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EFFICIENT PRESENTATIONS OF THE GROUPS
PSL(2, 2p) AND SL(2, 2p)

BY
E. F. ROBERTSON AND P. D. WILLIAMS

ABSTRACT. Presentations which have a minimal number of
defining relations are given for the groups SL(2, 2p) and PSL(2, 2p)
where p is a prime greater than 3.

1. Introduction. A finite group G is efficient if it has a presentation with n
generators and n + d relations where d is the minimal number of elements
required to generate the Schur multiplier, M(G), of G. For any positive integer
m, define SL(2, m) to be the group of 2 X 2 matrices with determinant 1 over
the ring of integers modulo m. Define PSL(2, m) = SL(2, m)/{=I) where I
denotes the identity matrix.

For p an odd prime, several efficient presentations of PSL(2, p) have
been found (see [4], [S] ). An efficient presentation of SL(2, m), m odd, appears
in [3]. In this paper we shall show the groups SL(2, 2p) and PSL(2, 2p) are
efficient where p is an odd prime greater than three. It is well known that
M(PSL(2, 2p)) = C, while M(SL(2, 2p)) is trivial [2]. Consequently, an
efficient presentation of PSL(2, 2p) requires one more relation than generator
whereas an efficient presentation of SL(2, 2p) requires an equal number of
generators and relations. Notice that in view of the results of [2], on the Schur
multiplier of SL(2, m), the deficiency zero presentation in Theorem 4 of this
paper is a type of limiting case since, when 4 divides m, SL(2, m) has multiplier
C, and so cannot be presented with an equal number of generators and
relations.

It is well known that, for any m = p{'p5? ... p), (p,; distinct primes),
SL(2, m) is the direct product of the groups SL(2, p{"). In particular,
SL(2, 2p) is the direct product of SL(2, p) and S5, the symmetric group of
degree three (since S; = SL(2, 2) = PSL(2, 2)). Similarly, PSL(2, 2p) is the
direct product of PSL(2, p) and S;.

A group C is called a stem extension of the finite group Gif 4 = Z(C) N
with C/4 = G. If, in addition 4 = M(G) then C is a covering group of G. In
particular, PSL(2, 2p) has two non-isomorphic covering groups, one of these
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being SL(2, 2p). For any group G, we use G’ to denote the derived group of G.
We also use the notation x <> y to mean x and y commute.

2. A presentation of PSL(2, 2p). Let g be a prime and let Z@ denote the
ring
{x/q"|x, t integers}.

A presentation of SL(2, Z@) was obtained by Behr and Mennicke [1]. By
choosing ¢ = 2 they obtained a presentation of PSL(2, p), p an odd prime. If
one repeats the steps of that paper with ¢ = 3 one may obtain the following
presentation of PSL(2, p), p # 3:

(1) (x, y? = y? = () = W) = h = 1)

where 38 = 1 (mod p). We outline this procedure. Using the notation of section
4 of [1] we have that SL(2, Z(3)) has defining relations

B> = (AB)}, B* = 1, U '4U = 4°, (UB)* = B?

(D1) U''B'4Uu B4 U = 47!
(D2) U''B'A U 'B'A U = 4’B7'4°B
(11) Ua~'BA%U~' = B7'4°B7 4

(12) UA ’BA*U™ ' = BA*B™'4"*B

(13) UA’BA U ' = B '4’BA°B ™!

(L1) UAU 'B 4 v =B 4B 47!
(L2) A v 'B7'A*Uu" = B 'aB4 B!
(M1) UA’BAB 'A73U ' = B '4a *Ba’B™!
(M2) UA 3BAB 'A’U™' = B~ '4’B4 *B.

The relations of type (G), (N) and the remaining relations of type (/), (L) and
(M) are consequences of these relations above and the fact that B? is central.
For p # 3, p a prime, the normal closure of A7 = [’} ?] is a full congru-
ence subgroup of SL(2, ZY) (see [2]) and so adding the relation 4”7 = 1 gives
a set of defining relations for SL(2, p). Further, by adding the relation
B’> = 1 we obtain a set of defining relations for PSL(2, p). We rewrite (D1)
as (ABU)® = 1. The remaining relations (D2)-(M2) are now consequences of
the other six relations showing that

PSL(2, p) = (A, B, U4’ = B> = (4B)’ = (UB)

— A’BU)Y = 1, U AU = A%y,
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Let B be the multiplicative inverse of 3 (mod p). Then we rewrite
UT'AU = 4° as U '4PU = 4°.

From (4°BU)’ = 1 we obtain U~ = 4°BAPBA’B. If we eliminate U from this
presentation and put x = B, y = A, we obtain the required presentation (1).

Throughout the rest of this paper we shall use p to denote an odd prime
greater than three. Our first theorem gives a two generator, five relation
presentation of PSL(2, 2p).

THEOREM 1. The group
= (x b = y* = () = 0P = wiof = 1)
where 38 = 1 (mod 2p), is isomorphic to PSL(2, 2p).

PROOF Letz =y xyﬁxy x € G,. As xz = xy xyﬁxy x =y Bxyﬂxy_ﬁ =

B(xy Xy 2‘B)y then

) (xz)> =

From )732)2132_l = (xy"gxy_3)3 = 1 we deduce the relations
-1, _ B -1 _ 3

(3) z yz=y",zyz =y .

Raising (2) to the power k gives
“4) xzt = z7kx

and conjugation of the relations in (3) by powers of z gives

(5) 2hyzk = yF, dkyrmh <
Relations (4) and (5) together with z k¢ yx) = give
(6) 2 =y Py
Similarly, from = zky xy'Bxy Xx we obtain

(7) 22k+1 _ y32k+]xyB2k+lxy32k+lx.

We combine (6) and (7) into the single relation

(8) =y xyﬁrxy 'x.
Define h(k) = 1 — 3 + 3> — ...+ (=1 "3 land gk) = 1 + 3 +

32 + ... + 3*7'. An inductive proof shows that

(9) xy xyh(k)x = 7 /\y( 3 hik) ( B 4
and
(10) xy ZxpfBx = 2 ky3 &k Xy —28",
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The inductive step for (10) is:
k
xp 2y KD = xp T 2xy80x - ¥ x

_ 1k _ pk
ky3g(k)y 28", k= B

_ k 2kl pk
_ ky3g(k)zkxy B

— k k —1 3I\+1 ) k+1
2Ry ek kT gy 28

L k+2 k+1 _ k+1
Lk 1y3 g+ 28K

Suppose s is such that 3° = =1 (mod 2p). Then from (8) we see that z* = 1.

We now consider three cases. If 3° = 1 (mod 2p) and s is odd then g(s) = p
(mod 2p). From (10) we obtain
xy IxyPx = yPxy k.
If 3 = —1 (mod 2p) and s is even then g(s) = p — 1 (mod 2p). Again from
(10) we have
xp 2Pl = Pty y
Therefore,
xy 2xpP = yP T xytxy
= yPyxyyxy
= yPxy~2x using (xy)’ = 1.
If 3% = —1 (mod 2p) and s is odd then h(s) = p (mod 2p). From (9) we
obtain

xy4xypx = y_”xy4 = y”xy4.

As yP o xp*x then y? o (xp*x)PTD2 = xy2x. In all three cases we have
shown

yF o xp’x  and y* o xpPx.
Let H = ()*, xy2x> and K = (y?, xyPx). Then [H, K] = 1. Since
y o= ATy
and
x = yxyxy = y(o’x) P 2xyPxy

then G, = HK and H < G, K <G,. A presentation of G,/H is obtained by
addmg the relation y =1 to the relatlons of G,. After 51mp11fy1ng the relations,
one may obtain the presentation

~ 2 3
G,/H = (x,ylx* = y* = (xp)’ = 1)
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which is isomorphic to S;. Similarly, by adding y? = 1 to the relations of G,
we obtain a presentation of G,/K. This presentation reduces to (1) showing
GP/K = PSL(2, p). However, in K,
yPxyPxy? = yPxyP ™ xxyxy?

= xp? IxpPxyxy? since y? < xy°x

= xpPxyxy?lxyxy?

= xpPxyxyPxy? !

= xyPxyPxy¥x.
As y 77 = yP then (yPxy”x)’ = 1. Also (y”)® = (xy”x)*> = 1 which shows
K = §;. The isomorphisms G,/H = K/(KN H) =8 imply H N K = 1.
Therefore G, = H X K and the proof is complete.

3. Efficient presentation of PSL(2, 2p). We now proceed to give an efficient
presentation of PSL(2, 2p). The first step is to remove the redundant relation
from the presentation given in Theorem 1.

LEMMA 2. The group PSL(2, 2p) may be presented as
(xoyl? = y7 = ) = P = 1)

where 38 = 1 (mod 2p). '

ProoF. Let G be the group presented above. By Theorem 1 it is sufficient to
show that (xy3xy"3)3 = 1 holds in G. But
By = o xy? Py 32y xy Py xy P
-28 2By, =By " 3xy
28

oy xy Ty Ty Ty Ty TR

(xy’xy

=y oo Ty Ty F
= y_
=1
3 _ 3B _

on repeated use of (xy)’ = 1 and y°* = y.

By combining two of the relations in this presentation we are able to give an
efficient presentation of PSL(2, 2p). However, to ensure the factor by the
derived group is cyclic of order 2 we must consider different cases depending on
the congruence class of p modulo 18.

THEOREM 3. PSL(2, 2p) is efficient. For p = 1, 5 (mod 18) then
PSL(2,2p) = (x, yIx* = ()’ = ’0H? = 1).

If p = 1, 5 (mod 18) then
PSL(2, 2p) = (x, yIx* = ()’ = 0’0y~ 7 = 1).

https://doi.org/10.4153/CMB-1989-001-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1989-001-1

8 E. F. ROBERTSON AND P. D. WILLIAMS [March

In these presentations the value of a is
4p + 2)/3 ifp=1 (mod6)
2p +2)/3 if p=5 (modH®6).

Proor. We prove the result for p = 1, 5 (mod 18); the other two cases may be
proved similarly. Let G* be the first of the two groups presented above. As
y ¥ = (xp’xy®)? then y¥ < xy’x. Further

an ¥ o xp%x3xy* TP x.

The conditions on p ensure that either 3|la or 3la + 2p. So (11) reduces to
y? < xyx or xp~ 'x which, on using (xy)’ = 1, shows

» o x.

If we abelianise the relations of G* then we see that y* € G*’. So (y¥) =
Z(GY) N GY'. By Lemma 2, G*/(y¥) = PSL(2, 2p) which means that G is
a stem extension of PSL(2, 2p) and | ( iad » | = 2. Therefore ¥ o= 1.
Define z = y3xy'3xy3x where
2p + 1)/3 if p=1 (mod6)
C|@p + 1)/3 ifp =5 (mod6).
A proof similar to that of Lemma 2 shows that (xy?'xy‘e)3 =1if p = 1 (mod 6)
while (xy3xyﬁ)3 — y¥if p = 5 (mod 6). As in the proof of Theorem 1 it may be

shown that

(xz)* =
and
(12) 2 = ¥ P xy ey 0
where

0 ifr=0,1 (mod4)
8(r) =

ifr=2,3 (mod 4).
Suppose s is such that 3 = +1 (mod p). We consider three cases. If s
is odd and 3° = 1 (mod p) then 3° = B = 2p — 1 (mod 4p) and 3% = 1
(mod 4p).

From (12), with r = s we have

2 = (yZp x)3 2pd(s) __ y2p(8(s)+l)

and if r = 2s then

3.2p8(2s) _

= (yx)y = y? since2s = 2 (mod 4).
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Therefore, y? = y#@®*D _ 1 Similarly if s is odd and 3* = —1 (mod p) then
y¥ = 1.1fsisevenand 3* = —1 (mod p) then 3° = 5 = 2p — 1 (mod 4p). If
we let r = s in (12) then

(13) Zs _ yzp(|+3(s)).

Also, with r = 5 + 1in (12),

S y-3xy—ﬁxy—3xy2p(1+6(s+1))
_ xz—lxyZp(l+8(s+l))
_ Zyzps(s+1)
which implies
(14) 25 = ypoetD),

Relations (13) and (14) imply that y2p = 1 since 8(s + 1) = &(s) in this case.
In all three cases the relation y® = 1 holds in G'. By Lemma 2,
Gt = PSL(2, 2p).

4. An efficient presentation of SL(2, 2p). We exploit the fact that SL(2, 2p)
is a covering group of PSL(2, 2p) in order to give an efficient presentation of
SL(2, 2p). As with Theorem 3, the given presentation of SL(2, 2p) depends on
the congruence class of p modulo 18.

THEOREM 4. The group SL(2, 2p) is efficient. If p = 1, 5 (mod 18) then
SL(2, 2p) = (x, ylx* = (), (0’ xp P> = 1)

where

{(a +p—2/3 ifp=717 (mod 18)
m =

(« + p—4)/3 if p=11,13 (mod 18).
If p = 1, 5 (mod 18) then
SL@, 2p) = (x, ylx* = (xp)’, (0’ xpy " #x*" = 1)

where

m =

(@—p—4/3 ifp=1 (mod 18)
(@—p—2)/3 ifp=5 (modl18).
The value of « is as defined in Theorem 3.

ProoF. Let G be either of the groups presented above. The condition on m
ensures that G/G" = C,. Now x* & x and as x* = (xy)3 then x> & xy which
shows x? € Z(G). Further, x> € G’ and G/ (x2) = PSL(2, 2p) by Theorem 3.
Therefore G is a stem extension of PSL(2, 2p) but cannot be PSL(2, 2p) as G
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has too few relations. Moreover, |G| = 2|PSL(2, 2p)| = |SL(2, 2p)|. The

mapping
_)(0 —1) R
*7l o PP

extends to a homomorphism from G to SL(2, 2p) showing that G = SL(2, 2p)
as required.
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