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A Generalization of the Turan Theorem
and Its Applications

Yu-Ru Liu

Abstract. 'We axiomatize the main properties of the classical Turdn Theorem in order to apply it to a
general context. We provide applications in the cases of number fields, function fields, and geometri-
cally irreducible varieties over a finite field.

1 Introduction

Let m € N and define w(m) to be the number of distinct prime divisors of m. Hardy
and Ramanujan [3] proved in 1917 that the normal order of w(m) is loglog m. In
other words, given any € > 0, we have

#{m < x; |w(m) — loglogm| > eloglogm} = o(x).

The method they used was rather complicated and seemed difficult to generalize. In
1934, Turén [12] gave a greatly simplified proof of the Hardy-Ramanujan result by
showing that

Z(w(m) —loglogx)* < xloglog x.

m<x

His proof was essentially probabilistic and concealed in it an elementary sieve
method [4]. Because of its simplicity and importance, this result is now known as
the Turan Theorem. At the end of [12], Turén also stated that

Z(w(m) — loglogx)* = xloglogx + o(xloglog x)

m<x

can be obtained and the proof of itis at [1]. Recently, Saidak [11] improved the Turdn
Theorem by proving the asymptotic formula

logl
Z(“’(’”) — loglogx)* = xloglogx + Cx + o(%)

< logx
where C is an explicit constant. Indeed, the setting of the Turdn Theorem can be
generalized. The purpose of this paper is to axiomatize the main properties in order
to apply the results in a more general context. We will see applications in Section 4
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in the cases of number fields, function fields, and geometrically irreducible varieties
over a finite field.
We now formulate the general setting of the Turan’s Theorem. Let P be a set of
elements with a map
N:P—N\{1}, p — N(p).

Let M be a free abelian monoid generated by elements of P. For each m € M, we
write
m= Z n,(m)p,
peP
with n,(m) € NU {0} and n,(m) # 0 for only finitely many p. We extend the map
N on M as follows:
N:M — N

m="ny(m)p—s N(m) = [[ N(p)"™,

pEP pEP

i.e., N is a monoid homomorphism from (M, +) to (I, -). Let X be a subset of N that
contains the image Im(N(M)). We choose either X = Nor X = {q" ;n € NU{0}}
for some fixed g, r € N\ {1}.

Given P, M, and X as above, for each (sufficiently large) x € X, we assume that
the following two conditions hold: let m € M and p € P, we have

(A) (Cardinality of elements) ZN(m)§x1 = kx + O(x?), for some x > 0 and

0<0<1.
(B) (Cardinality of primes) ZN(p)Sx 1= O( @) .
For each m € M, we define
wm) = > 1,
peP
np(m)>1

the number of elements of P that generate m, counted without multiplicity. Then we
have a generalization of the Turan Theorem.

Theorem 1  Given P, M, and X satisfying (A) and (B), for x € X, we have
Z (w(m) — loglogx)* = rxloglogx + Cx + O M) .

N log x

Here k is the same constant as in (A) and C is a constant that depends only on P.

As an immediate corollary of Theorem 1, we obtain a generalization of the Hardy-
Ramanujan Theorem on the normal order of w(m).

Corollary 1 Let P, M, and X satisfy (A) and (B). For ¢ > 0 and x € X, we have

#{m € M ; N(m) < x, |w(m) — loglog N(m)| > eloglogN(m)} = o(x).
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2 Technical Lemmas

To prove Theorem 1, we need the following lemmas.

Lemma 1 Given P, M, and X satisfying (A) and (B), we have

()Z

P)<x

1
2 _— 1 ifa > 1.
2) E NGm)© < ifa
N(m)<x

1705

if0<a<l,
logx fo<a

In particular, (2) implies that

> L <1 ifa>1
N(p)(y

N(p)<x

Proof These results follow from the technique of partial summation [8, p. 17-18].
The next lemma is a generalization of Mertens’ theorem [7].

Lemma2 Given P, M, and X satisfying (A) and (B), we have

1 1
Z NG 10glogx+A+O(@)

(p)<x
for some constant A that depends only on P.

Proof Consider )y ,,<,log N(m). Applying (A) and partial summation, we have

Z log N(m) = kxlogx + O(x).

N(m)<x

On the other hand, for p € P, we can write

Z log N(m) = Z ( Z )10gN(p) (here m’ = m — sp)

N(m)<x N(py'<x N(m")<w7
s>1
Z log N(p) Z P log N(p)
N(p)'<x N(p) N(p)<x N(p)
s>1 s>1

By Lemma 1, we have
logN
§ 8 (p) < 1—-6

s6
N(py<x N(p)
s>1
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and
Z log N(p) <1
N(p)y<x N(pr
s>2
It follows that log N(p)
o
Z I%](p)p =logx + O(1).
N(p)<x

Let X = N and z € N. Define

S(z) := Z lozil(\;()p) =logz + 7(z), where 7(z) = O(1).
N(p)<z

We have
Z Nl :lS(x) +/ lo%t+7-2(t) ot
Noex (p) ogx ,  (logt)?t
=1+/ ! dt+/ 7(t) dt
, tlogt , t(logt)?

< T(t) 1
_/X oo+ 05

= loglogx + (l —loglog2+/ t(;(-);ti)zdt> +O(
2

).

logx

IfX = {q™;neNU{0}}, define

S@= % loi;(i(f )~ Zlog(q") + 7(2), where 7(2) = O(1),
N(p)=q~

’
For x = g™ , we have

3 1 S +/x' tlogq’ +7(t)
N(p) ~logg™" " Ji  r’logq’

N(p)<x=q~'
< T()
= logl +(1—loglogq + dt
0glogx ( 081084 /1 ?logq )
1
o(—).
(logx)

This completes the proof of Lemma 2

Lemma 3  Given P, M, and X satisfying (A) and (B),
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(1) IfX =N, we have

1 x loglog x

E loglo = (loglogx)* + Aloglogx + B+ O —=——==).

oz N(p) SNy TS 8108 ( log x )
=3

(2) If X={q";n e NU{0}}, we have

1 X loglogx
loglo = (loglogx)?* + Aloglogx + B+ O —=——==).
> Ny o808 55y = (oglos glog ( )

logx
N(p<# &
Here A is the same constant as in Lemma 2 and B is some other constant.

Proof (1) Let X = N. By Lemma 2 and partial summation, we have

1 x
Z N(p) loglog NG (loglog2)loglog x

N(p)<3

+ Alogl 2+O( ! )
o808 log x

+/§ loglogt+A+O(¢) dt
5 logx — logt t’

By elementary integrations, we see that

/%C dt < loglog x
, logt(logx — logt)t logx

and

2 1 dt 1
———— — =loglogx — loglog2 + O —— ).
/2 logx —logt t 0logx — loglog 2 ¥ (logx)

By change of variables, we write

/§ loglogt dt/logilog(logx(l_ﬁ))
, logx —logt t 1

du
og 2 u

logl
= (loglogx)* — loglog2 - loglog x + O( 08 ng)

logx
1- 82 log(1 —
L[ Tleg=s)
log 2 S
Togx
Since log(1 — 5) < sand fol w ds = %2 for 0 < s < 1, we have
> loglogt dt 2 logl
08087 & _ (loglogx)* — loglog2 - loglogx — Ty O(w) .
, logx —logt t 6 logx
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Combining all the above results, we obtain
1 x w2 loglog x
log1 = (loglogx)* + Aloglogx — — + O .
Z N () og OgN(p) (loglogx)” + Aloglog x e + ( logx )

N(p)<3
(2) For X = {¢" ; n € NU {0}}, replace z in the above proof by q". Using similar
arguments as before, we obtain

1 x
loglo = (loglogx)* + Aloglog x
N(E . N(p) 8 gN(p) glog glog
PIST

O(loglogx).

2
n2_ T
+ ((loglogq ) 6 ) + log.x

Lemma4  Given P, M, and X satisfying (A) and (B),
(1) IfX =N, we have

Z 1 logx
N N(p)log 575 loglogx
(2) If X ={q"; n € NU{0}}, we have
Z 1 » logx
N(p)log x5 loglogx

N(pI<H

Proof (1) Divide [1,7]asl; = [e/, ei*1]. We have

1 1 1
< P
2 N(p)log 5ty — “= log = 2 N(p)

e/ <N(p)<e/*!

log 3

08 .
1 jt1 1

1 o(=) ).

§<logx—<j+1>>(°g 7o)

The last inequality follows from Lemma 2. Since log(1 + 1) < 1 for |x| < 1, we have

log 3
1 1 1
OEPLY  SL
N(p)<3 N(p)log 575 =1 (logx = 7) j
log ¥
B 1 ( g3 (1 1 ))
logx = logx — j
logl
< loglogx
log x

(2) The proof is exactly the same as above except replacing all § by %.
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3 Proof of Theorem 1

Now, we are ready to prove Theorem 1. Our goal is to get an asymptotic formula for

Z (w(m)—loglogx)2= Z wz(m)—Zloglogx Z w(m)

N(m)<x N(m)<x N(m)<x

+ (loglog x)* Z 1.

N(m)<x
By (A), the third term is
kx(log logx)2 + O(x(’(log logx)z).

By Lemmas 1 and 2, the sum of the second term is equal to

> wm= Y

N(m)<x N(p)<x N(m)<x
ny(m)>1

== 3 5o X o)

- 0

N(p)<x N(p) Nipes N(P)

= rxloglogx + Arx + O( li) .
ogx

Now, we consider

> o= ¥ T ey T

N(m)<x N(p)N(@)<x  N(m)<x (p)<x N(m)<x
p#q np(m),ng(m)>1 ny(m)>1

= 2 21221

N(pIN(9)<x N(m") < 50 (p)<x1/2 N(m'")<

+ rxloglogx + Axx + O( lo;x)

Herem’ =m — p — qand m' = m — 2p.
The first sum of the last equation is

1
2 2. l=mx ) N(p)N(Q)

N(p)N(g)<x N(m")< xmwg N(p)N(q)<x

+0( Z (p)f)lN(q)ﬁ)

N(p)N(q)
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If X = N, Lemmas 2, 3, and 4 imply that

1 1 1
2 N(p)N(qFNZ Wp)(mzx W)

N(p)N(g)<x (p)<% V<5

1 x 1
= Z W(loglogN(p) +A+O(7))

_xX
N(pI<3 log 57

= Z ! loglog x
N(p) N(p)

N(p)<3
x 1
A( toglog? +4 )
+ oglog > +A+ O(logx)

+o( 3y L;)

i<y NP 108 R

logl
= (loglogx)* + 2Aloglogx + A* + B + o( 08 ng> .
logx
Moreover, by Lemmas 1 and 2, we have

1 1 1
2 N(p)’N(q)’ — 2 N(p)e( 2 N(q)0>

N(p)N(q)<x N(p)<3

N@<xty
1-0
1 ( N?p))
<D NV loax
1-0 1 1-0 1001
<<ico x Z N(p) <<x loogxogx'
8% Nip<s P 8
By replacing 5 by 7, we obtain the same results for X = {q™ ;n € NU{0}}. Hence,
we have
logl
Z Z 1 :(loglogx)2+2A10glogx+A2+B+O(w).
NIN@<x Nim')< v 08X

Now, consider

RX xe
Z 1= Z <N(p)2+O(N(p)29))

NpI<o2 N NS ir Nl
1 1
= RX — RX —
pep N(p)>x!/2

LJodag) ifo<o<uy,
O(x") ifo >1/2.
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By (B) and partial summation, we have

1 1
Z N(p)? < Vxlogx’

N(p)>x!/?

Combining all the above results, we obtain

Z w*(m) = kx(loglogx)® + (2A + 1)kxloglog x

N(m)<x

+(A—ZN(;)2 +A2+B)nx+o(%).

peEP

It follows that

Z (w(m) — loglogx)*

N(m)<x

+ A%+ B) KX + O( xiloglogx)
logx /’

= rxloglogx + (A — Z
p

which completes the proof of Theorem 1.

Remark We restrict X = Nor X = {q™ ; n € NU{0}} in our general setting to
obtain Theorem 1. If we allow X to be any subset of IN, we can still get a weaker result

Z (w(m) — loglogx)* = kxloglogx + O(x)

N(m)<x
by using a similar method. If we replace condition (B) by a much weaker condition,
1
(B) —— =loglogx + O(1),
N(Z Np) — oS
pI<x

with condition (A), we obtain

Z (w(m) — loglogx)* = rkxloglogx + o(xloglogx).

N(m)<x

4 Applications of the General Setting.

In this section, we provide some examples where the general setting applies. Thus
analogues of the Turdn Theorem hold in these cases.

Example 1 1In the case of rational number, let P be the set of primes of N and M =
N. Take N: M — N to be the identity map and choose X = N. Conditions (A) and
(B) are satisfied with x = 1. Hence, Theorem 1 implies the classical Turan Theorem
and we recover the asymptotic formula of Saidak [11].
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Example 2 Let K/Q be a number field of degree [K:()] and O its ring of integers.
Let P be the set of prime ideals of Ox and M the set of ideals of Og. Take N: M — N
to be the standard norm map, i.e., m — N(m) :=|Og/m| and choose X = N. For
m € M, it was proved by Weber that [13]

) 2" (2m)"hR
Z 1= /<;x+O(x1_1/[K'Q]) where k = (27)

—’
N(m)<x W/ |dk|

with r1 = number of real embeddings of K,
2r, = number of complex embeddings,
h = class number,
R = regulator,
w = number of roots of unity,
dx = discriminant of K.
Notice that there are at most [K:()] many prime ideals p lying above p Ok for a

prime p. Hence, the Chebyshev Theorem 2 (8, p. 36-37] implies (B). Prachar [9]
proved in 1952 that

Z (w(m) — loglogx)* < xloglogx.

Nm)<x

Theorem 1 implies his result with a stronger estimate.

In the examples of function fields and varieties, to verify conditions (A) and (B),
it suffices to get the cardinalities of elements of P and M with fixed image in N. Using
elementary geometric sums and integration techniques, we have

Lemma5 Let P,M, X be defined as before with X = {q"™ ; n € NU {0} }. Define
aq ::#{m € M ; N(m) :qrd}, deNU{0}

and
ba:=#{peP;N(p)=q"},deN.

(1) Ifforalld e NU {0},
ag = K'q" + O(q"™) for some k' > 0and 0 < 6 < 1,

we have
x+ 0.

B K'q
Z l_qr—l

N(m)<x
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(2) Ifforalld e N,

rd N
by = % +O(q’dd) forsome0 < § < 1,

we have

> 1=0(5 )

N(p)<x
Example 3 Let F,[t] be the ring of 1-variable polynomials over a finite field IF,.

Take P to be the set of monic irreducible polynomials in IF;[t] and M the set of monic
polynomials. We define the map N as follows:

N: M — N,m := m(t) — gi& ™"

where deg m(t) is the degree of the polynomial m(t). Since Im(N(M)) only contains
non-negative powers of ¢, we take X = {q" ; n € NU{0}}. In this case, we have [10,

p. 6]
ag = qd
and
q° s
bd = E + O(q )

These satisfy the assumptions of Lemma 5 with r = 1. Hence, conditions (A) and
(B) are verified and we have an analogue of the Turan Theorem in IF,[t].

Example 4 LetV /I, be a geometrically irreducible variety of dimension r in a pro-
jective space. Let P be the set of closed points of V' /IF,, which is in bijection with the
set of orbits of V(IF,) under the action of Gal(F,/F,) [5, p. 259]. For each p € P,
we define deg p to be the length of the corresponding orbit. The monoid of effective
0-cycles M of V /IF, is defined by

M={m= 3 n,(m)p;ny(m) € NU{0},n,(m) # 0 for only finitely many p } .
pEP

For m € M, we define
degm = Z n,(m) deg p.

peP

The map N is defined by
N:M =N, ms g dem

We take X = {q"" ; n € NU {0} }. The zeta function of V /F, is defined by

Z(T) = exp ( i MT“) .
n=1

n
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Let a; and b, be defined as in Lemma 5. Using the fact that [5, p. 259]
V(Eg)| = dba,
d|n
we have

Z(1) = [Ja-1H7"=> a1

d=1

8

Iy
r

It was proved by Lang and Weil [6] in 1954 that
V(Fp)| = g™ +0(q"=").
Applying the Mobius inversion formula, we get
d 1y,
dbg =Y () (4" +0(g"" ")
n|d
_ qrd + O(dq(r—%)d)

Hence, we have
rd

b = L=+ 0(¢" ).
The computation of a; is much more involved. Using the result of Lang-Weil, we

have -
> O(glr—3n
Z(T) = exp(—log(1 — q'T)) exp ( Z %T”) .
n=1

From the theory of the I-adic cohomology of Grothendieck [2], we can write

1 )fl(T)]%(T)"'er—l(T)
1=qT/) /(D) f(T) - frr—a(T)’

an:(

where f;(T) are polynomials. Write

B

£ =] = wi;T),

j=1

where B; is the i-th Betti number and w; ; are eigenvalues of the ith cohomology
group. By taking logarithms on both expressions of Z(T), we have

> (1wl =0(q"*").
¥

Since there are only finitely many w; ; and the big O notation above is independent
from n, we have 1
jwij| < g7,
foralli, j.
To consider the coefficients a; of Z(T), we need the following lemmas.
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Lemma 6 Let Z(T) be the zeta function of a geometrically irreducible variety V /IF, of
dimension r. We define

B e ADAD - frl(T) =
=200 =40 = o a ) fua() ;C’T'

Then we have N
G < q(rfi)lis’

wheres = By+By+---+ By, — 1.
Proof Ifiisodd, we write
o0
ﬁ(T) = Zci,jTj~
=0
Since f;(T) is a polynomial, it follows that
‘C,‘A’j| < 1.

If i is even, we write

1 1 > A
— — : TV
fz(T) HBi (l —wi7jT) ;CJ

j=1 j

For a fixed i, the largest absolute value of ¢; ; appears when all w; ; are the same.
Notice that the coefficient of T/ of the rational function

1
(1—-wT)B

=(1+wlT+W T+ + W T/ +-..)B

is < (j + 1)’ !|w|’. Hence, by the above upper bound of |w; ;|, we have
Gj < jBgr .

Notice that for a, 3, and a € R, suppose |d;| < j*q%, |er] < kg™ for all j, k €

NU {0}. Write N N N
(Y ar) (Y ar) => er
j=0 k=0 s=0

Then we have
|Cs| < quss(wﬂﬂ.

It follows that the coefficient ¢; of T* of H(T) is bounded by
G < q" 2,

wheres =By + By +--+-+By_y — 1.

https://doi.org/10.4153/CMB-2004-056-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-056-7

586 Yu-Ru Liu

Lemma 7 Let c; be the coefficient of T' of H(T) defined in Lemma 6. For z € NU{0},

define
¢
C(z) = .
(Z) Z q(r—%)i

i<z

For any € > 0, we have

Ci , 1
—=k"+0
; q" ( q‘Hd) ’
where k' = Y2 C(z)( - - l(lm)).
q2 q2
Proof By Lemma 6, we have
Ci .5
—q(r—é)i <7
It implies that
C(z) < z.
Using partial summation, we obtain
d—1
C C(d) 1 1
= T4 _ZC( )( Ty _]z)
i 1 q° 2=0 q: q:
ds+l el 1 1
! e st =
=R +O<q%d +;Z (q%z q%(ZJrl))).

For any € > 0, choose z large enough such that z*! < ¢ for z > z,. Then for
d > zy, we have

ast1 0 . 1 1 1 00 1
+
+ ZZS (q%z o l(z+1)) = 1_¢o)d + Z (L—e)z
z=d d

q:° q: q — g
< !
g3’
This completes the proof of this Lemma.
Now, we write
1 o0 o0 ) ) oo
Z(T) = H(T - ( ,-Ti) ( ”Tf) - T,
0= = (an) (L) = S

Hence, we have
d
a; = E Ciqr(dfl)
i=0

By Lemma 7, we obtain the following theorem.
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Theorem 2 Let V [IF, be a geometrically irreducible variety of dimension r. Let P be
the set of closed points and M the set of effective 0-cycles. We define the map N: M — N,
m +— q" 48", For any ¢ > 0, we have

(1) ag = #{m € M ; degm = d} = k'q"" + O(q(r_%“)"l)7

where k' is the same constant as in Lemma 7. We also have
qrd i .
() bg=#{p € P;degp =d} = 7 +0(q (r=2)y,

Theorem 2 and Lemma 5 imply that condition (A) and (B) are satisfied in this
setting. Thus we obtain an analogue of the Turan Theorem for a geometrically irre-
ducible variety.

Remark 1 By Lemma 5 and Theorem 2, we have

! r
Y 1= “q1x+0(x1—z+‘).

-
N(m)<x

We see from the above proof that the x© term can be replaced by log x. If we apply the
fact from the cohomology theory that

wij| < q?,

where w; ; are the eigenvalues of the ith cohomology group, we can improve the above

estimation to ,
Kq
Z 1= q —
N(m)<x

This is a similar result to the case of number fields where r = [K: (] except the extra
log x factor. It will be nice if we can eliminate it.

1x+O(x1*%logx).

Remark 2 1In the case of smooth projective curve C/IF,;, M is the set of effective
divisors. Using Weil’s result on the zeta function of C [5](Ch VIII), we have

ag = k'q* + 0(1).

Moreover, the constant ~ can be written explicitely. We have

k'q h, q |2
n= el
q 4

where h is the order of Pic’(C/ IF;) and g is the genus of C. It will be an interest-
ing projective to study s and express it explicitely in terms of geometric objects in a
general case.

https://doi.org/10.4153/CMB-2004-056-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-056-7

588

Yu-Ru Liu

Acknowledgements This paper is part of my Ph.D. thesis at Harvard. I would like
to thank my thesis advisor, Prof. B. Mazur, for many important suggestions about
this work. He has inspired me in so many ways and it is a great privilege to be his
student. I also would like thank Prof. R. Murty for introducing to me probabilistic
number theory and for being always on my side. His encouragement and unlimited
support are the main sources for me to complete my Ph.D. work. Finally, I would
like to thank S. Mohit, C. Y. Kao and W. Kuo for their comments about this paper.
Especially, I owe my thanks to Satya for many useful discussions related to this work.

References

(1]
(2]
(3]

(4]
(5]
(6]
(7]

(8]
(9]

P. D. T. A. Elliott, Probabilistic number theory, L, 1I. Springer-Verlag, New York, 1979.

R. Hartshorne, Algebraic geometry. Springer Verlag, New York, 1977.

G. H. Hardy and S. Ramanujan, The normal number of prime factors of number n. Quar. J. Pure Appl.
Math. 48(1917), 76-97

Y.-R. Liu and M. R. Murty, The Turan sieve method and some of its applications. ]. Ramanujan Math.
Soc. 14(1999), 21-35.

D. Lorenzini, An invitation to arithmetic geometry. Graduate Studies in Mathematics, 9, American
Mathematics Society, Providence, RI, 1996.

S. Lang & A. Weil, Number of points of varieties in finite fields. Am. J. Math. 76(1954), 819-827.

F. Mertens, Ein Beitrag zur analytischen Zahlentheorie. J. Reine Angew. Math. 78(1874), 46-62.

M. R. Murty, Problems in analytic number theory. Springer-Verlag, New York, 2001.

K. Prachar, Verallgemeinerung eines satzes von Hardy and Ramanujan auf algebraische zahlkorper.
Monatsh. Math. 56(1952), 229-232.

[10] M. Rosen, Number theory in Function Fields. Lecture notes given at K.A.L.S.T., Taejon, Korea, 1994.
[11] E Saidak, On a theorem of Hardy-Ramanujan-Turdn I, to appear.

[12] P. Turén, On a theorem of Hardy and Ramanujan. J. London Math. Soc. 9(1934), 274-276.

[13] H. Weber, Uber zahlengruppen in algebraischen korpern. Math. Ann. 49(1897), 83-100.

Department of Pure Mathematics
University of Waterloo

Waterloo, ON

N2L 3G1

e-mail: yrliu@math.uwaterloo.ca

https://doi.org/10.4153/CMB-2004-056-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2004-056-7

