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On Functions Satisfying Modular Equations
for Infinitely Many Primes

Dmitry N. Kozlov

Abstract. In this paper we study properties of the functions which satisfy modular equations for infinitely
many primes. The two main results are:

1) every such function is analytic in the upper half plane;
2) if such function takes the same value in two different points z; and z, then there exists an f-preserving analytic
bijection between neighbourhoods of z; and z;.

1 Introduction

We study the analytic properties of functions which satisfy modular equations for infinitely
many primes. Such functions appear most naturally in the context of Monstrous Moonshine.
This area arose from McKay’s observation that the degree of the first non-trivial irreducible
character of the Monster group (the largest sporadic group), which is 196883, differs only
by 1 from the first coefficient in the power series of the j function, which in its turn plays
a fundamental role in analytic number theory. The paper of J. H. Conway and S. P. Norton
[6] revealed more relations, which were mostly observed empirically at the time, initiating
a large body of research.

We make use of certain polynomials F, (x, y) which we call modular polynomials. These
polynomials are symmetric in both variables and have degree n[] o1+ 1 /p). A good
overview of their theory can be found in a long paper by K. Mahler [9]. We say that the

function f satisfies a modular equation of degree n (or “for n”), if F, ( f ((az +r)/ d) , f (z))
= 0, whenever ad = n, 0 < r < d and (a,r,d) = 1 (Definition 3.2). The guiding
observation is that a completely replicable function of order 1 satisfies modular equations

for all n (Proposition 3.3).
The main results of this paper are:

o if a function satisfies modular equations for infinitely many primes, then it is analytic in
the upper half plane;

e furthermore, if such function takes the same value in two different points z; and z,, then
there exists an f-preserving analytic bijection between neighbourhoods of z; and z,.

These results have been used in [7].

Briefly, the plan of the paper is the following:
Section 2. We recall the setting of completely replicable functions in terms of S. P. Norton’s
bivarial transform;
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Section 3. We show that completely replicable functions of order 1 satisfy modular equa-
tions for all #;
Section 4. We prove the two main theorems mentioned above.

Acknowledgments I am deeply indebted to A. Meurman for guiding me to this project
and providing his help many times along the way. I would also like to thank J. McKay and
the referee for many valuable comments which led to a substantially better paper.

2 The Bivarial Transform and the Definition of Completely Replicable
Functions
Let f(z) = q~' + Hiq+ Hyg* + - - -, where g = €*™, coefficients are arbitrary complex
numbers and the power series is purely formal. This needs a few words of explanation.
When one considers usual examples, this function f is analytic in the unit circle (or in the
upper half plane if one prefers to use z as variable). We do not assume that here as well as
we do not assume that H;’s are integers (which is also most often the case). However we

do use usual notations, though purely formally. We also use without further warning the
formal rational powers of g, for example the expression f( %) means f(i-q'/*) and f (%)

means f(e™"/4q%/4),
Following [12] we give two definitions.

Definition 2.1  Let

Z Hm.,nqmrn = log(f_l - q_l) - lOg(f()/) - f(Z))

m,n=1
= —log(l — quHi(qi*1 . q;zr+ . riil)),
i=1

where r = €. We call the sequence {H,,.» o7, the bivarial transform of {H; }£°, (equiv-
alently of f).

Clearly, H, , = H, and H,,,, = H,,,. One calls a function f replicable if H,j, = H 4,
whenever ab = cd and (a, b) = (¢, d).

Definition 2.2  The function f (given by formal power series as above) is called completely
replicable of order k, if there exists a sequence of formal power series

{f9=qg'+HYq+HY@ + .-, whereq = ™}, s=1,2,3,...,

called the replicates of f, such that

(1) f(s) — f((s-,k)), f= f(l);
(2) if {Hfj?n}fnfnzl is obtained as a bivarial transform of ) then, for all integers m, n,
s>1,
1
(9 _— (st)
HWSI;" - ;Hmn/tz'
t|(m,n)
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In particular, one can see that if f is completely replicable of order &, then for any s, f¥
is completely replicable of order k/(s, k). Namely, one can simply define f©®® = £ and
verify all the properties of this sequence of formal series. Also any completely replicable
function is of course replicable (as easiest it can be deduced from (2) with s = 1), but not
vice versa, take for example —j(z + 1/2).

Influenced by experimental observations on Monster group characters, J. H. Conway
and S. P. Norton defined in [6] abstract replicability with the help of collection of functional
equations. The following polynomial plays an important role in their approach.

Definition 2.3  Let P,(x, y1,. .., Yn—1) be the polynomial in n variables uniquely deter-
mined by the property that, for any formal power series f(q) = g~ + Hiq+ Hyq* +- - -, the
formal power series P, (f(q), Hi,H,,... ,Hn_l) — q~ " contains only positive powers of q.
For example Ps(x, y1, y2) = x° — 3y1x — 3y,.

We recall here how these two definitions are related.

Lemma 2.4  For all positive integers n,

n- ZHm,nqm + q—n = Pn (f(q),Hl, e ,Hn—l)'
m=1

Proof Itis enough to show that the left hand side is a polynomialin f(q) and Hy, ..., H,_1.
As a matter of fact it is # times the coefficient of " in the following expression:

—log(1 —r/q) +log(1/r — 1/q) —log(f(r) — f(q))
= —log(r) — log(f(r) — f(q))

=— 10g<1 - (f(q) - S;Hir”l)>,

which is obviously a polynomial in f(q) and Hy, . . ., H,_; as power series expansion of the
logarithm function shows. ]
To make our formulae more concise we need the following notations:
A, =A{(a,r,d) | ad =n,0 <r < d},
B, ={(a,n,d) |ad =n,0 <r<d, (a,r,d) = 1}.

Proposition 2.5  The following are equivalent:

(a) f is completely replicable of order k, with replicates f*;
(b) The sequence (f©), satisfies

(1) f(s) — f((s,k))’ fZ f(l);

(2) foralls>1,n>2,
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(2.1) 3 f“”(”ZT”) = P, (f9q), HY, ... ,HY ).

(a,nd)EA,

The formulae (2.1) are usually called the replication formulae.

Proof (a) = (b).

(1) Obvious.

(2) We have
) (B2 HTY _ (njay (12/d + T
()= X ()
(a,rd)EA, dln 0<r<d
=g "+ Z d - (HSD qld 4 gl an/d oy
d|n

- n d d
=g S G Hil )
d|

oo
k —
=D ad'+q ",
k=1

where e =132 éH]((;d/)dz = nH,(::l Using Lemma 2.4 we get

o0
ZH’(;?nq"’ +q "= Pn(f(S)(q%HiS)a s ’Hilsll)‘

1

2 ) -

(a,r,d) €A, m

(b) = (a). Similar to the above.

3 Completely Replicable Functions of Order 1
In this section we prove that completely replicable functions of order 1 satisfy modular

equations for all n.
We need the following notations

rne= Y (&), moe= Y r(E).

d
(ard)EA, (a,nd)eB,
The following fact is immediate.

Lemma3.l T} (f)(2) =3, T,’f}az(f)(z)-
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Reformulating the Proposition 2.5, f is a completely replicable function of order 1 if and
only if it satisfies the following infinite system of functional equations:

z+1

B(@ = fe2)+f(5) +(55) = /@ — 28,

@ = f6a+ 1(Z) + 1(550) 4 £(552) = £@ =31 (a) - 38,

mine = s+ 1 () +1(557) +1(5) (5 ) () 1 ()
= f*(2) — 4H,f(2)* — 4H,f(2) — 4H, + 2H?, ...

where f(z) = q_l +H1q + H2q2 +.,g= eZ‘/riz.

Definition 3.2  We say that a function f satisfies n-th modular equation, n > 2, if there
exists a polynomial F, (x, y) such that

Fn(x,f(z)): H (x—f(a2;7’>).

(a,r,d)EBy

Clearly, the term of the highest degree in x in F,(x, ) is x/P"I, where |B,| = n len(l +1/p),
p is a prime.

Proposition 3.3  Let f be a completely replicable function of order 1, then f satisfies modular
equations for alln > 2.

Example Fy(x,y) = x> + y®> — x*y> + 2H,(«* + ) + 2H, — 1)xy + (2Hy — 2H))x +
(2H; + H} — 3H,)y + 2Hs + 2H,Hs — H? — 3H, — 4H} [9, p. 90].

Proof To prove the existence of the polynomial above, it is clearly enough to prove that
any symmetric polynomial in f((az + r)/d), (a,r,d) € B, is a polynomial in f(z). On the
other hand, the power sums T7'(f)(z) generate the ring of symmetric polynomials, hence
it is enough to prove that for any m and n, T"( f)(z) is a polynomial in f(z). Furthermore,
by Lemma 3.1, it is enough to show that for any m and n, T'( f)(z) is a polynomial in f(z)

We proceed by induction on m. For m = 1 the statement is the consequence of Proposi-
tion 2.5, so assume m > 2. Let us now take the m-th functional equation for f(z), replace
zin it with (az +r)/d, for (a,r,d) € A,, and sum up all these equations. On the right hand
side we get T™(f) + R, where R is a sum consisting of terms of the form T (f)- (some
constant depending on Hy, Hs, .. .), for m’ < m. So, by the assumption of induction, R
is a polynomial in f. Hence, what we have to prove reduces to showing that the following
expression is a polynomial in f(z):

(3.1) Zf< (a22+1’2)/d2 +r1> Zf(alazﬂd?gzﬁdzrl)’

1
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where both sums are taken over all (a;,r1,d;) € A,y (a3, 12,dy) € A,

Denote the right hand side of (3.1) by Sy, 4,. Now fix d, and d, for a while. Take t =
(a1,dy), and let a] = a;/t, d; = d,/t. Then, canceling t gives

li / /
aja,z +ajr, + dyn
Sy g4 = § 1
d17d2 f( dldé ’

the sum is taken over all 0 < r; < d;,0 <1, < d,.
Let us show the equality

alayz+r
same 30 (Y

0<r<d,d;

For that we have to prove that for all 0 < r < d,d} the equation
air+dyry =r (mod dd;)

has exactly ¢ solutions (r1,12), 0 < r; < d;, 0 < r; < dj. As we totally have exactly
t-d - dj pairs (r1, 1), it is enough to prove that for each fixed pair (r;, ;) there are exactly
t solutions (r{, ;) to

ajr, +dsry = ajry + dyr]  (mod dd5).
If the above congruence is satisfied we get
(3.2) dvd | aj(ry —r3) +dy(ry — 1{),

hence d; | aj(r, — r}), but (a],d;) = 1,s0d} | r, — 5. Write rj = r, — s - dj. Canceling d
in (3.2) we get d, | a{s+r; — 11, so each choice of s gives uniquely defined r{. Since s can be
chosen in exactly t different ways we prove our statement. Observe that d,djaa, = mn/t2.

So S4,.4, is equal to t times the part of Hecke operator T2, corresponding to the
chosen divisor d = d,d,/t. We know that the whole operator T,,;2(f) is a polynomial in
f, hence we only need to prove that for each ¢ dividing (1, n), all the parts of the Hecke
operator T,,,/;» appears exactly ¢ times in the sum (3.1). Let us fix ¢ and d the divisor of
mn/t*. When does the corresponding part of Hecke operator appear in the sum (3.1)? The
necessary and sufficient conditions for d; and d, are:

(1) 4, | m, dy \ n;
2) di-dyy=4d-t;
(3) 1= (2,d).

Obviously (2) and (3) define d; and d, uniquely, namely

t = (%,Z—:) —dyt = (m,di) = dy = (?,d).
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Take d, = Z—f. It is well defined since d; | d. Now it is easy to check the conditions: (2) is

obvious, and d (m, dt)
m m dt m,
(d—lydz) = (d_l’d_l) T mjnd)

gives (3). Finally,

dt
dz\n<:>d—|n<:>dt|d1n<:>dt\ (%,d)n(:»dﬂ (#,dn)
1

and the last statement is true as dt divides both mn/t and dn.
So we have proved that the expression in (3.1) is equal to

Dt T (f). n

t[(m,mn)

If a function satisfies a modular equation for some prime p, then, in the terminology
used by Mahler in [9, pp. 69, 80], one can say that a completely replicable function of
order 1 is a basic S, series. In that case, by the Theorem 8 [9, 37, p. 107], f is a single-valued
analytic function in a neighbourhood of co, with a simple pole of residue 1 at co.

Furthermore, we can show that the polynomials in the modular equations are symmet-
ric.

Proposition 3.4  Let f be a completely replicable function of order 1 and let F,, be the poly-
nomials from the Proposition 3.3. Then F, is symmetric in x and y, i.e., F,(x, y) = F,(y, x).

Remark As it was observed by K. Mahler, this property of the polynomials F,(x, y) yields
many identities on the numbers Hy, H,, ..., for example, for n = 2, we see from the
example after Proposition 3.3 that 2H, = 2H; + H} — H;.

Proof Let n be a fixed number and pick (a,r,d) € B,. Let us prove that F, ( f(2),

f((az+ r)/d)) = 0. Setr’ = a—r. Then, by what we have proved before, f((dz'+1")/a) is

aroot of F, (x, f(z’)), thatis F,, (f((dz’ + r’)/a) , f(z’)) = 0. Substitute (az +r)/d instead

of z/, then
dz'+r")a=(az+r+r)/a=z+1,

hence we get

F, (f((dz' ++')/a), f(z’)) ~F, (f(z), f((az+ r)/d)).

This proves that F, (f(z), y) also has roots f((az + r)/d), for (a,r,d) € B,. Since f(z)
has a simple pole at co we conclude that the image of f contains an open neighbourhood of
a point in C and that there exists ¢ (depending on n), such that for all z, such that Imz > t,
all values f((az +r)/d), for (a,r,d) € B,, are distinct. For z, such that Imz > ¢, define
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Q,(x) = F, (f(z)7 x) —F, (x, f(z)). Clearly Q,(x) has |B,| distinct roots. To complete the
proof it is enough to show that the term of the highest degree in y in F,(x, y) is y/®|. Since
then deg Q,(x) < |B,|, hence Q,(x) = 0 for all z, such that Im z > ¢, which by the previous
comments implies the polynomial identity F,(x, y) = F,(y, x).

We have
az+r _
Reos@) =TT (xos(5) ) = et or P,
(a,r,d)EB,
where sy, ..., sp, are corresponding symmetric functions of f((az + r)/d), for (a,r,d) €

B,. Clearly, sjp,| = (—1)*q=® + g~ “*'T'(g), where I'(q) is a formal power series with only
positive powers of g, « = >, cp a/dand e =3, p r/d. Since we know that s,
is a polynomial in f(z) = g~ ' + Hyg + - - -, we have S|B,| = (—1)*f(2)> + R(f(z)), where
degR < .

Next we see that

Z szw,) Z( 3¢ (@d) = > 1=IB.,

(a, rd)EB,, (d,r,a)EB,

where ¢(o) is the number of all integers 0 < v < o, such that (o,7y) = 1.

Finally, observe that if 0 < r < d, then (a,r,d) € B, iff (a,d — r,d) € B,, hence
(—1)* = (—1)%, where & is the number of all even d, such that d | nand (n/d,d/2) = 1. It
is easy to see that € = 1 for n = 2 and is even for n > 2. It follows that (—1)Bl(—1)% = 1,
forn > 2.

Thus the highest monic term in y of F,(x, y) is y!%l, on the other hand, it is clear from
our argument that for j < [B,|, s; has degree (as a polynomial in f(z)) lower than [B,,|.
This proves that the term of the highest degree in y in F,(x, y) is y!P!. ]

4 The Analytic Properties

As it was mentioned before, K. Mahler has proved that any function that satisfies a modular
equation for some prime number is analytic in some neighbourhood of co and has a simple
pole at co. In the next theorem, which is one of the two main results of this paper, we
strengthen Mahler’s result for the case when the function satisfies modular equations for
infinitely many prime numbers.

Theorem 4.1  Let I be an infinite subset of the set of prime numbers. Assume that f satisfies
modular equations for all p € I, then f is analytic in the upper half plane, i.e., whenever
Imz > 0.

Proof Let t; denote the smallest real number, such that f(z) is analytic in Imz > #,. As-
sume that t; > 0. Let #; be some real number larger then #, such that f(z) is injective in
Imz > t; (or more exactly f(z) is injective in the corresponding part of the strip of width 1,
remember that we have assumed that f(z) is periodic with period 1). That such #; exists
follows from the fact that f(z) has a simple pole at co.
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Y
P20
Pz
SN
e S atrlp
0 X
Figure 1

Since f(z) is periodic with period 1, there must exist a singular point zy such that
Imzy = . As otherwise for each z, such that Imz = t;, we would have an open neigh-
bourhood where f(z) is analytic. Because the interval [0, 1] is a compact set we could then
choose finitely many such neighbourhoods, which would cover the segment [#y-1, (1+#(-7)]
and hence we would get a contradiction to the minimality of .

Pick a prime number p €& I, larger than t#/t;. Differentiating the equation
F, (f(pz), f(pzz)) = 0 with respect to z gives

d OF
—F(f(p2), f(p?2) = 2 (f(p2), f(p*2)) pf " (p2)
(4.1)

OF
+ 3—; (f(p2), f(p*2) p*f'(p*2) = 0.

Because of the choice of p both pz; and p?z lie in the domain where f(z) is injective,
hence f'(pzo) # 0, f'(p*zy) # 0.

On the other hand, if f(zy) would be a simple root of F,,(f(pzo), y), then the fact that f
is analytic and injective in an open neighbourhood of pz, and the implicit function theo-
rem would imply that f is analytic in an open neighbourhood of zy, which would contradict
with the singularity of f at zy. Hence f(z) is at least a double root of F, ( f(pzp), y).

Assume f(z) = f(p*z), then %—F;(f(pzo), f(p*z0)) = 0. Using the equality (4.1) we

get 68% (f(pzo), f(p*2z0)) = 0. The polynomial F, is symmetric according to the Propo-
sition 3.4, hence F, (f(pzo), f(p?z0)) = Fp(f(p*20), f(pz0)), which in turn implies that
f(pzo) is at least a double root of F, ( f(p*z), x). This means that either f(pzy) = f(p’zo)
or f(pzo) = f(pzo +r/p), for some 0 < r < p. In both cases we get a contradiction to the
injectivity of f in Imz > #;, since pz, lies above Imz = #;.

The only case left is when f(zy) = f(zy + r/p), for some 0 < r < p. We have proved
this for infinitely many primes p > t, /t;, so by taking larger and larger prime numbers we
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get a sequence (z;)°, of different points, such that for all 7,

Imz; =ty, f(z)=c,

where ¢ is some constant.

Let us again fix some prime number p > t, /t;, p € I. By the symmetry of F, the values
of f at points (pz;)7°, must be roots of F,(c, x). Since there are infinitely many points and
only finitely many roots this contradicts to the injectivity of f in Imz > ¢;. ]

Note Observe that using f(z) for Im z = ¢, is strictly speaking not allowed, as f(z) may not
exist there. What one should do to be absolutely correct is to work with the approximations
from above instead. For fixed z we can choose a sequence (pz + ipe;)7°,, where e is a
positive real number going to 0. Such that some root of F,, ( f(p2), y) can be approximated
by f(z + ie;) (which in its turn are roots of F, (f(pz + ipex), y)). Then we set f(z) to be
this root. This setting is not unique, but sufficient for our purposes. The whole argument
in the proof goes through, the technicalities are left to the reader.

With the proof of this theorem we justified our notations, so in the rest of the paper, all
the formal equalities actually mean the identities for the analytic functions.

Our next goal is to show that if the function f takes the same value at two different
points, then there exists an analytic bijection, which maps an open neighbourhood of the
first point onto an open neighbourhood of the second point and preserves f.

Lemma 4.2 Let f and I be as in Theorem 4.1. Assume that there exist two points zy and z,
such that f(z1) = f(zy) and f'(z1) = 0, then also f'(z;) = 0.

Proof Assume f’(z;) # 0. Take t such that f(z) is injective in Imz > t. Take p € I,
(a,r,d) € B,. By differentiating F, (f(z), f((az + r)/d)) = 0 we obtain

(4.2) % (f(z)’f(ﬂZ; r)) f'(z) + %—ljf (f(z),f(aZ; T)) %f,(az;— r) o

This equality shows in particular that if f'(z) = 0 then either f’ ((az + 1)/ d) = 0 or
f((az +1r)/d) is at least a double root of F, (f(2), y).
Let us prove that there exists a prime number p € I, such that

e f(pz) isasimple root to F, (f(22), y);
e Im pz, > gt, where g = min I.

Assume the contrary, then, for any large p € I, f(pz,) is at least a double root of the

polynomial mentioned above, hence 6% (f(zz), f(pzz)) = 0. From (4.2) and the assump-

tion f’(z;) # 0 we conclude that 88% (f(zz), f(pzz)) = 0. Using the symmetry of F, we
conclude that f(z,) is at least a double root to F, (f(pzz), y). But f(z;) # f(p*z) as oth-
erwise F,, (f(zz), y) =F, (f(pzzz), y) and hence f(pz,) would be at least a double root to
F, (f(pzzz), y). This would yield a contradiction since F, (f(pzzz), y) has all its roots in a
domain, where f(z) is injective. So the equality f(z,) = f(z, + r/p), for some 0 < r < p,
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must take place. Taking larger and larger primes p € I we obtain a sequence of different
points on Imz = Imz,, where f takes the same value. We know that f is analytic in the
upper half plane and hence we get f = f(z,), a contradiction.

Take a prime number p € I, such that f(pz;) is a simple root to the polynomial
F, (f(zz),)/) and Im pz, > gt. Observe that F, (f(zl), y) and F, (f(zz), y) is one and
the same polynomial, hence f(pz,) is equal to the value of f at one of the following points:
pzi,z1/p,(z1 + 1)/p,...,(z1 + p — 1)/p. Denote this point by z;. As f(z3) = f(pz) we
obtain that f(z;) must be a simple root of F,, (f(zl), y), hence using (4.2) we can conclude
that f'(z3) = 0. On the other hand, f'(pz,) # 0, as pz, lies in the domain where f is injec-
tive. Let us rename z3 to z; and pz, to z;, then all the conditions of the original assumption
are satisfied and we have an extra condition that Imz, > gt.

Consider the sequence z,, 423, *z2, - .. . As F, (f(zl), y) =F, (f(zz), y) we have two
possibilities:

(1) f(gz2) = f(qz1),
2 fgz)=f((z1+1)/q), 0<r<aq.

Assume that the first equality is true. Observe that F;(f(z2), y) has only simple roots,
as Imz, > qt, hence also f(qz,) is a simple root of F, (f(zl ), y) and, using (4.2) again, we
conclude that f’(gz;) = 0. This allows us to rename gz; and gz, to zj, resp. z, in exactly
the same manner as before. On the other hand this process must obviously terminate after
at most k steps, where k is such that g¥ Im z; > t, as after each step we get f'(z;) = 0, which
is impossible if f is injective in some open neighbourhood of z;.

The argument above and the fact that we can always add an integer to z; allows us to
assume that f(qz,) = f(z1/q). Since f’ is not identically zero, there are only finitely many
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points in the set S of all 1/g < a < 1, for which there exists z such that f/(z) = 0 and
Im z = Im «z;. Let k be a positive integer. Consider the pair of points z; /q and gz,, by (4.2)
we know that f/(z;/q) = 0. Also f'(qz,) # 0 and f(z;/q) = f(gz) hence all the original
conditions are satisfied for the pair (z;/g,qz;). This means that one of the two equalities
above (with z; /g instead of z; and gz, instead of z,) is true. If it is the first one, then
f(¢*z) = f(z1) = f(z), which is impossible. Adding some multiple of g to z; if necessary
we obtain f(z;/q*) = f(q*z2). Repeating the above argument we get

f(z1) = f(z),
f(z1/9) = f(gz),

fz1/d") = f(d"=),

and f'(z1) = f'(z1/q) = --- = f/(Z1/qk) =0.

Finally note that for any g*~! < p < g, p € I, the polynomial F, (f(qkzz), y) has only
simple roots, as all of them lie in the domain where f is injective. Further, as F,, ( f(dz), y)
= Fp(f(z1/4"), ) and f'(z1/4") = 0, we obtain from (4.2) that f’(pz;/q") = 0. On the
other hand 1/q < p/q* < 1, s0 p/q* € S (note that only the real part of z, is ever
changed, so S is well-defined and independent of p). Since I is infinite and numbers p/q*
are different for different p € I we get a contradiction. ]

Lemma 4.3 Let F(x, y) be a polynomial in two variables, and f(z), g(z) be analytic (say in
the upper half plane) functions of z. Then, for all k,

d* OF OFF ,
P U@:8) = 0@ + 2,0 @)'

(43) k—1 " k—1
+Y ——(f,9)Amx + ") (2) Byt
m; gy [ @ Ans mgf (2) B
where A, is a polynomial in g’ g"" ... g%, and B, is a polynomial, in the derivatives of

f and g and partial derivatives of F.

Proof We prove (4.3) by induction. For k = 1 (4.3) is just the usual chain rule for deriva-
tive of the function with two parameters:

aw o, o,
dz O« ayt
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To carry out the induction step, assume (4.3) is true for k — 1 and differentiate with
respect to z each:

d [ OF 0
a [OF
dz <8xf * Oy+—1

k—2 OMF k—2
RED DLALINES DL
m=1 Y m=1

OF _ O*F O2F 91F -
= af(k) + fE (@f’+ 8x8yg/> + 8yk—1(k— Dg" (g
O*F . OF mE 4 k=2 gmiip
+ 8x8yk—1 f/(g,)k ! + 8—}},((57/)]( + Z W@Am,k—l + Z Wg,Am’k_l
m=1 m=1
k— aerl

/ (m+1)
2 8x8m S A 1+Zf By k- 1+Zf B—1

k—1
f(k Z 8 mk+2f(m)Bm7k- |
m=1

Lemma 4.4 Let f be as in Theorem 4.1. Assume that for two points z, and z, the following

is true:

(1) f(z1) = f(z2)

2) flz)=f"(@)="=fP@z)=0
3) fl@)=f"(z)="=f*D(zn) =0

Then f(k)(zz) =0.

Proof Assume f(k) (z2) # 0. The proof is similar to the one of Lemma 4.2. The only
difference is that we use (4.3) instead of (4.2).

We start by proving that there exists a prime number p € I such that f(pz,) is a root
of F,(f(22), y) of multiplicity at most k and f'(pz,) # 0. Assume that such p does not
exist. Then for all large primes p € I we have that f(pz,) is a root of F,(f(z), ) of
multiplicity at least k+1. Then (4.3) gives 3x ( f(22), f(pz2)) f¥(22) = 0. We assumed that
f(k) (z2) # 0, so it follows that %ixp (f(zz), f(pzz)) = 0, and, because F,(x, y) is symmetric,
f(2,) must be at least a double root of F, (f(pz,), y). The same argument as in the proof
of Lemma 4.2 shows that there exists 0 < r < p, such that f(z,) = f(z, + r/p). Taking
larger and larger primes p € I we obtain a contradiction.

Let us take a prime number p € I as above, that is f(pz,) is a root of F, (f(zz),)/)
of multiplicity at most k and f'(pz,) # 0 (for the last condition to be fulfilled, one has
to take p large enough). Just in the same way as in the proof of Lemma 4.2 there exists
z3 € {pz1,21/p,...,(z1 + p — 1)/p} such that f(z;) = f(pz). If f'(z3) = 0, then
f'(pz2) # 0 gives a contradiction with Lemma 4.2, so we can assume f'(z3) # 0.

Let I(z) be the linear function, which reflects how z; is obtained from z; (for example if
z3 = (z1 +4)/p, then l(z) = (z +4)/p). Consider (4.3), when F = F,, g(z) = f(I(z)) and
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f(2) is just our function. For k = 1 one gets

OF
a—y" (f(z1),8(21))g (1) =0,

but g’(z;) = (non-zero const) - f'(z;) # 0, hence %—ij’(f(zl), f(23)) = 0. For k = 2 (4.3)
yields

O*F OF

ay;’ (fz),g(2) (¢'(@))" + 8—;’ (f(z1), g(z1)) A1 =0,

2
which allows us to conclude that % ( f(z1),8(z; )) = 0. Proceeding in the same manner
y

we obtain
OF O°F OFF
a—;(f(zl),f(%)) = a—yz(f(zl),f(23)) == a—yk(f(zl),f(Zs)) =0,

which means that f(z3) is a root of multiplicity at least k+ 1 of the polynomial F, (f(z1), y).
But F,(f(z1),y) = Fp(f(22),y) and f(z3) = f(pz), hence we obtain a contradiction
with the fact that p has been chosen so that f(pz,) has multiplicity at most k as a root of
Fyp(f(22), ). u

Finally we can prove the second main result of this paper.

Theorem 4.5 Let f be as above, and assume that f(z,) = f(z,) for some z; and z,. Then
the derivatives of f vanish up to the same order at the points z; and z,, and in particular there
exists the analytic bijection o between neighbourhoods of zy and z,, such that « preserves f.

Proof The first statement follows immediately from the previous lemma.
To prove the second one let

() f(z1) = f(z2) =
2 fle)=f"@) == fPz)=f(n)=f"z)= = fPz) =0
(3) f*D(z)) #£0, f&(z,) £ 0.

Then there exists analytic functions g, (z) and g(z), such that

k+1

f(2) = c+ g2 = c+ g2,

where g and g, are analytic bijections of an open neighbourhood of z; resp. z, (let us
denote it D; resp. D,) onto an open neighbourhood of 0, which we denote D. That is
g1(z1) = @(z) = 0,but g{(21), 9 (22) # 0. Let a(z) = g{l 0 g1(2). Then « is obviously an
analytic bijection of D; onto D,. Finally, the following calculation shows that « preserves f:

yet )kﬂ

= c+ g2 = f(2). ]

flaz) =c+@laz :c+g2(g;10g1(z)
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