 + 2 = £,

k=1
the second term of (1.4) equals

(1 5) i [i (_ 1)k+l [n]k (_ 1)k+1 [n]k+1}

n=0 k=1 ke k=1 k "
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d (_ 1)k+1 - —-n k+1 1
Zj VICESY {Z [n] g
Note that | [#] | <1/ —|ql) for n=1,2,3,.... So the equation (1.5) holds

forx with x| > 1/01 — | ¢ |)2. By Lemma 1, we have the assertion.

CoroLLARY 1. Forz € C with | x| > 1/0 — | q|)*

u )= ogrt D+ S ED T L
g@ u q=,—7 (logz =12k @)

, . ... d
where g'(x, u, q) is the derivative ar g (x, u, q.

2. The function G(x, q)

In [5], the g-Riemann {-function was defined by

- S < q - 4
2.1 (8 = ( —q = + 2 .
@1) C s s — n=1 [n] n=1 [n]s
Lemma 2 (Satoh). {,(s) is analytic in the whole complex plane. For k € Z with
k>1,
4.81((]) k=1
A—-h=
T
Proof. See [b].

By Lemma 1, Lemma 2 and (2.1), we obtain the relation

ey -B2- Erlpgtg s lomi6 o

for k € Z with k = 2.
Now we define the function G(z, ¢) by

23) G, @=(r—z—Dg& ¢, 9 +20-9gg, ¢ ,q)+1+q
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ProposiTION 2. Forz € C with | 2| > 1/0 — | q])?

1 _ 1 k+1
G, @ = (x— m) logx —x + Z li(k 42 i) Bk+1(q)

Proof. By Proposition 1 and Corollary 1, the left hand side of (2.3) equals

1 1
{(¢g — Dz — 1}—(logr+1)+2 rlogx + s (logx+ 1)
9 < -4 8 ) T+gq

q

1 eo(._l)k+1 B 1
Jr{(q—l)ac—l}1_q+k§__j1 . Hk(ql,q)?

(__ 1)k+1 " 1

1 o (=D k+2 1 N 1
y (2.2), we have the assertion.

Remark. The formula in Proposition 2 is a g-analogue of the classical
asymptotic series (see [9]).

'@ 1 e (=t 1
log—m (x E) logx — x+ Z FET D) B,., i

where B, is the ordinary Bernoulli number.

3. Values of Lq(s, x)

(r)

For » € Z with » = 1 and a function f(x), let f (x) be the #-th derivative

LEmMma 3. Forv € Z with v = 2,
=D o d u"

(I -y

Proof. We can see that
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(1)

(x, u, @ = Z u" {log(x + [n]) + 1},
=0

and
—n

@ 0= 2 Gy

(2)

Inductively we can see that

—n

r) 7 d u

g"@u =D o= T

=0 (x4 [n])"™
for » = 2. So we have the assertion.
The g-L-series was defined by

=g xm =g

(3.1) L,Gs, x)=—= ‘l-9 = —+ X —,
81 e 1 A = )

where y is a primitive Dirichlet character with conductor f. L,(s, x) interpolates
the generalized g-Bernoulli numbers f,,(¢) (defined in [4]) at non positive inte-
gers. So we can regard L,(s, x) as the function which the Koblitz problem (1) re-
quires (see [4],[5]).

Now we evaluate the values of L,(s, x) at positive integers.

LEmMA 4. Fork € Z with k = 2,

2—k (— 1)k L a(2—k -a [a] -
Lk, x) = G=DT 1—-¢q e (Elq -k (a)g“”(q G qf)

T g & 717

1 (— D! Zf: al-p) (a)g(k+1)( -a la] L, qf)

Proof. By (3.1)

a+fj (a+f])
32 Lk p=2"fq_pene2xati)
(3.2) (k, x) = k— 1 ( &5 [a+ﬁ]k—l

N i i qa+fJ'X(a +kf:7)
a=1j=0 [a + fj]

By using the relation
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_ a al_qfl_qfi
—q¢ 1-q¢ T 1-q¢q_y

= [al + ¢"LA1l ; 4],

the first term of (3.2) equals

— w0 i
i __]1C a - q) [f]lk—l é e ((l) ; 1l 1 k=1
<(I T + g ])
and the second term of (3.2) equals
L 40 2 7’
x(a) 2 .
a=1 j=0 -a [al K
[f] (o g+ U a))

By Lemma 3, we have the assertion.

ProrosiTioN 3. Fork € Z with k > 2,

(— D"
k— 1! [

L 7 w ( - lal
Lk, x) = T ‘§ x(@)G (q [f],4>

Proof. By (2.3), we can inductively see that

(k)

33) G, 9 =(x—2z—Dg" @, ¢, 9+ U —9C—Rkg" &, ¢ ¢
for k € Z with k = 2. So we obtain
®{ ~a [al f el q” k+D{ -a [a] —f f
G (q K q> {(q—Dq 1_qf—1}g (q R ,q)

+0—-¢)e- k)g””(q‘” % a”’, q’)

. _ _-a (k+1)< o la] ~f

O ) rina-ae-wve 5. )
By Lemma 4,

. ('- 1) 1 ! a(z—k)
Lk 20 == {5 &

x {[f] a-9@— k)g(k)(q"a%, 7’ qf) _ q—ag(k+1)(q-—a Bl% el qf)}

x (@)

So we have the assertion.
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Remark. By Lemma 3 and (3.3), we can see that

(- D"
(k— 1)}

P p=2"Fa_p> 1

a0 10T S G

n

+Q+z—qo i_q_;
n=0 (z + [n])

for k € Z with k = 2. This relation is a g-analogue of the classical one

(—D* d* IRCS
k=Dl gpr 08 T@ =2
By considering the result in Proposition 2, Proposition 3 and (3.4), we can regard
G(z, @) as the g-log-I'-function which the Koblitz problem (2) in the complex

case requires.
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