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ON D-KKM THEOREM AND ITS APPLICATIONS

H.K. PATHAK AND M.S. KHAN

In this paper, we introduce a new class of set-valued mappings in a non-convex set-
ting called D-KKM mappings and prove a general D-KKM theorem. This extends
and improves the KKM theorem for several families of set-valued mappings, such
as M(X,Y), Ke(X,Y), Ve(X,Y), Ac(X,Y) and Uc(X,Y). In the sequel, we
apply our theorem to get some existence results for maximal elements, generalised
variational inequalities, and price equilibria.

1. INTRODUCTION

The celebrated Kanaster—Kuratoski—Mazurkiewicz Theorem [6] (KKM Theo-
rem) and Fan’s Lemma [4] are the fundamental works on which the whole KKM theory
of nonlinear analysis rests. In the last two decades tremendous progress has been made
in the theory and applicatons of the KKM Theorem and Fan’s Lemma (see, for instance,
(7, 8, 10, 11, 12)).

Let E be a topological vector space and X be a convex subset of E. A set valued
mapping T : X — 2F is called a KKM mapping if for each finite subset {z;,z3,... ,z}
of X,

n
co{z1,Z2,... ,Zn} C U Tz;.

i=1
It is well known (refer to [6, 10]) that if T is a KKM mapping with closed values, then
the family {T'z : € X} has the finite intersection property.
There is an interesting generalisaton of the above results (see, for instance [5,
6, 8, 9, 10]) to the following.
Let X be a convex space, Y a topological space, and let S, T : X — 2¥Y be two
set-valued mappings such that for each finite subset {z;,z2,...,z,} of X,

T(co{z1,Z2,... ,2a}) C U Sz; (KKM property).
i=1

Then the family {Sz : z € X} has the finite intersection property under some conditions
on T.

Received 16th April, 2002

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/03 $A2.00+0.00.

67

https://doi.org/10.1017/50004972700033529 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033529

68 H.K. Pathak and M.S. Khan [2]

In this paper, motivated by the above results, we introduce a new family of set
valued mappings called D-KKM mappings and prove a general D-KKM Theorem. As
applications of this theorem we obtain some results concerning the existence of maximal
elements, generalised variational inequalities, and price equilibrium.

2. PRELIMINARIES:

A multifunction (or set-valued mapping) F : X — 2Y is a function from a set X
into the set 2Y of nonempty subsets of a set Y.

For topological spaces X and Y, a multifunction F : X — 2Y is said to be upper
semicontinuous if for each closed subset B of Y, {z € X : Fx N B # ¢} is closed, F
is closed if F is closed in X x Y, and compact if the range F(X) is contained in a
compact subset of Y. '

Recall that a nonempty topological space is acyclic if all of its reduced Cech ho-
mology groups over rationals vanish.

Let X and Y be two sets and D a non-empty subset of X and denote 2¥ = {B
CY :B#¢},and let T: X — 2¥ be a set-valued mapping. In the sequel, we shall
use the following notations:

(i) TA= \J Tz for ZC X;
TEA

(i) Tp'y={z€D:yeTz};and Tphy={x€D:ygTxz)} foreachyeY.
Let X be a set (in a vector space E) and D a nonempty subset of X, and let (D)
denote the set of nonempty finite subsets of D. Then (X, D) is called a convez space if
convex hulls of any A € (D) is contained in D and X has a topology that induces the
Euclidean topology on co A, where co denotes the convex hull. Such a convex hull will
be called a polytope of (X, D). Let kc(F) denote the set of nonempty compact convex
subsets of E.
Let 7 be the class of set-valued mappings. Denote

IX,Y)={T:X -»2Y|T€J} and
Jo ={Tn,Tn-1,..., 1 |T: €3, I=1,2,... ,n for some n},

that is, the set of finite composites of mappings in J.

For topological spaces X and Y, we define

C(X,Y)={s: X = Y | s is a single-valued continuous function};

K(X,Y) = {T : X — 2¥ | T is a Kakutani map; that is Y is a convex
space and T is upper semicontinuous with Tz € kc(Y) for z € X};

V(X,Y) = {T : X - 2¥Y | T is an acyclic map; that is, T is upper semi-
continuous with compact acyclic values};
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A(X,Y) = {T : X - 2¥ | T is a upper semicontinuous and approachable
with compact values} (see [1]); and

M(X,Y) = {T: X — 2¥ | T is an Aronszajn map with R; values}.

A subset A of (X, D) is said to be D-convez if, for any N € (D), N C A implies
coN C A. If X = D, then X = (X,X) becomes a convex space in the sense of
Lassonde [5]. -

The following abstract class of set-valued mappings was introduced by Park [8].

A class of i of maps is defined by the following properties:

(i) Y contains the class C of (single-valued) continuous functions;
(ii) each F € Y¢ is upper semicontinuous and compact-valued; and
(iii) for any polytope P, F € g (P, P) has a fixed point.

Examples of {1 are C, the Kakutani maps K (with convex values), the Aronszajn
maps M (with R; values, Rs sets {X = NX; : X;41 C X;, X; € AR compact, i € N}),
the acyclic maps V (with acyclic values), the O’Neill maps N (with values consisting
of one or m acyclic components, where m is fixed), the approachable maps A in a
topological vector space admissible maps in the sense of Gorniewicz, permissible maps
of Dzedzej, and many others.

REMARK 2.1. For a convex space (X, D), X itself is not necessarily convex. To this
end, we observe the following:

EXAMPLE 2.1. Let X be any space containing an n-simplex A,, as a subspace and D
the set of vertices of A,,. Then (X, D) is a convex space. Note than X may not be
convex, but D-convex.

For a convex subset X of a linear space F and a topological space Y, let S,
T : X — 2¥ be two set-valued mappings. If for each finite subset A of X, we have
T(coA) C SA, then S is called generalised KKM mapping with respect to T.

REMARK 2.2. The notion of generalised KKM mapping was introduced by Park [6]
and followed by others (see, also Chang and Yen [3]).

Let (X,D) be a convex space and Y a topological space. Let S, T : X — 2Y
be two set valued mappings. If for each A € (D), we have T(co A) C SA, then § is
called a Tp-KKM mapping with respect to T'. Let S be a Tp-KKM mapping and the
family {Sz : z € D} has the finite intersection properly, where Sz denotes the closure
of Sz. Then we say T has the D-KKM property. Denote

D-KKM(X,Y) = {T : X = 2Y | T has D-KKM property}.

When X = D, a convex subset of a linear space, the set-valued maping S is called
a generalised KKM, with respect to T, and T is said to have the KKM property. In
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this case, we denote
KKM(X,Y) = {T: X —2Y | T has KKM property}.

REMARKS 2.3. We remark that:
1. The notion of KKM property was introduced by Chang and Yen [3].
Our notion of D-KKM mapping is more general than the notion of gen-
eralised KKM mapping in the sense that we do not require X to be a
convex subset of a linear space.
3. The following example shows that the D-KKM property is weaker than
the KKM property.

ExaMpLE 2.2. Let D € {[0,1/2),(1/2,1]}, X =[0,1] C R, the set of reals Y = [0,1],
where both R and Y are endowed with Euclidean topology and let S, T: X — 2Y be
defined as follows:

o =zefos)

n
]
I
~
8
i
——
L
—
[y
e
8
]
[

then

(i) S and T are closed (compact) for each z € X;

(ii) T is compact (hence upper semicontinuous);

(iii) (X, D) is a convex space; and

(iv) T(coA) C SA for each A € (D).
However, the family (Sz : £ € X'} has no finite intersection property and so T ¢ KKM.
On the other hand, the family {Sz : £ € D} has finite intersection property. Hence
T € D-KKM.

Let X and Y be two topological spaces. A subset B of Y is said to be compactly

closed if for any compact subset K of Y, BN K is closed in K.

2. MAIN REsSuLTS
We first, present the following proposition which characterises Tp-KKM mappings.
PROPOSITION 3.1. Let (X,D) be a convex space, Y a set, and let S : X
—2Y T : X — 2Y be two set-valued mappings. Then the following conditions are
equivalent:
(1) S isa Tp-KKM mapping.
(ii) coSpY CTpLY foreachyeY.
(iii) The mapping coTS* has no fixed point in Y .
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PROOF: (i)« (ii): Suppose S is a Tp-KKM mapping with respect to T. We
now suppose that there exists y € Y such that coSpy ¢ Tpy. Then there exists
a{z1,zs,...,2,} € (D) C Spy and z € co{zy,Z2,... ,Zn} such that z € Tpy. This

n
implies that y & .Ul Sz; and y € Tz. Hence
=

N
T(co{z1,Z2,... ,Zn}) & [b]US-’E.',

which contradicts the assumption that S is a Tp-KKM mapping.

Conversely, suppose that co S}y C Thy for each y € Y. Then we show that § is
a Tp-KKM mapping. In doing so, we adopt contrapositive approach. So, let there be a
set A={zy,z2,...,zn} € (D) such that T(coA) ¢ SA. Then there exists a z € co A

n
and y € Tz such that y ¢ |J Sz;, that is, z; € S;,Y for each 2 = 1,2,... ,n and
=1
hence z € coSpy. But y € Tz, it folows that = € Tpy which implies co Spy & Thy.
This completes the proof.
(iii) < (i): Suppose that y € coTS*y for some y € Y, then there exist a finite set

{z1,2Z2,... ,2,} C D and a finite set {y1,y2,... ,yn} C Y with :z:, € S*y and y; € Tx;,
I=1,2,...,n such that y = Z Ai¥i, where 0 < A\; <1 and E A; = 1 which implies

i=1 i=1

that y € T'(co (z1,%2,...,Zn)) and y ¢ US::;, Hence S is not Tp-KKM.

Conversely, suppose that S is not a TD -KKM mapping, then there exist {zi,z2,

.yTm} € D and z € T(co{zy,%2,...,Tm}) such that z ¢ |JSz;. Since 2
m m j=1
¢ U Szj, it follows that z € |J(Y\Sz;). This implies z; € S*z for each
j=1 j=1

m

j=1,2,...,m and Tz; CTS*2. Hence co( U T:z:,-) CcoTS*z,andso z €EcoTS*z.
=1

This completes the proof. 0

In our next proposition, we state some properties of the Tp-KKM family.

ProPOSITION 3.2: Let (X, D) be a convex space, and let Y, Z be two topological
spaces. Then

(i) T € D-KKM(X,Y) if and only if T|a € D-KKM(AY) for each polytope

A of (X, D),
(i) if T € D-KKM(X,Y) and f € C(Y,Z), then fT € D-KKM(X, Z); and
(iii) if Y is a normal space, A a polytope of (X,D),andif T: A —2Y isa
set-valued mapping such that for each f € C(Y,A), fT has a fixed point
in A then T € D-KKM(Y, A). 0
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PROOF: (i) is obvious. To prove (ii), let S: X — 2% be a fTp-KKM mapping
such that Sz is closed for each z € D. Then, for a set {z1,%2,... ,2,} € (D), since S
is a D-KKM mapping with respect to fT, we have

fT(CO{.’El,Ig, s ,zn}) - U S.’L‘i,
i=1

which implies that

n

n
T(co{:z:l,z:z,... ,:z:,,}) gf‘(U Sz,-) = U fi8z;.
i=1 i=1
Therefore, f~1S is a Tp-KKM mapping. By hypothesis, T € D-KKM(X,Y) and
hence the family {f~!Sz : =z € D} has finite intersection property which im-
plis that {( f _IS.’L‘) 1 x € D} has finite intersection property. This shows that
fT € D-KKM(X, Z) and we complete the proof of (ii).

To prove (iii), let S : A — 2¥ be a Tp-KKM mapping such that Sz is closed
for each z € A. Suppose, if possible, that the family {Sx : x € A} has no finite
intersection property, then the exists a finite subset {zi,z2,...,Zn} of A such that
O Sz; =@, and so F] (Y\Sz;) =Y.
i=1 i=1

Let {@:}’, be a partition of unity subordinated to {Y\Sz;}; such that each
a; has its support in some Y\Sz;(i =1,2,...,n), and let A’ = co{z1,2z2,... ,2z,}.
Define the mapping f:Y — A’ by

n
fly) = Z a;(y)z:, for each y € Y.

i=1
Then f € C(Y,A). Hence, by our assumption, there exists z € A such that z
n
€ fTz; that is, there exists £ € Tz such that z = f(£) 3 ei(€)z;. Suppose I(£) = {i

€ {1,2,...,n} : a;(&) > 0}. Since a;(¢) >0 implies £ & Sz;, ¢ =1,2,... ,n, and so
£ ¢ T(A'). This implies that T ¢ D-KKM(X,Y) and we complete the proof of (ii). [
This theorem generalises the well-known Fan-KKM Theorem (4, Theorem 3].

THEOREM 3.3. Let (X,D) be a convex space, Y a topological space, let t :
X — Y be a single-valued mapping, S : X — 2¥ a set-valued mapping satisfying the
conditions:
(i) S is tp-KKM mapping.
(ii) For each x € D, Sz is compactly closed in Y ; and
(iii) there exists a non empty compact convex subset Dy of D and a compact

subset K of Y such that () Sz C K.
z€ Dy
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Then | Sz #0.

z€D
PROOF: Suppose, on the contrary, that (| Sz = @ then |J (Y\Sz) =Y. It
z€D z€D
follows that |J ((Y\Sz)NK) = K. Since K is compact and Y\Sz is compactly open
z€D

in Y for each z € D, there exists a finite set {z1,z3,...,zn} € (D) such that
n
*) UJ((\Sz:)nK) =K.
i=1

Let ¢tz; = y; for each ¢ € {1,2,...,n}. Now, we suppose that D, = co(Do
U{y1,vy2,-.- ,yn}). Then D; is a compact convex subset of Y. By (*) and (iii), we have

U (Y\Sz) =Y which implies that U(Y\Sz)ND; = D, . By compactness of D, and
tzeDy
(ii) there exist a finite subset {z1,22,...,zm}tx € Dy of X such that w; = tz; € D;

m
for each j € {1,2,...,m} and U(Y\Sz;) | D1 = D,. Let {@;}7%, be a patition of
i=1

unity subordinate to {(Y\Sz;) N Dl};.nzl and let A* = co{w;,ws,... ,wn}. We now
define the function f:A* — A* by

fl) =3 aj(y)w;(y € &%).

=1

Clearly f is a continuous function and so it has fixed point in A*, that is, there is a
y* € A* such that f(y*) = y*.

Let J(y*) = {j € {1,2,...,m} : a;(y*) > 0}. Since a;(y*) > 0 implies y*
€ Y\Sz;, it follows that for each a j € J(y*), Y* & Sz;. Hence

v = > e ¢ |J Sz,

JEJ(v*) JjeJ(y*)
a contradiction to assumption (i). This completes the proof. 1]

REMARK 3.1. We remark that:
(1) For the case D = X, Theorem 3.3 reduces to Theorem 2 of Chang and
Yen [3].
(2) In the case X is a convex subset of Y, D = X and t is the inclusion
mapping, then Theorem 3.3 reduces to Fan-KKM Theorem [4, Theorem
3].
It may be observed that many others had defined several families of set valued map-
pings such as, M(X,Y) (see[10]) Kc(X,Y) (see [7]), Vo (X,Y) (see [11]), Ac(X,Y)
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(see [1]) and UX(X,Y) (see[10]). It can be easily proved that the above families are
contained in D-KKM (X,Y’) by the above proposition, and so we omit the proof. We
have an interesting example (Example 3.1 below) which shows that the D-KKM family
is indeed larger than the others.

EXAMPLE 3.1. Let D € {[-1,0),(0,1]}, X =[-1,1] C R and Y = [-1,1], where R
and Y both are endowed with the Euclidean topology and let § = T : X — 2Y be
defined as follows:
{sini} z € [~1,0)
2 )’ e

Tz = ¢ {0}, z€0,
.1
{sm;}, z=(0,1].

4. SOME APPLICATIONS
We now apply the main results of Section 3 to get some existence theorems for
maxmal elements of a binary relation, price equilibria, and generalised variational in-
equalities.
Let D be a set, and let ~ be a binary relation on D. We call y*(y* € D) a
maximal element of D (with respect to binary relation ~) if z ~ y* for all z € D.
We now use Theorem 3.3 to obtain the following theorem.

THEOREM 4.1. Let (X,D) be a convex space, ~ be a binary relation defined
on D, and let t € D-KKM (X, X) satisfy the following conditions:
(i) foreachze€ X, z g co{y€D:y~ z for somey = tz},
(i1) foreach z € X, the set {y € D : y ~ z} is compactly closed in X , and
(iii) there exists a nonempty compact convex subset Dy of D and a compact
subset K of X such that for each y € X\K, thereis x € Dy withz ~ y.
Then ~ has a maximal element on D.

PROOF: Define S: X — 2X by
Sy={yeD:y~z}ze X).

Then, by assumption (ii), for each z € X, Sz is compactly closed in X . By assumption
(i) for each z € X, = € cotS*z, hence, by and Proposition 3.1, S is a tp-KKM

mapping. Moreover, condition (iii) implies that [\ Sz C K. Hence, by Theorem 3.3,
z€D
we have
(] Sz #0.

z€D

Suppose y* € [\ Sz then =z ~ y* for all z € D. It follows, therefore, that y* is a
z€D
maximal element on D.
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This completes the proof. 0
For the case that t is a single-valued continuous mapping we have the following:

COROLLARY 4.2. Let (X, D) be a convex space, ~ be a binary relation defined
on D, and let t € C(X, X). If the conditions (i) and (ii) of Theorem 4.1 hold, and if
foreachz € X, z ¢ co{y€ D:y~ sz, y=tzx} then ~ has a maximal element on D.

REMARK 4.1. For the case D = X = Dy = K is a compact convex subset of a
topological vector space and t is the identity mapping on X, our Corollary 4.2 reduces
to Theorem 5.1 of Yannelis and Prabhakar [14].

In the sequel, let E denote a topolgical vector space, E* the dual space of FE, and
let (u,v) denote the pairing between u € F and v € E*.

We now apply Theorem 4.1, to obtain the following theorem concerning general
variational inequalities of Yao type [13].

COROLLARY 4.3. Let X be a nonempty subset of E, let (X, D) be a convex
space, let t € D-KKM (X,X), and let g: X — X, f : X - E* be two single-valued
functions satisfying the following conditions:

(i) Foreach z€ X, z ¢ co{y € D :sup(g(y) — g(2), f(z)) >0,y = tz},
(i) Foreach z € X, theset {y € D: (g(z)—g(y), f(y)) < 0} is a compactly
closed subset of X, and
(iii) There exists a nonempty compact convex subset Dq of D, and a compact
subset K of X such that for each y € X\K , there is zo € t~1(Dy) with
(9(z) — g(y), f(y)) > 0. Then there exists y* € X such that

(9(z) - 9(¥*), f(¥*)) <Oforall z€D.

PROOF: Define a binary relation ~ on D by y ~ z if (g9(y), f(z)) > (g(z), f(z)),
z, y € D. Then it is easy to see that all conditions of Theorem 4.1 are satisfied. Hence
there exists y* € D such that z ~ y* for all £ € D. Hence, we have

(9(2), f(¥")) < (9(¥"), f(y*)), forallz e D. 1]
For the case g := idx (the identity mapping on X ), we have the following:
COROLLARY 4.4. Let (X,D) be defined as in Corollary 4.3. Let t € D-
KKM(X,X) and let f : X — E* be a function. Let condition (i) of Corollary 4.3
hold, and let the following conditions hold:
(ii) foreach z€ D, z ¢ co{y € X :sup(y — z, f(2)) >0, y € tz},
(ii) for each z € D, the set {y € X : (z —y, f(y)) < 0} is a compactly
closed subset of X, and
(iv) there exists a nonempty compact convex subset Dy of D, and a compact
subset of K of X such that for each y € X\K, there is o € t~!(Dy)
such that (z —y, f(y)) > 0.
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Then there exists y* € D such that
(z—y* f(¥*))<0 forall z€D.

REMARK 4.2. For the case D = X, our Corollary 4.4 reduces to Corollary 6 of Chang
and Yen [3]. For the case ¢ is a single-valued continuous function, we have the following:

COROLLARY 4.5. Let (X,D) be as defined in Theorem 4.1. Let T € C(X, X),
and let f: X — E* be a function such that conditions (iii), (iv) of Corollary 4.4 hold.
If foreach z € D, © & co{y € X : (y —tz, f(sz)) > 0}, then there exists y* € D such
that

(z—-y* f(¥*))<O0forall ze€D.

In the sequel, we denote by D C X a closed convex cone in E. We now present
the following corollary concerning the existence of price equilibria (see, also Border [2,
p- 39], Chang and Yen [3, Corollary 7] and Tian [13]).

COROLLARY 4.6. Let (X,D) be a convex space, D a closed convex cone in E
let t € D-KKM(X,X), and let f : X — E* be a function such that the assumption
(i)~ (iv) of Corollary 4.4 hold. Then there exists y* € X such that

(z, f(y*)) <Oforall ze D and (y*, f(y*))=0.
ProoF: By Corollary 4.4, there exists y* € D such that
(z—y*, f(¥*))<O0forallzeD.

With any loss of generality, we may assume that 0 € D. So, taking x = 0 in the above
inequality yields (y*, f(y*)) > 0, and setting z = 2y* yields (y*, f(y*)) < 0. Thus

(y*, f(y*)) =0. Hence
(z, F(y*)) <0forallz € D. 0

REMARK 4.3. For the case that D = X, on Corollary 4.6 reduces to Corollary 7 of
Chang and Yen (3].
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