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AMICABLE ORTHOGONAL DESIGNS—EXISTENCE

WARREN WOLFE

1.

Definition. An orthogonal design in order n and of type (uy, ..., us) on the
commuting variables xy, ..., %, is an n X n matrix, X, with entries from the
set {0, 4=x1, ..., x4 such that

XXt = (Z upci?‘)]n.
1

Alternately, each row of X has exactly u, entries of the type #x; and the
rows are formally orthogonal. A generic form of Hadamard arrays, orthogonal
designs have been particularly useful for constructing Hadamard matrices and
weighing matrices (see [4]).

If X is as above, let X = > ;° A x,. Then the 4,'s are #» X n matrices such
that

(i) all entries are from {0, &=1};
(ii) the A ;s are disjoint; i.e. if * denotes the Hadamard product, A;%4; =0
for i # j;

(iii) 444" = uid,;

(iv) A A"+ A4 =0 1],

Using only (iii) and (iv) above, the authors of [3] show thats < p(n), where,
if w = 24+, 54 n odd, then p(n) = 8a + 2° The proof is based on Radon’s
work with sets of anti-commuting, skew-symmetric, orthogonal matrices.

In [11], as an attempt to further extract existence conditions from the alge-
braic properties of orthogonal designs, the following definition was made.

Definition. A rational family in order n and of type [ui, . . . , us) is a family of
n X nrational matrices, {44, . .., 4}, where (iii) and (iv) above are satisfied.

Note that the type numbers of a rational family are positive rational
numbers.

In [11], and to some extent in [11], it is shown that necessary and sufficient
conditions for the existence of a rational family can be given in terms of the
equivalence of two rational quadratic forms. As the Hasse-Minkowski theorem
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gives a complete classification of such forms, the algebraic conditions for the
existence of orthogonal designs are known and computable.

Even when a certain type of orthogonal design escapes extinction by the
above results or by the rich combinatorial theory, there still remains the often
difficult task of actually constructing an example of such a design. One of the
most prolific generators of orthogonal designs has been the following construc-
tion:

TaEOREM 1.1 (Geramita-Geramita-Wallis; see [4]). Let X be an orthogonal
design in order n and of type (w1, ...,u;) on the variables xi,...,x, If
Vi, ..., Y, are orthogonal designs in order m on disjoint sets of variables, where
Viis of type (vi,...,v4,) and YV, V;' = V, V' for i 5 j, then there exists an
orthogonal design in order n-mand of type (w111, . .., UrVrz)y + + o, UDs1y oo, U D).

Proof. If X = > 1°Ax,, then ¥V =31 (4;® ¥,;) will be the required
orthogonal design.

Essentially, the construction consists of replacing the variable x; in X with
the order m matrix V,. The relation V,;V;* = V,V,"is required to give ortho-
gonality in the new orthogonal design and it became of interest to find pairs of
matrices which satisfied this transpose commutativity. For the purpose of
investigating the existence of such pairs, we have made the following definition:

Definition. Two orthogonal designs, X and YV, of the same order, will be said
to be amicable if XY*' = YX.

Suppose X and ¥ are amicable orthogonal designs in order #, where X is of
type (1, ..., ;) on the variables x4, ..., %, and V is of type (v1,...,9,) on
the variables yi, ..., vy, and the x;’s and y,’s are distinct. Write

X=ZA,x, Y:ZBjyj'

The As form a rational family as do the B;'s and the union of these two
families is called the amicable family obtained from X, Y. Note that
(0)A4,*A; =0fori#j, By*B,=0fork =1
(1) A48 = u, I, V1, B;B;' =v;I,Vj
(i) 4.4, + A;4," = 0fors #j, BB+ BB, =0 fork =1

(iii) 4,B;* = B;4:* Vi, Vj.

Certainly the A4.'s, respectively the B,'s, must satisfy all the necessary
conditions for the existence of a rational family; in particular s, respectively ¢,
must not exceed p(n). A preliminary exhaustive search in order 4 seemed to
indicate that there were further restrictions and that s 4+ ¢ < 8. This led to a
closer examination of the amicable families and their relations. In [9], Shapiro
studies a form of amicable families of matrices (or (s, t)-families in his nota-
tion) over general fields and has so generalized the results achieved in this
paper.
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2. Extended Radon functions and Clifford algebras. Suppose
{4;,0 =1 £ s5;B;, 1 £ £t} is an amicable family of rational matrices ob-
tained from two amicable orthogonal designs in order n of types (uo, . . ., us)
and (vq,...,9,).

Let

1
uou{

A4, for0 £ 4

IIA
“

oy =

and B, =\/_ul—oT;BiAUt forl=j=t

Then
ap = I,and {a;1 =7 = 5;68;1 < j =t} is a family of real matrices where

oy = ——a,t, ﬂ] = Bjt and

Dat=—-IVi, B =1Vj
(*) ¢ (i) aj; + ajoy = 0 for o # j, BB, + B8 = 0 for & 5=/
(iii) af; + B = 0 V’i,j‘

Definition. A family of real matrices {a; 1 <7 =s;8;, 1 =j =t} will be
called a Hurwitz-Radon family of type (s, t) (or, simply an H-R (s, ¢) family) in
order nif a; = —a;' V1, 8; = B;' V7, and the relations (*) are satisfied.

The relations (*) are a form of the relations found by Clifford (see [2]) in his
attempt to generalize the quaternions. Formal algebras over R which satisfy
these relations are the so-called Clifford algebras and were used by Kawada and
Iwahori (see [5]) in their study of sets of anti-commuting real and complex
matrices.

Definition. A Clifford algebra of type (s, t) on R, denoted C* %, is an algebra
over R with generators ¢, a4, ..., a,, by, ..., b, and fundamental relations
(1) € = ¢, ea; = ae =a;forl £1= s
eb; =bje=b;forl =j =<t

(ii)a? = —eforl1 =1 =5, b=¢eforl £ j=<1t
(iii) aQ; = —a;ay for 1 #j, bkbl = —blbk for & # l
(iv)ad, = —bja,forl £i1<s5,1 =578

If e =1, then C** is seen to be the Clifford algebra associated with the
quadratic form s- (—1) L ¢- (1). For details of such Clifford algebras, we
refer the reader to Witt (see [10]).

Our interest in such algebras is natural, since the existence of an H-R (s, t)
family in order »# implies that the algebra C** has a matrix representation of
degree n over R. Thus, if there is no representation of C*'¢ of degree # over R,
then there is certainly no H-R (s, t) family in order #.

On the other hand, every matrix representation of degree n of C*'* does not
directly give rise to an H-R(s, t) family in order #; for example, the images of
the a's (respectively b;'s) need not be skew-symmetric (respectively sym-
metric) or even orthogonal. However, we shall see that the existence of such a
representation of C*'! does indeed imply the existence of an H-R (s, t) family.
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Kawada and Iwahori describe completely the representation theory of C*:!
(see [5]). In their connection with quadratic forms, these same algebras were
investigated by Lam (see [6, pp. 126-139]).

If we let d be the degree of the irreducible matrix representation of C*'* over
R of minimal degree > 1, then the following theorems are restatements of the
corresponding theorems of [5].

THEOREM 2.1. If s + ¢t = 2k, then C* ' is a central simple algebra over R, and d
(as defined above) is given as follows:
(i) ift —k=0o0r1 (mod4), then d = 2,
(i) if t — k= 20r 3 (mod 4), then d = 2F+1,

THEOREM 2.2. If s + t = 2k + 1, then C*' is a semi-simple algebra over R,
and d 1s given as follows:

(1)ift — k=0,2, 0or 3 (mod 4), then d = 2F1;

(i) if t — k=1 (mod 4), then d = 2%,

If s+t=8h+p, 0 < p <8, then d = 2"+ where 6 is given by the follow-
ing table:

TABLE 1: Values of 8§

—
[
w
>
3]
[=2)
-~

t(mod 4) 0

WK == O
——0 O
— - O
N = = N
[SRE Sl )
NN W W
W W W
Wk B W
L ol ]

Definition. Let n, ¢ be integers, n > 0, t = 0. We define

p:(n) = max{s|C*~1'! has an irreducible matrix representation over R of
degree n}.

By Radon’s result previously metioned, it follows that po(nz) = p(#n). Since
the dimension of a Clifford algebra is always a power of 2, p,(2%-b) = p,(29) if
b is odd, and hence it suffices to consider n = 2% Further, the following rela-
tions may be observed:

ProrosiTioN 2.3.
() p1(2) — 1 =1;p2(2) — 1 = 1;p5(8) — 1 = 0

(i) p,(2n) = pra(n) + 1;
(iii) p,(n) = piys(2'n).
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Proof. If m = 244" 0 < b < 4, then p,(n) — 1 = 8¢ — ¢t + N\ where \ is
given by the table below:

TABLE II: Values of A

b
t(mod 4) 0 1 2 3
0 0o 1 3 7
1 1 2 3 5
2 -1 3 4 5
3 -1 1 5 6

(i) follows immediately from the table.

(ii1). Suppose n = 24, If t =0 (mod 4), then p,(2n) — 1 = 8h — ¢t 4+ 1.
Now t — 1 =3 (mod 4) and p,_1(n) — 1 =8 — (t —1) — 1 =8h — t. If
t=1 (mod4),thenp,(2n) —1 =8k —t+2andp,_1(n) —1=8h— (t—1) =
8h—t+ 1. If t =2 (mod4), then p,(2n) — 1 =8k — t + 3 and p,_1(n) —
1=8y— (¢t—1)+1=8r—t+ 2 If t =3 (mod 4), then p,(2n) — 1 =
8h—t+land pmi(n) —1=8h— (t—1) —1=8h —t.

The proof is similar for other values of n.

(iii) is proven in the same manner as (ii).

Note that the p,(n) are in fact completely determined by p (/) and the above
proposition. This is illustrated by the following table. Note the 8-periodicity.
(The beginning of the second period is indicated by the dotted line.)

We appear to have considered only one side of the problem, i.e. given ¢
symmelric, anti-commuting orthogonal matrices of order #, p,(n) — 1 is the
maximum number of skew-symmetric, anti-commuting orthogonal matrices of
order # which anti-commute with the given ¢ matrices. One could just as well
begin with skew-symmetric matrices and ask for a limit on the number of
anti-commuting symmetric orthogonal matrices. Let us consider this approach.

Definition. Let n and s be integers, n > 0, s = 0. Define

os(n) = max{{|C*'~! has an irreducible matrix representation over R of
degree n}.

Indeed, o4(n) — 1 is the maximum number of anti-commuting symmetric
orthogonal matrices in order #» which one might find that anti-commute with a
given set of s anti-commuting skew-symmetric orthogonal matrices.

Lam shows that, if n = 24t%. 3, where n, is odd, 0 < b < 4, then
oo(n) = 8a + b + [b/3] + 2 (Bracket denotes the integral part of rational
numbers, see [6, p. 132]).

Adams et al. looked at sets of symmetric matrices of order n, such that non-
zero linear combinations of the matrices were always non-singular (see [1]). If
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R, (n) is the maximum number of such real matrices which form a set with the
above property, then they show that R(n) = p(n/2) + 1.
If {4, 1 <7<t is an H-R(0,t) family in order n, then for any {-tuple

(c1, ..., c,) of elements of R
(61A1 +...4+cA4 z)2 = (512 + ..+ sz)ln-
Hence, if (¢1,...,¢,) #0, then ¢;4; + ...+ ¢, 4, is non-singular and

{A;, 1 =1 £ 1} is one of the families that Adams considered.
On the other hand, l} B }] is a family with Adams’ property but it is not

an H-R(0, 1) family. However it is interesting to note how Adams’ number
R (n) is related to oo(n). First we prove two lemmas. Let

S I |
LEmMa 1. If {M;, 1 <7 =t} 1s an H — R(t, 0) family in order n, then
[A®@M;,12ist,P®IL,Q® I}
is an H-R(0, t + 2) family in order 2n.

Proof. By tensoring each of the M; with 4, we have constructed symmetric
orthogonal matrices which anti-commute because the M's do. That the other
two matrices are symmetric orthogonal, and anti-commute properly follow
from properties of 4, P, and Q.

Lemma 2. If {N;, 1 £j =<1t 1s an H-R(0,t) family in order n, then
A0 LN, 12j=t,L,4)1, AP Q0QI, 0®Q®
A®I, PR(O 41, LLAaPRAR®I, AQPRPQ®IL} is an
H-R(t 4 6, 0) family in order Sn.

Proof. Again follows from the properties of 4, P, Q, and the N,'s.

PROPOSITION 2.4. 0o(n) = p(n/2) + 2.

Proof. By Lemmas 1 and 2, o¢(n) = p(n/2) + 2 and p(8%7) = o¢(n) + 6.
Thus,

p(n/2) < ao(n) — 2 = p(8n) — 8.
But by the explicit form of p, we have
p(8n) — 8 = p(n/2).
Hence oo(n) = p(n/2) + 2.

This then gives a description of ¢¢(n) in terms of p(/). Now consider o(n)
for s > 0.

ProrosiTioNn 2.5. (i) a1(2) =1 =2; 634) —1=0; o;8) —1=0;
0’6(8) — 1= 0; 0'7(8) —1=0.
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(i) 0s(2n) = oy_1(n) + 1.
(ii1) o5(n) = o45(2).
Proof. I n = 24+ 0 < b < 4, then o4(n) — 1 = 8¢ — s 4 n where 79 is

given by the table below:

TABLE 1V: Values of 3
b

s(mod 4) 0 1 2 3
0 1 2 3 5
1 - 3 4 5
2 —1 1 5 6
3 1 3 7

As in Proposition 2.3, the proof consists of considering various cases. We
leave those verifications to the reader.

Now a,(n) — 1 is completely determined by (/) — 1 (and hence p(l/2))
and the above proposition.

Finally, one might ask, for a given n, what is the maximum total number of
anti-commuting skew-symmetric and symmetric orthogonal matrices of order 7.

Definition. Let n > 0 be an integer. Define
7(n) = max{p,(n) + t|t = 0}.
ProrositioN 2.6. If n = 2 - ny, where no is odd, then 7(n) = 2a + 2.

Proof. We first chart some values of 7(n) for various n. For example, if
n = 2% by looking at Table II, one sees that the maximum value for

p(n) — 1+ tis8h + 1. Thus 7(2*) = Sh + 2 = 2(4h) + 2.

n ’ 24h 24h+1 24h+2 24’1+3

7(n) l2(4h) +2 2@h+1)+2 24R+2)+2 2M4h+3)+2
Clearly one could have defined 7(n) as the maximum of o,(n) + s, s = 0.
But, from Table 1V, one sees the numbers would coincide exactly.

Our results in this section lead us to the following theorem.

THEOREM 2.7. Given n > 0, 1if there exists an H-R(s,t) family in order n,
then

@ys+t=1n)—1

{)s £ p(n) — 1, < oi(n) — 1.

CoROLLARY 1. If there exists a pair of amicable designs X and Y of types
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(o, ..., u,) and (vy,...,v,) respectively in order n, then s < p,(n) — 1.
Simalarly t £ o;(n) — 1.

Proof. We have already seen that if X and YV exist they give rise to an
H-R(s, t) family in order n and hence s < p,(n) — 1.

CoroLLARY 2. If X and Y exist as in Corollary 1, then s + ¢t < v(n) — 1.

Indeed, the bounds 7(n), p,(n), and o,(n) are sharp limits on the numbers of
variables in an amicable pair of designs. Our purpose now is to show that,
given n > 0, { = 0, there does indeed exist an H-R(p,(n) — 1,¢) family in
order # and hence an H-R(s, {) family exists in order n for s < p,(n) — 1. First
we need two building lemmas.

Let 4, P, and Q be the 2 X 2 matrices as defined before Lemma 1.

LemMA (Slide). If {M;, 1 £1<1=<s; N;, 1 £ 7=t} is an H-R(s, t) family
in order n, then {P @ M;, 1 £i1<s,AQI[;PQN,1=7=10Q® L}is
an H-R(s + 1,t + 1) family in order 2n.

Proof. Orthogonality, symmetry, skew-symmetry, and anti-commutativity
follow from the properties of 4, P, Q, M’s, and N/'s.

LemMa (Jump). If {My,1 £1 < s, N;, 1 £ 5= isan H-R(s, t) family in
order n,then {(A @ PR AQRQQM;, 1=1=<5s;AQQPR®AQQIN,, 1=
JIZSHO0®Q0®Q®Q0Q® L, PRLAQAILQA®PRIQQI,
0®0®PRQ[, PR, PRQ®ARRARIL, QP A®
A ® I,)} is an H-R(s, t + 8) family in order 2*n.

Proof. The proof is tedious but follows directly.

THEOREM 2.8. For any positive integer n, there exists an H-R(p,(n) — 1,t)
family in order n where 0 =< t. Indeed, the matrices may be assumed to have
integer entries.

Proof. (i) {4; Q, P} is an H-R(1, 2) family in order 2.

(M{POIP®P,PRIPRQPOQAI,,AQRQ®A,Q®I,® Iis
an H-R(0, 5) family in order 8.

(i) A®@PQ®A®0000®0®QPILR®QQOAPRL®Q,
00 PRQOLIIAIPPRIQO®ARALLIPRIARAPRAR
I, ® A} is an H-R(0, 9) family in order 16.

Theorem 1 of [3] gives H-R(po(n), 0) families in order n for all #n. Now,
working within the first period of Table III, one sees that, by using these
families and (i), (ii), (iii), one can find big enough families by sliding down the
diagonals with the slide lemma. For example, (i) gives an H-R(p;(2) — 1, 1)
family in order 2. By repeated use of the slide lemma, one constructs from this
family an H-R(p:(4) — 1, 2) family in order 4, an H-R(p3(8) — 1, 3) family in
order 8, an H-R(p,(16) — 1, 4) family in order 16, . . . etc.
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Using the jump lemma one can jump from period to period in Table 111,
constructing large enough families. Again, for example, from the family in
(i) one can jump to an H-R(py(2°) — 1,9) family in order 2°, then to an
H-R(p17(2°) — 1, 17) family in order 29, . . . etc.

COROLLARY 1. For any positive integer n, there exists an H-R(s, t) family of
integer matrices in order n for s < p,(n) — 1.

Proof. We just throw away skew-symmetric matrices from the big family in
the theorem.

COROLLARY 2. In order n there exists a pair of amicable designs, X and Y, of
types (1,...,1) and (1,...,1) on the variables xo, ..., x; and yi, ..., Y,
respectively if and only if s < p,(n) — 1.

Proof. By Corollary 1 to Theorem 2.7, s < p,(n) — 1.

Conversely, suppose {4;, 1 <7 < s;B;, 1 = j =t} is one of the H-R(s, t)
families in order # we constructed in Theorem 2.8. We note that all the matrices
have entries from {0, 4=1}. We claim that the 4,'s (and the B,'s) are disjoint.
This follows from the easily proven property that if A, B, C, and D are matrices
of the same order then (A ® B)* (C® D) = (4+xC) ® (B*D). For
example, in the slide lemma, if we assume that the M's are already disjoint,
then (P ® M,) x (P ® M;) = 0.

Let

X = nx0+A1x1+-~-+Asxs
Y = By + ... + By

Then X and Y are amicable designs of the required type.

Note that the corollary also shows that X and Y exist if and only if
t < o5(n) — 1, for Corollary 2 asserts that every possible pair (s, ) is obtained
and hence surely the maximum ¢ for a given s is obtained.

CoROLLARY 3. Given 0 < k = n, then there exists a pair of amicable designs,
X, Y, of types (uy, . .., u)and (v, ... ,v,) where ) u; <k, > v; < max{p(n),
O'k_1<n) - 1}

Proof. Case (2): If py(n) = g,_1(n) — 1, then we constructan H-R (p;(n) — 1, k)
family in order n. As in Corollary 2, this family gives us a pair of amicable

designs of types (1,1,...,1)and (1,1,...,1) on the variables x;, . . . )
and y1, ..., yx. Now by equating variables or setting variables equal to zero
we will get all tuples (uy, . .., u,;) and (v, . . ., v,) which satisfy the conditions

in the statement of the theorem.

Case (11): If o3_1(n) — 1 > pi(n), then we construct an H-R(k — 1,
or—1(n) — 1) family in order n and proceed as before to find pairs of amicable
designs.
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3. Rational families and amicable pairs. In many orders, looking at the
algebraic properties, by way of the rational families, does not give any in-
formation on the existence of amicable orthogonal designs. If # is odd and a®
and b% are in Q, thenlet 4 = al,, B = bl,. Then AA" = a*I,, BB' = b*[, and
AB' = BA'. Is the same possible for (0, &=1) matrices?

In order n = 2(mod 4), if there exists an orthogonal design of type (a, b),
then a and b are sums of two squares and ab is a square (see [4]). So, suppose @, b
and ¢, d are two pairs of rational numbers such that a, b, ¢, and d are sums of two
squares and ab and ¢d are squares. Then, leta = a,® + a9?, b = au? ¢ = ¢1* + cq?,
and d = cv? Now let

a1 Qe —Qs a1 C1 Co Co —0C1
A:I: },B:Z{[ ],C:[ ]’Dzv[ ]
—a2 a1 —a; —aq cy —C1 —C1 —C2

{4, B} is a rational family in order 2 of type [a, 0], {C, D} is a rational family in
order 2 of type [¢,d], and X V' = YX'!for X in {4, B} and ¥V in {C, D}. We
could tensor these families with I, to achieve similar families in any order
2. n.

This would indicate that we cannot hope to achieve any new existence
theorems for amicable orthogonal designs in these orders using the methods of
rational families. Any non-existence statements for pairs of amicable orthog-
onal designs would appear to have to be combinatorial. We shall give examples
of such results in orders 2 - #, where 7 is odd. Recall the following results in [11].

TrEOREM 3.1. If n = 4(mod 8), then there exists a rational family in order n
and of type:
() la, b, ¢, d] if and omly if abed is a square and, at every prime p,
SP(<0’7 b, Crd>) = 1;
(i1) [a, b, c] if and only if, at every prime p, s,({a, b, c, abc)) = 1;
(iii) [a@, b] if and only if ab is a sum of three squares;
(iv) [a] always.

Note. s,(f) is the p-adic Hasse-invariant of the rational quadratic form f.
Now, suppose X = > * Ax; and ¥V = 3 ;' By, are amicable orthogonal

designs in order n and of types (ai,...,as) and (by,...,b,) where s = 2.
Consider the family of matrices {A;42'B;, 1 <1 =< ¢, As, ..., A4. [t is easy
to verify that this set is a rational family in order n and of type
[arashy, . . ., @ashy, as, . .., ay.

THEOREM 3.2. If there extst amicable orthogonal designs in order m, where
n = 4(mod 8) and of types:
(i) (a1, as, az) and (by, bs, b3), then ajasa3b1b:b; is an integer square;
(ii) (a1, aq, as) and (by, bs), then, at every prime p, s,({a1a:by, aiasbq, as,
agblbz >) = 1.

Proof. (i) As in the remarks preceding the theorem, the amicable family
obtained fromn the pair may be translated into a rational family in order # and
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of type [ai1asd1, arasbs, aiashs, as]. The result now follows by application of
Theorem 3.1.
(i1) Follows similarly.

Examples of amicable orthogonal designs which are eliminated by the above
theorems are easily found. No pair of types (1, 1, 1) and (1, 1, 2) can exist in
order 4 - ng, no odd, since the product of all type numbers is not a square.
Since the necessary condition of (ii) fails at the prime 3, amicable orthogonal
designs of types (1, 1, 1) and (1, 3) does not exist in order 4 - #,, 1, odd.

In order » = 8(mod 16), a pair of amicable orthogonal designs can have at
most & variables, namely 4 variables in each. The translation method used
above and a result analogous to Theorem 3.1 will give results only in a few
special cases. However, these results are now superseded by the results of
Shapiro who has completely determined the question of the existence of
amicable families. Translating his language of similarities of quadratic forms to
one of orthogonal designs, we find the following result.

THEOREM 3.3. If there exists amicable orthogonal designs in order n = 2™ - ny,
where no is odd, and of types (a1, ..., any1) and (b1, ..., bysy), then
HT“ Qs H’l"“ by 1s a square and at every prime, p, s,({a1, ..., Ane1)) =
Sp(b1y v vy b1 ).

Similar conditions can be given for the existence of amicable orthogonal
designs with fewer than 7(n) variables. Thus the algebraic nature of pairs of
amicable orthogonal designs is completely understood.

4. Further existence conditions. Disjointness and 0, 41 entries in the
coefficient matrices of amicable orthogonal designs have led to some curious
combinatorial results and prophesize a rich theory of this vein.

PropositioNn 4.1. There is no symmetric design of type (2,2) in order n,
n = 2(mod 4).

Proof. We require the following lemma:

LEMMA. If there exists a symmetric (0, 1) matrix, A, in order n which has
zero diagonal and AA* = 21, then n = 0(mod 4).

Proof of Lemma. We simply note that, by applying suitable simultaneous row
and column operations, such a matrix can be put in the form

01 1 0
10 o0 1
1 0 0 —1|’
01 -1 0

To prove the proposition, we let # = 4s 4 2 and proceed by induction on s.
Assume there is a 6 X 6 symmetric orthogonal design A of type (2, 2) on the
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variables x, y. We must assume x occurs in the diagonal by the lemma, and by
simultaneous row and column operations we may put 4 in the form

ocyy()(_)1

—X a

IOO‘QQRRI

’
[g 1(3)] where A" is 4 X 4 and B is 2 X 2. But this

(2x2 4 2y%) 1.

If @ = £y, then 4

is nonsense since BB’
If a = 0, then

y vy 0 )

0 0 vy vy

2 O o R R

FOOQ‘QRRI

y
and we are unable to put any more y-entries in the third column.

So now assume the proposition is true for s > 1 and further assume that
there exists a symmetric orthogonal design, A, of type (2, 2) in order
4(s + 1) 4+ 2 on the variables x and y. Again we may assume A is of the form

x v vy 0

[«
X —x a
y
¥y
y

B

If a = £y, then 4 = [/(1) (;:I where A’ is 4 X 4 and B is now an orthog-
onal design of type (2, 2) in order 4s + 2, contradictory to the inductive

hypothesis.
So a = 0. Using row and column operations, we can put 4 in the form

A= l:% %J where 4’ is 8 X 8 and B is an orthogonal design of type (2, 2)

in order 4(s — 1) 4+ 2, again an impossibility.

PROPOSITION 4.2. Suppose X and YV are amicable orthogonal designs in order
n = 0(mod 4) where X 1s of type (1,1, 1,a4, . .., as) and Y is of type (b1,...,b,).
Then there exists an orthogonal design in order n of type (1, by, ..., b,).
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Proof. Let X = 3 3% 4 o, Then by applying row and column operations to
X and Y simultaneously, we can assume that

01 1 0

-1 0 0 O 0 —1

A1 = @ A2 = @ )

n/4 0o 1]’ aa |—1 0
0—10 010

0 7,
=81 o
n/4 0
—1 0
The relations 4, Y = YA ;"1 = 1, 2, 3 now will force ¥ to be skew-symmetric
and I,x + Y is the required orthogonal design.

This is the first combinatorial result on the types of amicable orthogonal
designs in order #, n = 0(mod 4). It precludes the existence of certain amicable
pairs which are not eliminated by algebraic techniques. For example, a pair of
orthogonal designs of type (1, 1, 1) and (1, 1, 16) in order 20 does not contra-
dict the condition of Theorem 3.2. Yet, the existence of such an amicable pair
would, by the proposition, imply that there exists an orthogonal design of type
(1, 1, 1, 16) in order 20 and this is impossible. The existence problem for
amicable pairs certainly has the di-polarity between algebraic and combina-
torial properties that we noted for orthogonal designs. To date we have found
only a few results in the spirit of the above proposition, but each one seems so
unique that we believe that there is a rich and complex combinatorial theory in
this area.

ProPOSITION 4.3. Suppose X is an orthogonal design in order n, n = 0(mod 4),
n #= 4, and of type (1,1, n — 2). If Y is an orthogonal design in order n and of
type (ty, ..., us) and such that XYV' = YX', then u; % 1 for any 1.

Proof: Write X = Awx; + Aoxe + Asxs, ¥V = >1° Byy; where 4,4,' = I,
1=1,2, 434 = (n — 2)I, and B;B;' = u;I,. We may assume that
A, = @l:(l) _(1)] and 4, = @I:(l) (1):| . Careful consideration of the relations
AzA'+ A A" = 0and B;A;' = A,B;' for © = 1, 2 will lead the patient and
persistent reader to conclude that 4; and all the B;’s are split into blocks of

2 X 2 matrices of the form [_Z (ZZ] . Under the usual representation of the

complex numbers as 2 X 2 matrices, this matrix corresponds to the complex
number ¢ + bi. Thus, we may identify Asand B;, j = 1, ..., s with matrices
of order n/2 and with entries a + b7, a, b in the set {0, &=1}. The reader should
also observe that, then,

(i)AaZ—Aat,Bj=Bjt j=1,...,s
(il)A3A3* = (n—2)]n,2,BjB,* = ujln/g ] = 1,...,8
(i) AB* = ByA* j=1,...,s
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Note that (i) and (ii) assert that, if ¢ 4+ bz is an entry in A3 not on the
diagonal, then neither « nor b is a zero.

Assume that one of the u,'s, say u;, is 1. Then the entries in B; must be from
the set {0, &1, =1} with one non-zero entry in each row and column. We claim
that B; must be a diagonal matrix. For suppose there is a non-zero entry in the
1, j position and let z;; be the corresponding entry in 4. Then, from (iii), we
find that z;; = #32;; and hence is either real or pure imaginary. But, as we have
noted, the only such entries in 43 are the zero diagonal entries and hence z;
occurs on the diagonal i.e. 7 = 7.

Now we attempt to construct the matrix B;. We may assume the first
diagonal entry is 1. Then, if x is the next diagonal entry, x = =41 or &z and

(iii) implies z12% = —Z;s where 252 is the entry in 4; We see that x # =1
and so x = 1. Let y be the third diagonal entry. Now (iii) will give that
213¥ = —3Z3 and 2235 = 1293, clearly an impossible situation.

The above proposition arose from the false hope that, for n = 2¢, one could
always find a pair of amicable designs in order # both of type (1,1, 2,4, ...,
27-1). These pairs would be especially nice as they use the maximum number of
variables for an amicable pair in order #» and give a double binary system for
finding all possible pairs of amicable orthogonal designs, each with two vari-
ables. However, the existence of the pair both of type (1,1, 2 ..., 2%1) would
imply the existence of a pair of types (1, 1, 2¢* — 2) and (1, k) which is im-
possible for @ > 2. The amicable orthogonal designs of types (1, 1) in order 2
and types (1, 1, 2) in order 4 are the only exceptions.
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