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1. Introduction. The existence of a function g of A having the property that p* divides
the order of the automorphism group of a finite group G whenever p? divides the order of @
was first established by Ledermann and Neumann [4], who showed that the least such function
g (R) satisfies the inequality

gh) < (B -1)%p*1+h.
Later Green [2] improved this estimate to
gh) < 3h(h+3)+1.
In the present paper this will be revised, for sufficiently large &, to

) < $(2*+3) for hodd,
9 % (R®+4) for h even.

The method will follow essentially the argument of Green, but a different lower bound
will be used for the order of the group consisting of automorphisms of & which reduce to the
identity on tl e factor group G/Z, where Z is the centre of the finite group G. In order to apply
this bound to the problem in question, it was found necessary to treat separately various
alternatives for the respective exponents of the groups Z and G/¢’, G being the commutator
subgroup of G. ‘

2. Some results on finite Abelian groups. Continuing with the notation of Green,
we denote by I'(G) the group of automorphisms of any group &, and by I'(G : H)and I'(G : G/K)
the subgroups consisting of the automorphisms which reduce to the identity on a subgroup H
and a factor group G/K respectively. The order of a group G we denote by | @ | and, for any
prime p, | G |, is the highest power of p dividing | G |. Also we write @, for a Sylow p-subgroup
of G.

Automorphisms of an Abelian p-group 4 may readily be constructed by means of the
following result (see Ranum [5] and Shoda [7]).

Lemma 2.1. For a given basis ay, ..., a, of A, the mapping y defined, for each i, by
r
&y = X i
ij=1

18 an endomorphism of A provided that each element ayy has order not exceeding that of a;. An
automorphism is obtained if and only if the coefficients y;; satisfy det(y,;) = 0(mod p).

Suppose that, for ¢ =1, ...,k A has r,(> 1) generators of order p"l, where
n[1]> ... > n{k] > 1. Thus if there are p¥ elements of A with order not greater than

k
p"t), then N[i] = X ;. p(n[¢], n[4]), where u(s, t) denotes the minimum of any two integers
j=1

s and ¢£.
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It was shown by Ranum [5] that
b Ti
|T(A4)| = TI (puwm I a -p—f)), .............................. 2.2)
i=1 j=1
a fact which we use to construct a Sylow p-subgroup of I'(4).

Suppose now that 4 has invariants (p™), ..., p™"), where n(l) = ... = n(r), and let
the basis element a; have order p**). For each i, write V; = {pa,, ..., pa;, a;,,, ..., a,}, with
the convention that V, = A, and if 4, is the set of elements of A whose order does not exceed
pd, let A = A;nV;. Now choose an element b; from each A/ and consider the mapping ¢
of 4 into itself defined by

a'-a = a; +bt (1: = 1, ...,r). ................................. (2.3)

By Lemma 2.1, 0 is an automorphism of 4. As each b, ranges over a subgroup 4, the set of all
such automorphisms forms a group, which we denote by 4(4).

Levma 2.4. A4(A) is a Sylow p-subgroup of I'(4).
Proof. 'The order of 4(4) is the product of the | 4;|. Now fix ¢ and let the integer

3(0 <j << i-1) be determined by the condition n(j) > n(j +1) = ... = n(?) (with 5 = 0 if
n{t) = n(1)). Since each of the elementsa,,,, ..., a;liesin 4,, we have 4; + V; = V;and there-
fore

AJA; = AJA;nV, = (A + V)V, = ViV,

Hence, since | V,/V;| = p*~, | 4;| = p~*| 4, | and comparison with the formula (2.2) yields
the result.
Note that, since 4; = A4, we have | 4] | = p~'.| 4 | and therefore

[TA) [, 22 [ A e, (2.5)
However, provided that the exponent of 4 is sufficiently small, a closer bound may be derived.

CoroLLaRY 2.6. If A has order p™ and exponent p™V) and if 2n(1) < n, then
| I'(4) |, = p*»—5.
Proof. If n(2) = n(l), then |I'(4) |, = p"1.p"2 = p*-3, If n(2) < n(l), then
n(3) =1 and, since | 4, | = p», |4, | = p*@Hn—land | 4, | = p2udHn-n(l)-n(2)
l I'(A) ID > | Ai | IA;I |A:’, | > pn—l .pn(2)+n—n(1)—1 ‘2)2n(3)+n-n(l)—n(2)—2
= pan—Zn(1)+2n(3)—4 > p2n—3_
We now introduce some inequalities concerning the quantity L(s,t) which we define,
for 1 < s <t <n, to be the minimum number of elements of order not exceeding p* in all
Abelian groups of order p" and exponent p'. If n = ki+d, where 0 << d << t-1, then it is

easily verified that
L(s,t) = pletu@d) s 2.7

(8, d) denoting the minimum of the integers s and d.
Lemma 28. () Ifl <s<t<<t' <n, then L(s,t)y = L(s, t).
(il Forl <s <<t <<n-1, L(s,8) < L(s+1,t+1).

Proof. In each case we employ the formula (2.7).
() f n = kt+d = k't' +d’ where 0 <d <t-1and 0 <d’' <t -1, then, since t’' > ¢,
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we have k' <k. If &' = k, then d’ < d and so
Ks+up(s,d) =ks+u(s,d') <ks+pl(s d).
Alternatively, if k' < k&, then
Fs+p(s,d) < (k-Ds+u(s,d) =ks+p(s,d)—s < ks+pl(s, d).

(i) Let n = kt+d = ky(t+1) +d;, where 0 <d <¢-1 and 0 < d, <?¢; then, writing
E =ks+p(s,d)and E; = ky(s+1)+p(s+1,d,), we establish the inequality £ < E,.
Consider first the case &, = k> 1. Thend, = d-k. Thus, if d, > s, then

p(s,d) <s <<p(s+1,4d,).
Ifd, <s, thenE, = k(s+1)+d, = ks+d > E.
On the other hand, if &, < k, then t(k-k&,) = k, +d; -d > 0; also, since ¢ > s,
tk-k)+s> s(k-k)+1t.
Thus, for d, > s,
E-Ez=k(s+l)+s-ks-d =k, -s(k-k)+s-d
=k +(E-tk+k)-8)+8-d =k +t-(k;+d,-d)-d =t—-d, = 0.
Finally, if d;, < s, then
E-Ez=k(s+1)+d,-ks—d =k, -s(k-Fk))+d,~d
=k+t-tk+k)-8)+d,-d =k, +t—-(ky+d, -d) ~s+d, ~-d =t-3 = 0.
3. Preliminary results concerning automorphisms. It is known that, for any
prime p and finite Abelian group 4 with subgroups B and C,
| T(A:ABYAT(A:C)Y |, = | By | [P Cols covveveriininiiininnnnn, (3.1)

(see [2]). In [2] Green also showed that if a finite group G has centre Z and commutator
subgroup G, then, writing IT = G/Z, there exists an Abelian group ¢ containing Z as & sub-
group, with @/Z ~ II/IT’, such that

I'G:6/2) > F(Q QIZ)AT(Q:F NZ) cevevvvineiiiinniinnnneen (3.2)
and hence, by (3.1),
| F(G:GZ) |, = | Z,|[p. | ¢ nZy )|
It will now be shown that
| TG :61Z)|, > | T(BI&" A2),) .,
whioh, by (2.5), is a stronger result. We first quote a result which may easily be verified
(cf. Hughes [3]).
Lemma 3.3. Let H and K be subgroups of G for which @ 2 H 2 G' and Z 2 K and suppose
that w,, ..., w, are elements of G for which the W; = w:H form a basis of G/H. If elements k; of K

are chosen so that, for each 1, the order of k; divides the order of W;, (or equivalently that k; ts the
tmage of W; under some homomorphism from G/H to K), then the mapping

l¢ =W ku
é: { C B forBeH e (3.4)
defines an endomorphism which reduces to the identity on both the groups G|K and H.
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Since the endomorphism ¢ is the identity on H, we have

CoROLLARY 3.5. The mapping ¢ of (3.4) is an automorphism if and only if its restriction
to the factor group G[H is an automorphism.

Assuming now that both G/H and K are p-groups for some prime p dividing the order of
@, automorphisms of @ may be obtained by the following construction, similar to that used to
obtain the group 4(4) of Lemma 2.4,

Let paV), ..., p®®), where ¢(1) = ... = ¢(¢), be the invariants of G/H. Choose elements
g; of G for which the cosets §; = g;H of order p¥ form a basis of G/H. For each ¢, write
W: ={g%, .... 9%, Gis1s ---» 9s» H} and, if K, is the group of all elements of K whose orders do
not exceed p«é), write K; = K,nW,. Now choose an element z; from each K; and consider
the mapping 8 of @ into itself defined by

90 =gz (0 =1,..1),
P g } ....................................... (3.6)

That 6 is an automorphism may be established by observing that, in its restriction 8 to

G/H (written additively), 7.0 takes the form 8,9, + ... +0,3,, where the coefficients 8,;, ..., 8, ;_,
are each divisible by p and 8;; = 1 (mod p), so that Corollary 3.5 and Lemma 2.1 may be applied.

Lemma 3.7. The mapping 0 of (3.6) defines an automorphism of G which lies in
I'G:GIK)nI'(@ : H).

Furthermore, the set of all such automorphisms forms a group.
The proof of this last fact amounts to no more than routine verification and is omitted.

CoroLrarY 3.8. If, for i = 1,...,t, N; denotes the number of elements of K C Z,, which
have order less than p?d), then

|T(@:®2)|,> | T(G:G/K)|,>N,.....N,

Lemma 39. |I(G:G/K)nI'(G:H)|,> | 'K/K nH)|,.

Proof. Choose a subgroup D of K isomorphic to K/KnH. If D has invariants
ML, L., p™r), where n(1) > ... > n(r), then, since D is isomorphic to KH/H, a subgroup of
G/H, we have r < t and, for each 1,

B(E) K GE) oo, (3.10)
Also D C K implies that I'(G : G/D)nI'(G : H) C re: G/K)NI'(Q : H) and therefore, by
Lemma 3.7,
¢
| PG :GE)NT(G:H) |, = TI | Eil, covveereeereiiinininennn. (3.11)
i=1

where E; = E;nW,, E; being the subgroup consisting of those elements of D of order not
exceeding p?9). We now estimate | B; | in terms of | E;|. Fixing the suffix 7 in the range
1< 1 < ¢, let the integer §(0 < j < ¢ —1), be determined by the condition

) >q(@+1) = ... =q(0)
(withj = 0if q(s) = g(1)); then E, C W, and
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E|E; = EJE,nW;x EW/W,C EW,[W; = W,/W,. '
Hence, since | W;/W,| = p*~4, |E;| > p™~*| E;|.
Choose a basis d,, ..., d, of D, the element d; having order p™®. For i in the range

1 <4 < r, let D; be the subgroup consisting of those elements of D whose order does not
exceed p™¥). Writing D; = D, n{d?, ...,d?, d;,,, ..., d,}, we have, by Lemma 2.4,

r
\r@)1, = 1104
and thus, by (3.11), to prove the lemma it is sufficient to establish that, for 1 <1 <,
| ;| <|Dil.

The integer ¢ remaining fixed, let d,,;(0 < k < ¢ -1), be the first of the basis elements
dy, ..., d, to have order p™® ; then | D;| = p**|D;|. Suppose first that g(i) = n(¢). Then
the integers k and j satisfy k < j; forif k > j, then n(k) > n (i) = ¢q(i) = q(k), contradicting
(3.10). Hence, since D; = E,,| D;| = p*~#| D;| < p’*| E;| = | E;|. On the other hand, if
g(i) > n(s), then ¢(¢) >n(i)+1 and thus, since | D;| = pkuO+n(k+10+ - +n(r) we have
| By | = pH™O+1)4n(k+1)t - 4a(r) = pk | D; | and so

|B; | = p=*| Bi | = p** | Di| = p' | Di| = | D; .

CoroLLARY 3.12. |I'(@:G/Z) |, = | T((Z|G' nZ),) |,.

Proof. In the lemma, choose K = Z, and H D & such that

GIH (= (G")/(H]EF)) = (G]G"),.

Then I'(G : G/Z) 2 I'(G : G/K) "I'(G : H)and so| I'(G : G/Z) |, isdivisibleby | I'(K/K nH) |,.
But, since H/G' has order prime to p, @ nK = H nK and hence

(Z)6" AZ), ~ Z )@ AB), = Z,/¢" nZ, = K| nK = K/H K.

Applying the lemma to any two subgroups B and C of a finite Abelian group 4, we have,
since B,/B,C, = (B/BNC),,

CoRrOLLARY 3.13.
| (4 : A[B)AT(4:0) |, = | (4, 4,/B,)AI'(4,: C,) |, > | T(B/BAC),) |5

It may be noted that, by (2.5), Corollary 3.13 is an improvement on the bound (3.1) and
it is clear that, used in conjunction with (3.2), (3.13) would yield (3.12).

4. Schur’s multiplicator. The multiplicator M (IT) of a finite group JT may be defined as
the second cohomology group of IT with coefficients in the additive group of real numbers
modulo 1 (see Eilenberg and MacLane [1]). We shall however, in this paper, revert to the
original definition of Schur [6] as follows.

Denote the elements of any group IT by «, B, v, .... By a factor set on IT we mean a collec-
tion {m,_,} of complex numbers of unit modulus, defined for each ordered pair (2, ) of elements
of IT and satisfying, for all «, B, y € I1, the relation

ma_ama,,_, = ,_pymﬁ.,. ....................................... (4.1)

https://doi.org/10.1017/52040618500034109 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500034109

168 J. C. HOWARTH
It is easily verified that if {n, ,} is a second factor set and if, for each pair (A, ) of elements of
I1, we define g, , = m, n, ,, then g, , is also a factor set. Two factor sets m, , and m; ,
are said to be associated if there exist complex numbers y,, ¥, 9,, ..., indexed by elements of
IT, such that, for each pair (A, ),

Mau = Y Io - Mo
It may be shown that associativity in this sense is an equivalence relation and that the product
of two equivalence classes is formed unambiguously. Furthermore, the classes can be shown
to form an Abelian group under multiplication, and it is this group which is defined to be the
multiplicator of IT.

The following are results of Schur [6].
Lemma 4.2. If K is a subgroup contained in the centre of a group G, then, putting IT = G/K,
@' NK is isomorphic to a subgroup of M (II).

Levma 4.3. For any group I1, M (IT), is isomorphic to a subgroup of M (I1,).
Clearly the multiplicator of the identity is itself the identity group ; hence we have

CoroLLARY 4.4. M (I1,) is a p-group.
An upper bound for the order of M (IT) has been established (see Green [2]).

Levma 45. If | IT, | = pY, then | M(I1,) | << p¥Wi-V),
Concerning the exponent of the multiplicator, the next result is inherent in Schur’s

paper [6].
Levma 4.6, The exponent of M (I1) divides | I |.
Proof. 1In (4.1), let y range over the whole group IT; then, writing | IT | = k, we have

mf,B Il 745,y = I1mq,py - 11 Mg,y
Y Y k4
Now, as y ranges over I1, so also will By and hence, if for any A € IT we write y, = [ m, ,,
Y

then
Mt - Yop = Ya - Yp-
This completes the proof.

CoroLLARY 4.7. Let a group G have cenlre Z and write II = G/Z; then, if exponent

18 denoted by exp,
exp Z divides | IT|.exp G/G'.

Proof. Clearly exp G/G' is divisible by exp Z/@' nZ, which in turn is divisible by
exp Zjexp @' nZ. Thus exp Z divides exp G/@' . exp G’ nZ which, by Lemma 4.2, divides
exp G/G' . exp M (II). The result now follows on applying Lemma 4.6.

5. The lower bound.

THEOREM 5.1. For h > 12, write
i) = }(h* +3) for h odd,
3 (B2 +4)  for b even.

Then, if p*®) divides the order of a group G, p* divides the order of its automorphism group I'(G).
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Proof. Suppose first that for a fixed odd integer & > 13, pi’+3) divides the order of a

group G Write II = G/Z and let | IT |, = p*. If k > h, then the order of the group of inner

automorphisms is divisible by p* and there is no more to prove. We therefore assume that

k < k-1 or equivalently that | Z |, = p*, where n = }(h® —2h +5). Applying, in succession,
Lemmas 4.2, 4.3 and 4.5, we have

|6 A2, < | M(D)|, < | MUT,) | < phtt-D < pitr-1i0-,
and hence, since | Z |, > pt#'-2h+5),
| 2(6" nZ |, > ph.
We denote the exponents of the groups (Z/G" nZ),, Z, and (G/G'), by p*, p* and p™ respec-
tively.
Suppose first that 2 = 1(mod 4). Then %(% +3) is even and thus, if
exp (Z|G' nZ), = p* < pt*+d),
we have, by Corollaries 3.12 and 2.6,
| (G :G[Z) |, = | T((Z]G" nZ),) |, = p
On the other hand, if s>} +3)+1 = }(2+7) = &', say, then exp Z, = pt > p* and
exp (G/@'), = p™ = p¥. Let there be pM elements of Z, whose orders do not exceed p™-1;
then, by Corollary 3.8, | I'(G : G/Z) |, = p™.

Consider possible values for the exponent of Z,. Ift <8 +h~1 = }(6h+3) = ¢, say,
then, using the notation of Lemma 2.8 with n = % (k% -2k +5), we have

pM>Lm-1,8) > L(s -1,¢).
On the other hand, if ¢ > ¢ = s’ +k -1, then, by Corollary 4.7, m = ¢t-h +1 and so, by
Lemma 2.8,

M>Lm-1,8=L({t-ht)>L{t -ht')> L -1,¢).

It is sufficient therefore to establish that L(s'-1,¢) > p*. Now t' = }(5k+3) and, for
h > 13,

4t = 5h+3 < }(A* -2k +5) = n
and hence, by (2.7), L(s’' -1, ') > pt¢=1) = pht3,

If b = 3(mod 4), then 4(k +1) is even and, as before, it follows that if s < }(k +1), then
| '@ :G[Z) |, = p*. Assuming therefore that s > }(h +5) = ¢', then alsot > s’ and m > o'
We again investigate the number p of elements of Z, whose orders do not exceed p™-1.
Write ¢’ = ¢’ +h—1, that is ¢’ = }(5h+1). Then if ¢t <, pM = L(m-1,8) > L(s' -1,¢);
andift >¢,sothat m >t -h+1,

pM = Lim-1,8=L{t-h,t) = L(t' -k, ¢') = L(s'-1,¢).
For h = 15,4t < n and so, by Lemma 2.8, p¥ > p4&-1 = p+l, This completes the proof of
the theorem when % is odd.

The proof of the case where % is even is of the same pattern and is omitted.

It may perhaps be remarked here that it is possible to show, by using a more detailed
investigation, that the theorem remains valid for 4 > 6. Also, for large values of 4, the bound
may be reduced slightly ; for example, though f(12) = 74, any group G with order divisible
by " may be seen to have an automorphism group with order divisible by p'2.
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