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Vanishing of multizeta values over IF[ ]
at negative integers

Shuhui Shi

Abstract. Let Fy be the finite field of g elements. In this paper, we study the vanishing behavior of
multizeta values over F,[¢] at negative integers. These values are analogs of the classical multizeta
values. At negative integers, they are series of products of power sums S; (k) which are polynomials
in t. By studying the ¢-valuation of S4(s) for s < 0, we show that multizeta values at negative integers
vanish only at trivial zeros. The proof is inspired by the idea of Sheats in the proof of a statement of
“greedy element” by Carlitz.

1 Introduction

Classical multizeta values (i.e., over Z), also known as “multiple zeta values,” are
defined as the convergent series

1

C(S) n1>nz;>nr21 niIHZZ.”nir <f
wheres = (s1,...,s,) € Z withs; > 1. We call r the depth and }; s; the weight of {(s).
Here and in the rest of the paper, Z, is the set of positive integers and N = Z, u {0}.
Multizeta values of depth 1 are the usual Riemann zeta values. Double zeta values (i.e.,
r = 2) were first considered by Euler in 1776 [Eul75] in the study of {(3). After a long
time of oblivion, multizeta values of higher depth were introduced independently by
Hoffman [Hof92] and Zagier [Zag94] in 1992. During the last three decades, great
attention has been drawn to the study of multizeta values because of their appearance
in many different contexts, including the absolute Galois group [Gon01], periods of
mixed Tate motives [DGO05, Gon05], knot invariants, and calculations of integrals
associated to Feynman diagrams in perturbative quantum field theory [BK97]. These
various connections with other fields have led to big progresses in the study of classical
multizeta values, although some fundamental questions still remain open (see [BGF,
Preface]).

Having learned about the rich interconnections in the classical case, Thakur, in
2002, defined two types of multizeta values over function fields [Tha04, Section 5.10],
one complex valued (generalizing special values of Artin-Weil zeta functions) and the
other with values in Laurent series over finite field (generalizing Carlitz zeta values).
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10 S. Shi

The first type was completely evaluated in [Tha04] for IF,(t) (see [Mas06] for a study
in the higher genus case). In this paper, we focus on the second type and stick to the
rational function field F,(t).

Throughout this paper, p is a prime and q := p/ is a power of p. We say an integer
is g-even if it is divisible by g — 1 and g-odd otherwise. Let K := [F(t) be the rational
function field over the finite field 'y, oo be the rational place of K with uniformizer
1/t, and Ko :=F,((1/t)) be its completion at co. Let A := Fy[t] be the polynomial
ring in t, A, := {monicsin A}, and A4, := {monicin A of degree d} for d > 0. For
d > 0 and s € Z, we define the power sum

(L) Sas)= 3 L ek

acA . s
Note that S4(s) € Aif s < 0. The multizeta values at s € ZZ" over I [ t] are defined as
1.2) {(s) := 2 Sa,(51):84,(s;) €Kuo.

dy>>d, >0

The convergence of {(s) at positive integers, i.e., s € Z',, is clear from definition of S,,.
At nonpositive integers, it follows from the fact that S;(0) = 0 for d > 0 and S;(s) =0
for d > 0if s < 0 (see Section 2 for details). At positive integers, the definition above
can be restated as
1
{(S) = Z ‘1517

$2 Sy
a1,az,....a, &1 G2 Gy

€ Koo

where the sum is over all a; € A4, with d; > d, > -+ > d, > 0. Following the classical
case, we say ((s) is of depth r and weight ; s;. For general introduction of results
on function field multizeta values and comparison with the classical case, we refer
the reader to the survey papers [Chal4, Thal7]. In this paper, {(s) is used to denote
multizeta values in both the classical and function field cases. It should be clear which
one we are referring to from the context.

A natural question to ask is when {(s) vanishes. In classical case, {(s) >0 by
definition at positive integers with s; > 1. Treating s;’s as complex variables, the
series defining {(s) is absolutely convergent in the region {(s;,...,s,) € C": Re(s; +
-+5j) > jfor1<j<r} and can be meromorphically continued to C" with singu-
lar hyperplanes {s; = 1,5 + s, € {2,1,0,-2,-4,-6,...}, Y% s, € Zey for 3 < k <r}.
In particular, all the negative integer points, except when r = 2 or s; + s, odd, lie on
these hyperplanes. Moreover, they are points of indeterminacy. See [FKMT17] and the
references mentioned in its “Introduction” for several different approaches to define
and determine the multizeta values at these points.

In function field case, Thakur [Tha09] showed that {(s) # 0 at positive integers.
At negative integers, the vanishing of multizeta values of depth 1 is completely
understood by Goss [Gos79]. Its vanishing behavior is quite similar to that of the
Riemann zeta values although lacking a functional equation. In this paper, we study
the vanishing of {(s) at negative integers of higher depth.

Replacingaby t? + X%, 6;¢%/ in (1.1), we can rewrite S, (s) as a sum of monomials
in ¢ for negative s, whose sum indices are in N*! satisfying some restrictions. Denote
the set of these indices as U (—s). Our main result (restated as Theorem 2.8) gives an
explicit description of the ¢-valuation of S;(s) in terms of elements in U, (-s).
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Vanishing of multizeta values over Fy[t] at negative integers 1

Theorem 1.1 ~ Assume Uy(—s) # 0, then there is a unique monomial in the sum S;(s)
achieving the lowest degree. Moreover, this term corresponds to the element in Uy (—s)
whose reverse is lexicographically the largest.

This result implies monotonicity of the t-valuation of S;(s) with respect to d,
using which we completely solve the vanishing of {(s) at negative integers (stated
as Theorem 2.10 later). See Section 2.1 for definition of “trivial zero.”

Theorem 1.2 At negative integers, ((s) of depth at least 2 only vanishes at trivial zeros.

Here is the outline of the paper. In Section 2, we study the behavior of S;(s) at
negative s in detail and discuss how our main result implies Theorem 1.2. Section 3
gives the proof of Theorem 1.1.

2 Main result

In this section, we study the vanishing behavior of multizeta values in detail. We
continue to use the notations in the previous section. Our main object of study is
S4(s), the building blocks of multizeta values. The reader will see that the vanishing
of {(s) is really a reflection of properties of S;(s).

2.1 Trivial zeros

Let s < 0. We first take a closer look at when S;(s) vanishes. Writing out the
coeflicients of a in (1.1), we get

Sd(S) = Z (td + Gltd_l + e+ Gd)_s
0iely

) (,
0;eF, mo+-+mg=—s \110> ..., Mg
1 m; >0

— (_l)d Z ( =S ) tdmo+(d—1)m1+~~+md_l
me,...,my

mo+-+mg=—s
mo>0, m;>0 g-even for i>0

d )
(2.1) = (-1) > (
EB',-LO mi=—s me,...,my
m>0, m;>0 g-even for i>0

) eml___emd tdm0+(d—1)m1+~~+md_l
1 d

) tdm0+(d—1)m1+~-+md,l’

where @%, m; denotes sum Y% m; with no carry over of digits base p. The third
equality comes from exchanging the two sum indices and the fact that ¥, 6% = -1
if k is a positive multiple of g — 1 and 0 otherwise. The last equality follows from Lucas’
theorem.

Fork>0andd >0, let

Ug(k) = {(mq,...,mq) e N : k = @%, m; and m; > 0is g-even for 1 < i <d}.

Let P(n) be the multiset of p-powers adding up to n with no carry over in base p.
More precisely, if n = Y¥ ; a;p’ with 0 < a; < p, P(n) == {{p'}a, : 0 < i < k}, where
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12 S. Shi

{m} denotes the sequence m, ..., m with m repeated k times. Then, the condition
k= @fzo m; is equivalent to

2.2) P(k) = |i|?(mi).

Note that Uj(-s) is the set of sum indices in (2.1). Clearly, S;(s) vanishes if
Uys(-s) =0. In [Car48], Carlitz claimed without proof that the converse also
holds. More precisely, he asserted that if U (~=s) # 0, the term ¢#mo*(d=Dmui+--+may
with (my, ..., my) lexicographically largest among sum indices attains the unique
maximal degree. Such (my, ..., my) is called greedy. This claim was not proved until
50 years later. Diaz-Vargas [DV96] gave a proof for the case g = p, and a general proof
for any q is given by Sheats [She98].

Theorem 2.1 (Carlitz, Diaz-Vargas, Sheats) For s<0, S;(s) #0 if and only if
Uy(-s) # 0. Moreover, if Ug(=s) + 0, the summand in Sy(s) corresponding to the
greedy element achieves the unique maximal degree.

Boeckle pointed out that with some results in [She98], one gets a more straightfor-
ward criterion when S;(s) vanishes.

Definition 2.2 For k € Z, withbase g expansion k = ag + ajq + - + a,q", let (k) =
3" a; be the sum of base q digits of k. Recall that g = p/. Define

We note that since k = (k) mod g — 1, Ly is an integer if and only if (g - 1)|k, i.e., k
is g-even.

Proposition 2.3 [Bocl3, Theorem 1.2(a)]  For s negative, Sy(s) =0 < d > L_,.

For reader’s convenience, we provide a proof of the result above. For d > 0 and
k> 0,let

Vai(k) :={(mq,....,mg) € Ug(k) : mg > 0}.

The proposition follows from the following lemma of Sheats. We note that the
notations and expression of the lemma are slightly different from those in Sheats’
paper, but one can check that they are equivalent.

Lemma 2.4 [She98, Proposition 4.3(a)]  V;(k) =0 < d > L;.

Proof of Proposition 2.3 By Theorem 2.1, it is enough to show that U, (k) = 0 iff
d > Li. We break it up into two cases.

If k is g-even, Uy(k) = Vy(k)u{(0,my,...,my) | (my,...,mg) € Vy_1(k)}.
Uys(k) =0 iff Vi(k)=Vy_1(k)=0, ie, d—1> Ly by Lemma 2.4. Since Ly is an
integer,d —1> Ly < d > Ly.
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If k is g-odd, U (k) = V4(k); thus, Uy (k) =0 iff d > Ly by Lemma 2.4. As Ly is
not an integer in this case, d > Ly < d > Ly. [

Note that in (1.2), the least d appearing in S;(s;) is r — i. Thus, if r —i > L_,, all
terms in the sum vanish and so does the multizeta value. With this observation, we

define

Definition 2.5 Let r>1and (s,...,s,) € Z" such that {(s;,...,s,) = 0. We call
(s15...,5,) a trivial zero of { if there exists some 1< i <r—1such thatr—i>L_g,.
Otherwise, (s1,...,s,) is a nontrivial zero.

2.2 Existence of nontrivial zero

We now investigate nontrivial zeros of {(s) where s; < 0. The depth 1 case is com-
pletely understood by Goss [Gos79].

Theorem 2.6 (Goss, see [Tha04, Section 5.3])  For s negative, {(s) = 0 if and only if s
is g-even.

Note that multizeta values in this case reduce to Carlitz zeta values. The above
theorem shows that the behavior of zeros of Carlitz zeta at negative integers is
analogous to that of the trivial zeros of the classical Riemann zeta function. However,
unlike a direct implication from the functional equation of the Riemann zeta, the
vanishing of {(s), without any known functional equations in the function field case,
follows from cancellations among monomials.

The proof of the nonvanishing of {(s) at g-odd s [Tha04, Theorem 5.3.2] showed
that there is a unique term of least degree, 1, in the polynomial sum of {(s), which
could not be canceled. Similarly, the fact that multizeta values at positive integers
never vanish [Tha09, Theorem 4] follows from the strict monotonicity in d of the
oo-valuation of S;(s). We use the same strategy to show that there are no nontrivial
zeros in higher depth case.

Definition2.7 M = (My,...,My) € Uy(k) is called modest if (M4, My_y, ..., Mp)
is lexicographically the largest, i.e., My > my for all (my,...,my) € Uy(k), My_y >
mgy_; for those (my, ..., my) with my = My, and so on. Such element always exists
and is unique if Uy (k) # 0.

Our main result is the following theorem, which characterizes the term in S;(s)
with least degree. Its proof is given in Section 3.

Theorem 2.8  Assume S;(s) # 0. The term corresponding to the modest element in
U, (-s) attains the unique minimum degree in t among all summands in S;(s).

Recall that for d < L_g, elements in U;(-s) and summands in (2.1) are in one-to-
one correspondence. Take (mg, my, ..., my) € Us(—s), then its corresponding term
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in S4(s) has degree dmg + (d — 1)my + -+ + my_;. Define v4(s) := v;(S4(s)), where
v, is the t-valuation. We have the following corollary.

Corollary 2.9  Fix s <0, then

Vi (8) > vr_j-1(s) > > vi(s) 2 vo(s).

Proof  Since vo(s) = v,(1) = 0 for all s, the last inequality is obvious. Assume 0 <
d<L_sandletM = (M,, ..., My) be the modest element in U;(-s), then Theorem
2.8 implies v4(s) =dMy+ (d —1)M; + -+ My_,. Consider N = (M,,...,My_,
M1+ M), then N e Uy_(—s) and thus vg_1(s) < (d —1)Mo + (d —2)M; + - +
M-, < v4(s), where the second inequality is equality iff d = 1and My = —s. |

With this result, we finish the discussion of the vanishing of multizeta values of
higher depth at negative integers.

Theorem 2.10 Fors= (sy,...,s,) withs; <0and r>1, {(s) =0 if and only if sis a
trivial zero.

Proof It is equivalent to show that ((s) #0 if s is not a trivial zero. In
this case, the sum ((s) = Y4554 50 Sa,(51)---Sa, (s,) is nonempty. In particular,
Sr-1(s1)---So(s;) # 0 and

(S s $0(50) = 205

For any other term Sy, (s1)---S4, (s,) in the sum, d; > r — i for all i and there exist some
jsuch that d; > r — j > 0; thus, by Corollary 2.9,

vi(Sa,(51)--8a,(sr)) = Zr;"d,v (5i) > ve(Sr-1(s1)+So(5r))-

By strict triangle inequality, v({(s)) = v¢(S;-1(s1)--So(s;)) = Xi_; vr—i(s;). In par-
ticular, {(s) # 0. ]

Remark 2.11 We note that the same strategy fails in analyzing the vanishing of {(s)
at integers of mixed signs. For both place ¢ and oo, s being positive and negative give
opposite monotonicity of the valuation of S;(s) in d. Hence, there is no unique term
with least valuation in general. For example, let g = 3, then

£(=8,2) = $1(=8)S0(2) + S>(=8)S(2) + S2(=8)S1(2)
=t +2t* v 282+ 2) + (P P+ )+ (1) =0

is a “nontrivial zero” in the sense of Definition 2.5. In the sum, S;(-8)S0(2), S»(-8)
S1(2) attain the least valuation at ¢ and S;(-8)S¢(2),S2(-8)So(2) attain the least
valuation at co.
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3 Proof of Theorem 2.8

The proof of Theorem 2.8 is quite complicated and combinatorial. This is because the
two conditions on elements of U, (—s) are with respect to p and g each while p and
q are different in general. Major difficulty of the proof arises from how to track these
two conditions simultaneously.

3.1 Special case

When g = p isa prime, the problem mentioned above disappears and the theorem can
be proved in a way similar to the proof of Theorem 2.1 for g = p case by Diaz-Vargas.
Another simple case, without restriction on ¢, is where s is g-even, which follows
directly from the result on greedy element. We first prove these two special cases.

Proof of Theorem 2.8 for special cases. Let k=-s and M= (M,...,My) €
U, (k) be the modest element. For m = (my, ..., my) € Uy(k), define

wt(m) = dmg + (d —L)my + - + my_,

to be its weight, which equals the degree of its corresponding term in S, (s). For both
cases, we need to show M achieves the unique minimum weight.

(1) g = p isa prime: We show that given any nonmodest element m, one can always
adjust it to get another m’ of smaller weight. Let [ > 0 be the largest index such that
M; > my. Then, M; = m; for i > I by the choice of M. Recall that P(n) is the multiset
of p-powers represented by the base p digits of n. When g = p, n is g-even iff (g -
1)[#P(n). We split the discussion into two cases.

(a) If#P(M;) < #P(m,),then there existsome p¢ € P(m;)and p¢ € P(M;)\P(m;)
such that p¢ < p¢’. By (2.2), p° € P(m;/) for some I’ < I. Let

’ ’
m = (mg,...,mp—p® +p°,...,m—p°+pt,...,my),

then it is easy to check that m’ € U, (k) and wt(m’) < wt(m).

(b) If#P(M;) > #P(m;), then#P(M;) — #P(m;) > q — 1, since both M, and m, are
g-even. Note that Y% | #P(M;) = ¥4 #P(m;) = #P(k); thus, there exists I’ < |
such that #P(my) — #P(M;/) > g — 1. Write P(my/) = P, u P,, where #P; = q —
1, and this implies m;, = n; @ n, with nyq-even. If I’ > 0, then n, > 0 and is also
g-even. Consider

m = (mg,...,mMp—ny,...,Mp+0,...,My),
then m’ € Uy (k) and wt(m’) < wt(m).
(2) s is g-even: Recall that
Va(k) ={(mq,...,mg) € Ug(k) : my > 0}.

In this case, M € U, (k) ~ V;(k), since otherwise (0, My, ..., My + M) is also con-
tained in U, (k) whose reverse is lexicographically larger. Similar argument shows
that m € Uy (k) \ V;(k) if m is of minimum weight. Consider the bijective map

¢:(0,my,...,my) > (mg,...,m)

https://doi.org/10.4153/5S0008439521000035 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439521000035

16 S. Shi

between Uy (k) \ V;(k) and V;_;(k). Note that k = ¥, m;; thus, for m € Uy(k) ~
Vd(k)>

wt(m) = (d -1)my + -+ my_y = (d -1)k - wt(p(m)).

wt(m) being minimum indicates that ¢(m) = (my, ..., m;) achieves the largest
weight in V;_;(k). By Theorem 2.1, ¢(m) has to be the greedy element in Uy_; (k).
This implies that the reverse of m is lexicographically the largest in Uy (k) \ V;(k);
hence, m = M. ]

3.2 General case

Our proof for general case is inspired by Sheats’ proof [She98] of Theorem 2.1 on
greedy element. We prove by contradiction. Roughly speaking, assuming there exists
a tuple not modest in Uy (-s) gives a term of lowest degree in S;(s), we construct
another term with smaller degree.

We fix a prime power g = p/. In this section, ¥ denotes a column vector of
length f, where x is either an English or Greek letter, with or without subscript.
If not mentioning explicitly, its entries are denoted as x; with 0<i < f, e.g., @ =
(10, u15...,up_1]". Note that the subscripts start from 0. The zero vector is denoted
as 0.

3.2.1 Setup and preliminaries

Before the proof, we change to a different notation for easy expression. A d-tuple
(X1,...,Xq) € N? is said to be a composition of N if N = Y%, X;. For d >0 and
NeZ,,let

Wa(N) = {(X1, X25...,Xq) e N - (Xg, Xa15..» X1) € Us_ (N)}

d
={(X1,Xp,..., Xg) eN": N =P X;, and X; > 0 is g-even for i < d}.
i=1

In this new setup, the modest element in U;_;(N) corresponds to be the lexicograph-
ically largest composition in W;(N), which we again call it modest.

Definition3.1 LetX = (X;,...,X ) € Wy (N). Define its weight, denoted as wt(X),
by

wt(X) = X; +2X;, + -+ dX,.
Any composition X achieving the minimum weight in W;(N) is called optimal.
One can check that Theorem 2.8 is equivalent to the following.

Theorem 3.2 For Wy(N) # 0, the modest composition is the only optimal composi-
tion.
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Remark 3.3  The theorem holds for d =1 trivially, since W;(N) = {(N)} has only
one composition. For d =2, wt(X) = 2N - X; for any X € W,(N) and hence the
modest composition is the only optimal element.

The following proposition consists of some observations on how to get new modest
or optimal compositions from old ones.

Proposition 3.4 Suppose Wi(N) # 0. X = (Xy,. .., Xy) is the modest composition in
Wy(N). Then

(i) (X1, Xs,...,X4-1) is the modest composition in Wy_1(N — X);

(i) (X2, X5,...,Xy) is the modest composition in Wy_1(N - X;);

(i) foranyn 20, (p"Xy,..., p"X,) is the modest composition in W (p"N).

These three statements remain true when replacing “the modest composition” with ‘an
optimal composition”.

Proof (i) and (ii) are obvious from definition in each case. To show (iii), we observe
that all p-powers in P(p" N) are divisible by p”. Thus, for (Y;) € W;(p"N), p" | Y; for
alli since P(Y;) c P(p"N). Moreover, (Y;) » (p~"Y;) gives al-to-1 correspondence
between compositions in Wy (p”N) and W,;(N). (iii) follows from this observation
easily in both cases. [ ]

Given base p expansion n =} ;5 a; p!, we define I'(n) € N/ to be the column
vector [, ..., ps-1]', where

wi= ), aj

j=i mod f
Let ¥ := [1,p, ..., p/']", then

(W0, T(n)) = po + -+ p/ sy

is the sum of base g digits of N. In particular, n is g-even iff (g — 1) | (¥, ['(n)). Then,
X € Wy(N) if and only if

() T(N)= (X)) +T(X,) + -+ T(Xa),

(2) for1<i<(d-1),(qg-1)|{y0,T(X;))#0.

For a composition X = (Xj,..., X,) of N, define I'(X) to be the f x d matrix with
columns I'(X;),...,T'(Xy).

Example Let q=9 and N =131. In base 3, N =112125. Thus, ['(N) = [5,2]".

0] 12 3
1 11’2 0
(112025,103), (104,27) = (102123,10003) € W5 (N) correspond to the first one, and
the rest correspond to the second one.

For any X € W,(N), ['(X) is one of the two matrices: :| (128,3) =
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In the example above, we give a partition of compositions in W;(N) with respect
to matrix representation. Given B € Mat, 4(N), define

WZ(N) = {Xe Wy(N): I'(X) = B}.

We call B a valid matrix of Wy(N) if WP(N) # 0. Let By, ..., B4 be columns of B,
then B is valid if and only if

(1) F(N) :B1+"'+Bd,

(2) forl<i<(d-1),(q-1)]|(vo,B;)#0.

For n > 0, denote 7(n) the nonincreasing sequence of p-powers in P(n) and 74 (n)
be its subsequence consisting of those p’ with i = k mod f for 0 < k < f.

Example Take g =9 and N = 131 = 11212;. Then,
7(N) = (3%,3%,3%,3%,3%,3%,3%), 7o(N) = (3%,3%,3%,3%,3%), ,(N) = (3%,3").

Given X € W, (N), 74(X;)’s give a partition of p-powers in 74 (N) for each k. We
call X is T-monotonic if the sequence 7 (N) is the concatenation of the subsequences
71 (X1), Tk (X2), . .., Tk (X4) forall 0 < k < f. Note that there is a unique 7-monotonic
composition in W (N) for each valid B.

Lemma 3.5 Suppose B is a valid matrix of W;(N), then the t-monotonic com-
position with respect to B is lexicographically the largest and achieves the unique
minimum weight in W2 (N). In particular, both modest and optimal compositions are
T-monotonic.

Proof Take X = (Xj,...,X4) € W/ (N) which is not -monotonic. Then, there
exist some k, i, j, m, n such that i < j, m < n, with p™ € 7, (X;), p" € 74(X;). Con-
sider the composition Y = (Xj,..., X; —p™ + p",..., X; - p" + p™,..., X;). Then,
Y € WP (N)sincem = n = k mod f. Clearly, Y is lexicographically larger than X. Easy
computation shows that wt(Y) = wt(X) - (j—i)(p" - p™) < wt(X). |

Define
J:={(n):n>0is g-even}.

Given B = [By, ..., B4] an f x d matrix with columns B;, the conditions for B being
valid for W;(N) can be translated as
(1) T(N) =B+ +By,
(2) BjeJforl<i<(d-1).
We follow Sheats’ discussion in [She98] to give a characterization of vectors in J. Let
€os ..., €51 be the standard basis of R/, ie., [0, ..., €¢_1] = I, the identity matrix.
Define matrix E = [E, Ey, ..., Ef_;] with columns

E; := pé,'_l —-é;.

Here and from now on, subscripts which should range from 0 to f —1 are evaluated
modulo f, e.g., é_; = é5_; and Eq = pés_; — €. Given vectors # and v = Eii, we have,
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for all 4,
Vi = puit — U;j.

Let R = [é),€3,...,€71,€p] be the permutation matrix such that Ré; = é;,,. Then,
R/ = TIand (Rit, R¥) = (i1, ») for any i and 7. Recall that ¢ = [1, p, ..., p/!]*. Define

B R = [p e p L
for1<i < f. Then,
. q-1 ifi=j
i)E‘ =
Wi i) {0 otherwise,
which implies
E_l = (q - 1)_1[1l_/0) V_/b e )l/_/ffl]t.

Given two vectors i and 7, we denote & > v ifu; > v; foralli, i > vifu > vand u; > v;
for some i, and & > v if u; > v; for all i.

Lemma 3.6 Letii=Eadandv = Eb, then

() @ >v= a> b.Inparticular, if iz > 0, then a > 0.
(i) Letl=[L...,1]" If0<a<(p-1)l, then0 << a <1

Proof a —_I_a = E'(a - 7). Since all components of E™! are positive, & -7 >0
implies @ — b > 0. This proves (i). (ii) is a direct application of (i) as [p—1,...,p -
1" = E[1,...,1]" [
Take a positive integer n. Let Ea = I'(n), then we have, for each i,
a;i = (q-1)"(yo., T(p'n)),

1since RT(n) = T(pn) and (§;,T'(n)) = (R*, T'(n)) = (0, RF'T'(n)). In particu-

aeZ = nis g-even.

The above discussion can be rephrased as following.
Proposition 3.7 [She98, Lemma 3.4]  J = (EZ') n (N/\{0}).

3.2.2 Criterion for W;(N) + 0
For d > 0, define

Ij={C(n):39,...,94-1 € Jsuch that ['(n) > v + - + V4.1 },

Ja =30 (Ig\gs1)-
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For d = 0, we set Jo = 0. By definition, J; consists of those I'(#) such that n can be
written as a sum of d many, but not d + 1 many, positive g-even numbers without carry
over in base p. Then,

(3.1) Wd(N)i(D@F(N)EJd_lUId.

The next proposition by Sheats characterizes elements in I,,, and J,,,.

Proposition 3.8 [She98, Proposition 4.3]  For m > 1,
(i) ILn={ExeN/\{0}:xeR/ and minge;cs(x;) >m -1},
(i) Jm={EaeN\{0}:deR/ and minyc;<s(a;) = m}.

With (3.1), it implies the following result which is indeed equivalent to Proposition
2.3.

Corollary 3.9  Let T(N) = E, then Wy(N) # 0 iff ming<;(a;) > d - 1.

3.2.3 Modest/optimal composition

The following results give estimation on components of the modest and optimal
compositions.

Proposition 3.10 Let X=(Xy,...,Xy) € Wy(N) be modest or optimal. Then,
D(X;)eNifor2<i<d-1,X,=0ifNisg-even, or I'(Xy) € ;\I, if N is g-odd.

Proof = We prove by contrapositive.
N is g-even: If X; # 0, then X is neither modest nor optimal from the discussion
in Section 3.1. If ['(X;) = ¥ + ¥, for some 2 < i < d — 1 and vectors 71, 7, € J, define

Y := (X1+al,...,X,'_l,az,X,',...,Xd).

Since ¥; € J, both a;’s are g-even. The sum of entries in Y has no carry over in base p.
So'Y € W;(N). Moreover, Y is lexicographically larger than X and wt(Y) = wt(X) —
(i-1)a; < wt(X).

N is g-odd: Suppose I'(Xy) = w; + w, with wy € J,w;, € I;. We have X; = by @ by
with T'(b;) = w; and byg-even. Define Y := (X; + by, X5, ..., X4-1, b2). Then, similar
argument as above shows that Y € W;(N), Y is lexicographically larger than X, and
wt(Y) < wt(X). ]

Take N € Z,,let 2 = '(N) and = E'ii.

Lemma3.11 Letv=EaxeN/ with0 < < i1. Suppose minge;< (| B:] - [ai]) = k for
some k € N, then there exists somew € Jwithv <w <uand it —w € Ji U I

Proof To find such an w is equivalent to find a y with w = Ey. Recall thatif X = Eq,
X; = paisq — a;. By Propositions 3.7 and 3.8, we get the following conditions on :

(D) vi <pyis1—yi <uj,
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(2) yi€Zand mingcj(Bj—y;j) 2 k.

To construct j, take an [ such that | ;|- [a;] = k. Let y; =[a;]. For i =1-1,1-
2,...,1 - f +1, define inductively

y; =min(|B;i| = k, pyis1 — vi).
Condition (2) holds automatically by the construction of y;. The construction also
implies v; < py;.1 — y; for i # 1. To prove it for i = I, we first show that y; > [«;] for
alli. By definition, y; = [«;]. We prove the rest by backward induction. Suppose ;.1 >
[ais1]- If yi = |Bi]| — k, then clearly y; > [«;] since | B; ] — [a;] > k; otherwise,

Vi =PYiv1 — Vi
= PYiv1 — Phiy + & 2 &

Since y; is an integer, we have y; > [a;]. Now, we have v; < py;.; — i, since

PY1s1 = VI = PYis1 — PO + a1 > [ag] = i

Next, we show py;1 — yi <u;. Fori =1,

ur = (py1s1 = y1) = pPrsr = B = (py1s1 = y1)
= p(Brs1 = yis1) = (B = y1)
= p(Bra1r = yis1) = (Br = [eur])
> P(ﬁl+1 - Vl+1) -k-1>-1,

where the last inequality comes from that f8;,; — y141 > kand p > 2. Since the left-hand
side is an integer, we have

up = (pyra—y1) 2 0.

Now, let i # 1. If y; = pyis1 — vi, then py;p — y; =v; < uy; otherwise, y; = |Bi| - k,
then a similar computation as in the i = [ case shows py;.1 — y; < u;. [ ]

Proposition 3.12  Take N with base p-expansion N = Y1 a;p’, where a, # 0. Sup-
pose Wy(N) #0. Let X = (X3, ..., Xq) € Wy(N) be modest or optimal, then

(i) Xy a,p". Inparticular, X; > N/2.
(i) N <wt(X)<2N.
(i) Wy(N - Xp) =0 ifd > 2. In particular, by (3.1, T(N - X;) ¢ 1.

Proof  We prove each case separately.

X modest: Let 2 = '(N) and & = E"'i2. By Corollary 3.9, min; (|&;]) =m >d - 1.
Letk = nmod fand 8 = E™'(a,éx). Lemma 3.6 implies [ 8;] = 1for each i. By Lemma
3.11, we can extend v = a, j to some W, € J with &t — Wy € J,,_; U I,,. In particular, we
can write @ —wy as i — Wy = Wy + -+ + Wy_; + Wy, where w; € Jfor 2<i<d-1and
wa € N9, Take B = [wy,...,W,4], then B is a valid matrix, i.e, WP(N) # 0. Let Y be
the T-monotonic element in WdB (N), then Y; > a,p" since w; > a,éx. X is modest so
X;> Y, > a,p”. This proves (i).

We prove (ii) by induction on d. For d =1, X = (N) and wt(X) = N. Suppose (ii)
holds for d — 1. By Proposition 3.4 (ii), Y = (X3, ..., X4) is modest in W;_;(N — X;).
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By induction, N — X; <wt(Y) < 2(N - X;) < N. Thus, N <wt(X) = N + wt(Y) <
2N.

Suppose (iii) fails. Take (X, ..., X};) € Wy(N - X;), then (X; + X[, X},..., X)) €
W, (N). But this contradicts that X is modest.

X optimal: (ii) holds automatically by the minimum weight property.

To prove (i), we first show that X; > p". If N is g-even or d < 3, by Section 3.1 and
Remark 3.3, optimal is equivalent to modest, and thus (1) holds. We assume N is g-
oddand d > 3. Then, Xj + X, > p", since otherwise X; + X, < p" < N/2 and wt(X) >
N +2(N - X; — X3) > 2N. For wt(X) being minimal, X; > X, which implies X; >
p". Now, suppose X; =", b;p' with 0<b, <a,, then N-X; > p". Note that
(Xz,...,Xy) is optimal in W;_;(N — X;). Thus X, > p” and N - X; > (b, +1)p".
But by Proposition 3.4 (i), (X, ..., X4-1) € Wa_1(N — X;) is optimal and thus mod-
est since N — X is g-even. In particular, X; > (b, +1)p". Contradiction.

At last, we show (iii) holds. If not, let (X7,..., X)) € Ws(N - X;) be optimal.
Then, X{ > (N - X;)/2 by (i). (X3,...,X];) being optimal in W,_;(N - X; - X{),
wt(X}, ..., X,) <2(N =X, - Xyr) < N—-X;. Let Y= (X;+X/,X},...,X}), then
Ye Wy(N) and wt(Y) = N +wt(X},..., X)) < 2N - X;. However, wt(X) = N +
wt(X,, ..., X ) > 2N - X;. Contradiction. ]

3.2.4 Constructing composition of smaller weight

Suppose Theorem 3.2 fails. Then, g = p/ with f > 1. Take the least d and some N such
that there exist M = (M;), 0 = (O;) € W;(N) with M modest, O optimal, and M #
O. Then, N is g-odd, d > 3, and M; > O, by Section 3.1, Remark 3.3, and Proposition
3.4 (ii), respectively. Let p® be the largest p-power in P(M;) \ P(Oy). By Proposition
3.4 (iii), we may assume a = f —1mod f. Let

u:=T(N), x:=T(M), y:=T(0y),
i1:=E"q, a:=E'%, B:=E"j.
By our construction, xy_; > y;_; since both M and O are 7-monotonic. Define
v =[vi]" = [min(x;, )], w=[wi] =5 -

Then, wy_; = 0. Note that # > 0, since otherwise X > y and X — y € J, (N - Oy) =
(x - 9)+T(My) + -+ T'(My) € I, contradicting Proposition 3.12 (iii). Let 0 < k <
f — 2 be the least subscript such that wj > 0. We have the following result.

Lemma3.13 (i) (yi, W) <(yi,ép) for0<i<k.
(i) |#:]-Bi>d-2 foralli, and there exists k < 1 < f — 1 such that |n;| - B; =d -
2and |n;|-Pizd-1forl - f<i<kie,i=1+1L1+2,...,f-10,1,...,k

Proof = We show (i) by contradiction. For each 0 < i < k, by definition of y;,
(Vi épa) =p/

and (;, W) is a sum of p-powers less than p/~1~* since w; =0 for -1< j < i.Suppose
(i, w) 2 (v, 1) for some 0 < i < k. Then, there is a subset of p-powers in the sum
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(y;, w) whose terms add up to pf =i In other words, there exists some ' < 1 such
that

(32) <l/_]iiwl> = <1/_]i$ éf—l)'
Another observation is that # represents those p-powers p® in P(0;) \ P(M;). In
particular, b < a for each b since O; < M;. W' < w represents a subset of such p-
powers. Let M be the sum of p-powers represented by w’, then M < p® and I'( M) =
w’. Note that I'(p“) = é;_;, then (3.2) implies

M=p®modg-1
By the choice of p“, we can find some j>1 such that p® e P(0O;). Consider
composition

X=(0,-M+p*...,0;-p"+M,...,04),

then X € Wy (N) and wt(X) < wt(O). Contradiction.
To prove (ii), we note that E(ij— ) =T'(N - 0;) =T(03) + -+ '(Oy) € I_;.
Hence, by Proposition 3.8 (i), n; — §; > d — 2. Thus,
[ni] - Bi>d -2,
for all i. On the other hand, I'(N - Oy) ¢ I; implies min; (|#;| — 8i) = d — 2. Let I be
the largest subscript such that |#;| - 8; = d — 2. Then, for [ < i < f,
l iJ - ﬁ,’ >d-1.

To finish the proof, we show |#;| — 8; > d — 1 for 0 < i < k. By construction, we have

X=v+w, =v+w,
where w; > €. For0 <i <k,
Bi=(q-1)"¥i7)
= (q-1)7((yi.7) + (i, W)
(by ) < (¢=1) 7" ((#i 7) + (@i, €5-1))
<(q =17 (0 7) + (@i )
= (q -1 %) = a;

Note that E(#—a)=I(N—-M,;)cl;;, then by Proposition 3.8 (i), we have
|ni]—a;i>d-2forall 0<i< f. For 0<i<k, Bi <a; by the above calculation,
and thus |#;| - i >d - L [

Define, for1< j<d,
t d ) 1
- t -1 -
uj:[uo,j,...,uf_l,j] ::ZF(Os)a Gj:[go,j,...,ef_l,j] =E uj.
=)

Note that #; = # and 6; = f. By Lemma 3.13 (ii), we have
(33) L61)2J =d-2, Lei,zJ 2d—1f0rl—f< i<k.
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The following construction uses 0 j to get a new composition Z € W;(N) whose
weight is less than that of O. Let ¢; = [¢;,]" := 6,. Define ¢, = [¢;,]" inductively as
following.

¢A B 9,’)2 fork<i<l
"2 min(0,, -1, ppisns) i=kk—1...,0,f -1 f-2...,0+1L

For j=3,...,d, define ¢; = [¢; ;] recursively as

. 0i,; fork<i<l
Y\ min(¢i o -1 pdisj) i=kk-1...,0,f -1 f-2,..., 1+

Proposition 3.14 For1< j<d, et

2]' = [Zo,]‘, . ,Zf,l)j]t = E¢j.
Then
()  ¢j-@eZlforicj<d-1.
(i) zjeZ forallj.
(iii) minog,-gf_l([(/)i)jj) = L(ﬁ],jJ =d- jf01’2 < ] < d.
(iv)  zka=ugp +1<ug.
(v) 0<z1,<u,—p.
(vi) 0<zp<max(u;p,—(p-1),0)forl-f<i<k.
(vii) zjj=u;jfork<i<land2<j<d.
(viii) 0<z;;<max(z;j1-(p-1),0)forl-f<i<kand3<j<d.

Proof  (i): By construction, ¢; j — ¢; j.1 > 0 for all i, j. Hence, it is enough to show

(a) éj—éjH erforISde—l;
(b) {¢i,;} = {0} forall i, j, where {x} is the fractional part of x.

We note that for1< j<d -1,
E(é] - éjJr]) = F(OJ) 63.

This implies (a) by Proposition 3.7. (a) says {0; j} = {0; j.1} for all i and j. Also
p{0is1,j} —{0ij} € Z since pi,1j—0;; =u; ;€ N. With these two properties in
mind, starting with the initial case {¢; ;} = {6, ,} since ¢, = 0}, following the induc-
tive construction of ¢;,;, one can check that (b) holds.

(ii): Since ¢y = 77, 2, = Ef = 1 € Z/ . For j > 1,

R
éj = E¢1 - ZE(¢S - ¢s+1)-
s=1
By (i), (;_53 - (/_SHI ¢ Z/ for each s; hence, zZj¢€ 77,

(iii): We first show that |¢; j| > d — jfor 2< j<d and k < i < I. This is the same
as showing

[Hi,jJ >d —j
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for 2<j<d, since ¢;;=0;; by construction. Note that for each j Eéj:

Zf: j I'(Oj) € Ii_j;1. Thus, the statement follows from Proposition 3.8.

Next, we prove | ¢; ;| = d — j for each j. The j = 2 case is given by (3.3). For 3 < j <
d, 0,-0;= Zi;; E™'T(Os). By Propositions 3.8 and 3.10, 6, — 6, ; > j— 2, which
implies | 0; ;]| < 012 = (j - 2) = d — j. Thus, the statement follows since | 8;,;] > d -

j.
Last, we show | ¢; ;] > d — jfor I - f < i < k by induction on j. For j = 2, we have

|6;2-1]>d-2
for | - f <i < kby (3.3). Taking i = k, since | p¢r11.2] = [ pOks1.2] > d — 2, we get
L¢x,2] = min([ Ok, — 1], [ ppi+1,2]) > d - 2.
Note that
[$in2] 2d=2= [pdinp] >d-2
= |¢i2] =min([6;2 - 1], [ppic12]) > d - 2.
Hence, a backward induction on i starting from k implies that for k > i > I - f,
|pia] 2d~-2.

Suppose | ¢; j1] >d - j+1forl - f <i<k.Then,| ¢y jq—1| >d - jand|pdis1,;] >
d - j,since | ¢g.1,;| > d — jby previous statement. This implies | ¢y ;| = min(| ¢k, j—1 -
1], | p¢x+1,j]) = d - j. Similarly, we have

|pis,j] 2d—j=[ppin,l2d-j
= |¢i,j| = min(|¢i,j-1 = 1|, [ pdirj]) 2 d - j.

Again, a backward induction on i shows that [¢; ;] >d — jfork>i>1- f.
(iv): Since

PPr12 = (Ok2 =1) = pOrirz — Okp + 1=y +1>0,
&2 = 0k —land zy » = uy, + 1. By construction,
Uk = Uk — Yk SUp — Wi Sug —1,

SO Ug + 1< u.
(v): The second inequality is given by

212 = i1 = $1,2 < p(O1112 = 1) =010 = w12 - p.
To show z;,, > 0, we have ming<;<f1(|¢:.2]) = [$1,2] = d — 2 by (iii). This implies
212 = P12~ b2 2 p(d -2) = (d -2) - {¢:2} 2 0.

(Vi): For [ —f <i< k, if ¢i,2 = p¢i+1,2a Zin = P¢i+1,2 - ¢i,2 =0 otherwise, ¢i,2 =
0i2—land zip = pdisin = (0i2—1) < p(Oini2 —1) = (6i2 - 1) =uin - (p-1).

(vii): This follows directly from the construction of the ¢;’s.

(viii): We break up the proof into three cases.
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For [ - f < i < k, we only need to check for the case where ¢; j = ¢; j_| -1, since
otherwise z; j = 0. In this case, ¢; ; =1 < p¢;,1,j and

0<zij = phivj = (¢ij1 = 1) < p(ivrj1 = 1) = (¢ijm1 = 1) = zij1 = (p = 1).
For i = k, again, we may assume ¢y ; = ¢x j_; — 1, then

0<zkj=pOrsrj— (Pk,j-1 - 1)
< P(ekﬂ»j—l -1)- (¢k,j—1 -1)= Zk,j-1— (p-1),

where the second inequality follows from the fact that §;_; - 6; = E"'T'(0;_;) > 1 by
Propositions 3.8 and 3.10.
For i = I, by (iii), we have

21, = pbrrj— ¢1,j 2 p(d—j) = (d = j) = {¢1;} 2 0.
Finally, z; j = pdrs1,j — 01, < p(b141,j-1 1) = (01,j-1 = 1) = 21, — (p— 1). u
Proposition 3.14 implies that the matrix
B=[2 %2 Za1 — 24 2]
is a valid matrix of Wy(N). Let Z = (Zy,...,Z;) be the T-monotonic element in

W2(N). We show that wt(Z) < wt(O) and hence get a contradiction.

3.2.5 Estimation on wt(Z)

For 2 < j < d, define
Z], = Z] + Zj+1 + -+ 2y,
0}:= 0j+ Ojyy + -+ O4.
Then, I'(Z}) = z; and I'(O}) = i1;. And weights of Z and O can be expressed as
wt(Z) =N+ Zy+-+ Z),
wt(0) =N + 05 + -+ 0.
To describe these Z’, O’ explicitly, for each 0 < i < f 1, denote

Ti(N) = (Tiu> Tiuy—1> - - > Tisl)-

We recall that 7;(N) is defined as the subsequence of the nonincreasing sequence of
p-powers in P(n), where the exponents of powers in it are congruent to i modulo f.
Let ;9 = 0. Then, by T-monotonicity, we have

-1z —1uij
!
Z :ZZTi,s; O]: Ti,s
i=0 s=0 i=0 s=0

By Proposition 3.14 (vii),

Uij Zi,j
o) -7~ z(zz)

iel \s=0
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where
I={l,....f-1,0,...,k}.

For j = 2 and i € I, we have the following:

(1) By Proposition 3.14 (iv-vi), zx,, = ug,, + 1 and for i € I\{k}, z;» < u; >, where
“=” holds iffZ,')z =Ujx = 0.

(2) 7Tf-rus,, = p° since it is the largest p-power not in P(O;) whose exponent is
f —1mod n. In particular, us_; , > 0; hence, zy_1, < us_, by (1).

(3) Letty,,, = pY, then zj , = uy, + 1implies that p? is the last p-power in 74 (Oy).
By our choice of k, p* € P(0;) \ P(M,). In particular, p® < p°.

With these observations, we have
O; - Z; 2 Tf—l,uf—l,z = Tk, + z Tizip = pa - pb + Z Tizi,-

iel\{k,f-1} iel\{k,f-1}
Thus,

d d
(34)  wt(0)-wt(Z) =Y 0-Zi>p*-p’+ Y 1., +» 0-Z
j=2 iel\{k,f-1} j=3

The next lemma gives a lower bound for 2723 0;-Z.

Lemma3.15 LetI={l,...,f-1,0,...,k}, then
d
Z O; - Z], > - Z Tizia-
=3 iel

Proof =~ We note that 74 ;,, > 0 since z; , > 0 by Proposition 3.14 (iv). The statement
is trivial if z; ; = 0 for all i € I and 3 < j < d. Assuming they are not all vanishing, the
statement follows from the following calculation:

d d Ui,j Zi,j
0i-Zi=3% (Z Tis— ), n,s)
j=3 j=3 iel \s=0 s=0
d Zzij
>= 200D Tis
iel j=35=0
d
>-p Z Z Ti,zi,;
iel j=3
> _pZ/q Z Ti,zia
iel
> - Z Ti,z,',z'

i€l
The first inequality is trivial. The last one follows from the assumption f > 2. For the
second inequality, we note that each p-power appearing in the sum Y.") 7; ; repeats
at most p — 1 times and the largest term is Tizi > which indicates Z:':f) Ti,s < PTiyzy -
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By a similar argument and Proposition 3.14 (viii), for all i €  and 3 < j < d, we have
Tz, €4 ' Tiz,,; thus,

ZT,ZU<q ZT,Z‘] le‘z

This gives the third inequality. |

Now, we are ready to claim the contradiction, which finishes the proof of
Theorem 3.2.

Proposition 3.16  wt(Z) < wt(0O).

Proof  We first show Tf-1,2,, < P Assume zf_; , > 0 since otherwise Tflzp, =
0.Then, 74y, ,, < q Ty 1u,.,, becausezs_y, < sy, — (p — 1) by Proposition 3.14.
Note that 77, oz = p® as we mentioned earlier, and thus 7¢_; , s < pe.

Putting together (3.4) and Lemma 3.15, we have

wt(0) = wt(Z) > p* —2p" — 1/,

Here p’ and Tf-1,,,, are p-powers less than p*, and they are distinct since their
exponents fall into different residue classes mod f. We break up the proof into three
cases.

1) p > 3: wt(0) — wt(Z) > 0 since 2p® + Tf 1., <P

(2) p=2and b+1<a: 2p’+ Tftepy, = ptl Tf1z,, < P% thus, wt(O) -
wt(Z) > 0.

(3)p=2andb+1=a:Inthiscase,wehavek +1=1= f—landI={0,..., f —1}.
By Proposition 3.14 (v), us_1 5 — zf_1,2 > 2. Hence,

Uf-1,2 Zf-1,2 Ui Zi2
Zz—(ZTzs ZTIS)+Z(ZT15 ZTi,s)
i=0 \s=0 s=0
k-1
>pt+ Tf-Ll4zp, Pb + Z Tizia»

i=0

and by Lemma 3.15,

QU
~

wt(0) - wt(Z) :Z

\.

>P T TfLl4zpy, — P +Zth,2 ZTzz,z

iel
= p + Tf—1>1+Zf_1,z - p - p - Tf—l,Zf—l,z

= Tf-Ll4zp, ~ Tf-Lzpa, 2 0. u

Acknowledgment. The results of this paper are a part of the author’s Ph.D. thesis
at the University of Rochester. The author would like to express her sincere gratitude

https://doi.org/10.4153/5S0008439521000035 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439521000035

Vanishing of multizeta values over Fy[t] at negative integers 29

for her advisor, Prof. Dinesh Thakur, for suggesting this problem and for all of his
guidance and encouragement.

References

[Boc13]  G. Bockle, The distribution of the zeros of the Goss zeta-function
forA = Fy [x,y]/ (¥* + y + x* + x +1). Math. Z. 275(2013), nos. 3-4, 835-861.

[BK97] D. J. Broadhurst and D. Kreimer, Association of multiple zeta values with positive knots via
Feynman diagrams up to 9 loops. Phys. Lett. B. 393(1997), nos. 3-4, 403-412.

[BGF] J. . Burgos Gil and J. Fresan, Multiple zeta values: from numbers to motives, to appear in
Clay Mathematics Proceedings.  http:/javier.fresan.perso.math.cnrs.fr/mzv.pdf.

[Car48] L. Carlitz, Finite sums and interpolation formulas over GF [p", x]. Duke Math. J. 15(1948),
1001-1012.

[Chal4]  C.-Y. Chang, On characteristic p multizeta values, Algebraic number theory and related topics
2012. RIMS Kokytiroku Bessatsu, B51, Research Institute For Mathematical Sciences, Kyoto,
2014, pp. 177-202.

[DGO5] P. Deligne and A. B. Goncharov, Groupes fondamentaux motiviques de Tate mixte. Ann. Sci.
Ecole Norm. Sup. 38(2005), no. 1, 1-56, Series 4.

[DV96] J. Diaz-Vargas, Riemann hypothesis for F, [ T].]. Number Theory 59(1996), no. 2, 313-318.

[Eul75] L. Euler, Meditationes circa singulare serierum genus. Novi Comm. Acad. Sci. Petropol.
20(1775), 140-186, Reprinted in “Opera Omnia’, ser. 1, vol. 15, B. G. Teubner, Berlin, 1927,
pp. 217-267.

[FKMT17] H. Furusho, Y. Komori, K. Matsumoto, and H. Tsumura, Desingularization of complex
multiple zeta-functions. Amer. . Math. 139(2017), no. 1, 147-173.

[Gon01]  A.B. Goncharov, Multiple {-values, Galois groups, and geometry of modular varieties. In:
European Congress of Mathematics, Vol. I (Barcelona, 2000), Progr. Math., 201, Birkhéuser,
Basel, 2001, pp. 361-392.

[Gon05]  A. B. Goncharov, Galois symmetries of fundamental groupoids and noncommutative
geometry. Duke Math. J. 128(2005), no. 2, 209-284.

[Gos79]  D. Goss, v-Adic zeta functions, L-series and measures for function fields. Invent. Math.
55(1979), 107-119.

[Gos96]  D. Goss, Basic structures of function field arithmetic. Ergebnisse der Mathematik und ihrer
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], 35, Springer-Verlag,
Berlin, 1996.

[Hof92] M. E. Hoffman, Multiple harmonic series. Pacific J. Math. 152(1992), no. 2, 275-290.

[Mas06]  R. Masri, Multiple zeta values over global function fields. In: Multiple Dirichlet series,
automorphic forms, and analytic number theory, Proc. Sympos. Pure Math., 75, American
Mathematical Society, Providence, RI, 2006, pp. 157-175.

[She98] J. T. Sheats, The Riemann hypothesis for the Goss zeta function for Fy [ T].]. Number Theory
71(1998), no. 1, 121-157.

[Tha04] D. S. Thakur, Function field arithmetic. World Scientific Publishing, River Edge, NJ, 2004.

[Tha09] D. S. Thakur, Power sums with applications to multizeta and zeta zero distribution for
F, [t]. Finite Fields Appl. 15(2009), no. 4, 534-552.

[Thal7] D. S. Thakur, Multizeta values for function fields: a survey. ]. Théor. Nombres Bordeaux
29(2017), no. 3, 997-1023.

[Zag94] D. Zagier, Values of zeta functions and their applications. In: First European Congress of

Mathematics, Vol. II (Paris, 1992), Progr. Math., 120, Birkhauser, Basel, 1994, pp. 497-512.

Department of Mathematics, Texas A&~M University, College Station, TX 77843, USA
e-mail: shuhui@math.tamu.edu

https://doi.org/10.4153/5S0008439521000035 Published online by Cambridge University Press


http://javier.fresan.perso.math.cnrs.fr/mzv.pdf
mailto:shuhui@math.tamu.edu
https://doi.org/10.4153/S0008439521000035

	1 Introduction
	2 Main result
	2.1 Trivial zeros
	2.2 Existence of nontrivial zero

	3 Proof of Theorem 2.8
	3.1 Special case
	3.2 General case
	3.2.1 Setup and preliminaries
	3.2.2 Criterion for Wd(N) ≠
	3.2.3 Modest/optimal composition
	3.2.4 Constructing composition of smaller weight
	3.2.5 Estimation on wt(Z)



